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✜♥❡ss❡ ❧❛ ♣❤②s✐q✉❡ s♦✉s✲❥❛❝❡♥t❡ ❛✜♥ ❞✬❡♥ t✐r❡r ❞❡s ❝♦♥❝❧✉s✐♦♥s ♣❡rt✐♥❡♥t❡s s✉r ❧❛ ♣❤❛s❡ ♣r✐♠♦r❞✐❛❧❡
❞❡ ❧✬✉♥✐✈❡rs✳ ❉❛♥s ❝❡tt❡ t❤ès❡ ♥♦✉s ét✉❞✐♦♥s ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ♥♦♥✲❧✐♥é❛✐r❡s ❞❛♥s ❧❡
❝❛❞r❡ ❞❡ ❧❛ r❡❧❛t✐✈✐té ❣é♥ér❛❧❡✳ ◆♦tr❡ ❜✉t ❡st ❞❡ ❞ét❡r♠✐♥❡r ❧❡ tr❛♥s❢❡rt ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛
♠étr✐q✉❡ ❛✐♥s✐ q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ ❝♦♥t❡♥✉ ♠❛tér✐❡❧✱ ❡♥tr❡ ❧❛ ♣❤❛s❡ ♣r✐♠♦r❞✐❛❧❡ ❞❡ ❧✬✉♥✐✈❡rs
❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s ré❛❧✐sé❡s ❛✉❥♦✉r❞✬❤✉✐✳ ◆♦✉s ♥♦✉s ♣❧❛ç♦♥s t♦✉t ❞✬❛❜♦r❞ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥
✢✉✐❞❡ ❛✜♥ ❞✬❛♣♣ré❤❡♥❞❡r ❧❡s ❝♦♠♣♦rt❡♠❡♥ts ❣é♥ér❛✉① ❛tt❡♥❞✉s✳ ❊♥s✉✐t❡ ♥♦✉s ét✉❞✐♦♥s ❧❛ t❤é♦r✐❡
❝✐♥ét✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡✱ ♥é❝❡ss❛✐r❡ ♣♦✉r ♦❜t❡♥✐r ❧❡ tr❛♥s❢❡rt r❛❞✐❛t✐❢ ♥♦♥✲❧✐♥é❛✐r❡✱ ❞❛♥s ❧❡ ❜✉t
❞❡ ❞ét❡r♠✐♥❡r ❧❛ ♥♦♥✲❣❛✉ss✐❛♥✐té ❞❛♥s ❧❡ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡✳ ◆♦✉s ét✉❞✐♦♥s é❣❛❧❡♠❡♥t
❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s ❛✉t♦✉r ❞✬❡s♣❛❝❡s ❛♥✐s♦tr♦♣❡s✳ ◆♦✉s é❧❛❜♦r♦♥s ❧❛ t❤é♦r✐❡
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◆♦♥✲❧✐♥❡❛r ❞②♥❛♠✐❝s ❛♥❞ ♣r✐♠♦r❞✐❛❧ ❛♥✐s♦tr♦♣② ✐♥ ❝♦s♠♦❧♦❣②
❚❤❡ ❤✐❣❤ ❛❝❝✉r❛❝② ✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❝♦s♠✐❝ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞ r❡q✉✐r❡s t♦
✉♥❞❡rst❛♥❞ ✐♥ ❞❡t❛✐❧s t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❤②s✐❝s ✐♥ ♦r❞❡r t♦ ❞r❛✇ r❡❧❡✈❛♥t ❝♦♥❝❧✉s✐♦♥s ❢♦r t❤❡ ♣r✐✲
♠♦r❞✐❛❧ ♣❤❛s❡ ♦❢ t❤❡ ✉♥✐✈❡rs❡✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ st✉❞② t❤❡ t❤❡♦r② ♦❢ ♥♦♥✲❧✐♥❡❛r ♣❡rt✉r❜❛t✐♦♥s ✐♥
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t②✳ ❖✉r ❣♦❛❧ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ tr❛♥s❢❡r ♦❢ t❤❡ ♠❡tr✐❝ ♣❡rt✉r❜❛✲
t✐♦♥s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠❛tt❡r ❝♦♥t❡♥t ♣❡rt✉r❜❛t✐♦♥s✱ ❜❡t✇❡❡♥ t❤❡ ✐♥✢❛t✐♦♥❛r② ♣r✐♠♦r❞✐❛❧ ♣❤❛s❡
♦❢ t❤❡ ✉♥✐✈❡rs❡ ❛♥❞ t❤❡ ♦❜s❡r✈❛t✐♦♥s ♣❡r❢♦r♠❡❞ t♦❞❛②✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ✢✉✐❞ ❛♣♣r♦①✐♠❛t✐♦♥
✐♥ ♦r❞❡r t♦ ❡①tr❛❝t t❤❡ ❣❡♥❡r❛❧ ❧❡❛❞✐♥❣ ❜❡❤❛✈✐♦✉rs✳ ❲❡ t❤❡♥ t✉r♥ t♦ t❤❡ ❦✐♥❡t✐❝ t❤❡♦r② ❛t s❡❝♦♥❞
♦r❞❡r✱ ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ♥♦♥✲❧✐♥❡❛r tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❢♦r r❛❞✐❛t✐♦♥✱ ✐♥ ♦r❞❡r
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥♦♥✲●❛✉ss✐❛♥✐t② ✐♥ t❤❡ ❝♦s♠✐❝ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞✳ ❲❡ ❛❧s♦ st✉❞② t❤❡ ❧✐♥❡❛r
♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ❛r♦✉♥❞ ❛♥✐s♦tr♦♣✐❝ ✉♥✐✈❡rs❡s✳ ❲❡ s❡t ✉♣ t❤❡ ❣❛✉❣❡ ✐♥✈❛r✐❛♥t ♣❡rt✉r❜❛t✐♦♥
t❤❡♦r② ❛r♦✉♥❞ ❛ ❇✐❛♥❝❤✐ ■ s♣❛❝❡✲t✐♠❡✱ ❛♥❞ ✇❡ st✉❞② t❤❡ ♦❜s❡r✈❛t✐♦♥❛❧ s✐❣♥❛t✉r❡s ♦❢ ❛ ♠♦❞❡❧ ♦❢
✐♥✢❛t✐♦♥ ❤❛✈✐♥❣ t❤✐s s②♠♠❡tr②✳
❑❡② ❲♦r❞s ✿ ❈♦s♠♦❧♦❣②✱ ✐♥✢❛t✐♦♥✱ ♣❡rt✉r❜❛t✐♦♥s✱ ❛♥✐s♦tr♦♣②✱ ❈▼❇✱ ♥♦♥✲●❛✉ss✐❛♥✐t②✱ ❇✐❛♥❝❤✐✳
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❘❡♠❡r❝✐❡♠❡♥ts
❏❡ t✐❡♥s t♦✉t ❞✬❛❜♦r❞ à r❡♠❡r❝✐❡r ❏❡❛♥✲P❤✐❧✐♣♣❡ ❯③❛♥✱ ♠♦♥ ❞✐r❡❝t❡✉r ❞❡ t❤ès❡✱ ♣♦✉r ❛✈♦✐r
❛❝❝❡♣té ❞✬❡♥❝❛❞r❡r ❝❡tt❡ t❤ès❡ ❡t ♠✬❛✈♦✐r ❢❛✐t ❝♦♥✜❛♥❝❡ ❛♣rès ✉♥ s✐♠♣❧❡ ❝❛❢é✳ ❏❡ ❧✉✐ ❞♦✐s ✉♥❡
❞✐s♣♦♥✐❜✐❧✐té s❛♥s ❢❛✐❧❧❡ ❞♦✉❜❧é❡ ❞✬✉♥❡ ❜♦♥♥❡ ❤✉♠❡✉r ♣❡r♠❛♥❡♥t❡ q✉✐ ♠✬♦♥t ♣❡r♠✐s ❞✬❡✛❡❝t✉❡r
❝❡s r❡❝❤❡r❝❤❡s ❞❛♥s ❧❡s ♠❡✐❧❧❡✉r❡s ❝♦♥❞✐t✐♦♥s✳ ■❧ ♥❡ r❡st❡ ♣❧✉s q✉✬à ❛tt❡♥❞r❡ ✷✵✸✺ ♣♦✉r ❞❡✈❡♥✐r
❞❡s ❛♠✐s ❞❡ ✸✵ ❛♥s✳
❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ❧❡ ❥✉r② ❞❡ t❤ès❡✱ ❏❡❛♥✲❇❡r♥❛r❞ ❩✉❜❡r✱ ❋✐❧✐♣♣♦ ❱❡r♥✐③③✐✱
❉❛✈✐❞ ❙♣❡r❣❡❧ ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❘✉t❤ ❉✉rr❡r ❡t ❉❛✈✐❞ ▲❛♥❣❧♦✐s ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té ❞✬êtr❡
r❛♣♣♦rt❡✉rs✳
▼❡r❝✐ ❛✉① ❝♦❧❧❛❜♦r❛t❡✉rs ❞❡ ❝❡s tr♦✐s ❛♥♥é❡s✱ P❡t❡r ❉✉♥s❜②✱ ❈❤r✐s ❈❧❛r❦s♦♥✱ ❇♦❜ ❖s❛♥♦✱
❋r❛♥❝✐s ❇❡r♥❛r❞❡❛✉✱ ❘❛✉❧ ❆❜r❛♠♦✱ ❡t ❚❤✐❛❣♦ P❡r❡✐r❛✱ ❝❡ ❞❡r♥✐❡r ét❛♥t ❞❡✈❡♥✉ ♣❛r ❛✐❧❧❡✉rs ✉♥
❛♠✐ ❡t ♣r♦❢❡ss❡✉r ❞❡ ♣♦rt✉❣❛✐s✱ ♣♦✉r q✉✐ ❥✬❛✉r❛✐ ❜❡❛✉❝♦✉♣ ❞❡ ♠❛❧ à r❡♥❞r❡ ❧❛ q✉❛❧✐té ❞❡ ❧✬❛❝❝✉❡✐❧
q✉✬✐❧ ♠✬❛ ❢❛✐t ❛✉ ❇rés✐❧✳
❏❡ r❡♠❡r❝✐❡ ❧❡s ♠❡♠❜r❡s ❞❡ ❧✬■♥st✐t✉t ❞✬❆str♦♣❤②s✐q✉❡ ❞❡ P❛r✐s✱ ♣♦✉r ❧❡s ❞✐s❝✉ss✐♦♥s ♣❛s
✉♥✐q✉❡♠❡♥t t❡❝❤♥✐q✉❡s q✉❡ ❥✬❛✐ ❡✉❡s ❛✈❡❝ ❡✉①✱ ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ●✉✐❧❧❛✉♠❡ ❋❛②❡ ♣♦✉r
♠✬❛✈♦✐r é❝❧❛✐ré s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ♦r❞✐♥❛t❡✉rs✱ ●✐❧❧❡s ❊s♣♦s✐t♦✲❋❛r❡③ ♣♦✉r ❞❡s ❞é❥❡✉♥❡rs t❛r✲
❞✐❢s✱ ❛✐♥s✐ q✉❡ ❈❛r❧♦ ❙❝❤✐♠❞ ❡t ❙✐♠♦♥ Pr✉♥❡t ♣♦✉r ♠✬❛✈♦✐r r❛ss✉ré ❢❛❝❡ ❛✉① ❞✐✣❝✉❧tés ❞✬✉♥❡ t❤ès❡✳
❏❡ r❡♠❡r❝✐❡ ❧✬éq✉✐♣❡ P▲❆◆❊❚ ❡t ♣❧✉s ♣ré❝✐sé♠❡♥t ❏❡❛♥✲P❤✐❧✐♣♣❡ ❇❡❛✉❧✐❡✉✱ ❏♦❤♥ ●r❡❡♥❤✐❧❧
❡t ❙t❡❢❛♥ ❉✐❡t❡rs✱ ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té ❞❡ ♠❡ ❢❛✐r❡ ❞é❝♦✉✈r✐r ❧✬❛str♦♥♦♠✐❡ ❡t ❧❡s ♠❛rs✉♣✐❛✉①✳
❏❡ r❡♠❡r❝✐❡ ❧❡s t❤és❛r❞s ❡t ❡①✲t❤és❛r❞s✱ ♥♦t❛♠♠❡♥t ❝❡✉① q✉✐ s✉♣♣♦rt❡♥t ❡t s✉♣♣♦rt❛✐❡♥t ❞❡
♣rès ♠❡s ❝❛❧❝✉❧s ❜r✉②❛♥ts✱ ❋r❛♥❦ ●❡♥êt✱ ❆♥❞r❡✇ ❋♦①✱ ▼❛r❝ ▲✐❧❧❡② ❡t ❨✉❦♦ ❑❛❦❛③✉✳
❖♥ ❛rr✐✈❡ à ✉♥❡ t❤ès❡ ❛♣rès ✉♥❡ s❝♦❧❛r✐té ❛ss❡③ ❧♦♥❣✉❡ ❡t ❧❛ ❧✐st❡ ❞❡s ♣r♦❢❡ss❡✉rs à q✉✐ ❥❡
s✉✐s r❡❞❡✈❛❜❧❡ ❡st très ❧♦♥❣✉❡✳ ❏❡ ♥❡ ♣❡✉① ❞♦♥❝ êtr❡ ❡①❤❛✉st✐❢ ♠❛✐s ❥❡ r❡♠❡r❝✐❡ ▼r ❙♦✉q✉❡t✱ ▼r
◗✉✐❜❡❧✱ ▼r ❘❛♥t②✱ ▼r P❛❧❡t✱ ❡t P✐❡rr❡ ❙❛❧❛t✐✳ ❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ❆♥t♦♥② ❈❛rr✐♥❣t♦♥✱ P✐❡rr❡
❘♦❞✐èr❡✱ ●❡♦r❣❡ ❙♠♦♦t ❡t ❏♦❞✐ ▲❛♠♦✉r❡✉① ♣♦✉r ♠✬❛✈♦✐r ✐♥✐t✐é à ❧❛ r❡❝❤❡r❝❤❡✳
❏❡ r❡♠❡r❝✐❡ t♦✉t❡ ♠❛ ❢❛♠✐❧❧❡ q✉✐ ❛ t♦✉❥♦✉rs r❡s♣❡❝té t♦✉s ♠❡s ❝❤♦✐①✱ ♥♦t❛♠♠❡♥t ♠❛ ♠èr❡ q✉✐
✈✐✐
❛ s✉❜✐t❡♠❡♥t ♠♦♥tré ❜❡❛✉❝♦✉♣ ❞✬✐♥térêt ♣♦✉r ❧❛ ❝♦s♠♦❧♦❣✐❡✳ ❈❡tt❡ t❤ès❡ ♥❡ s❡r❛✐t ♣❛s s❛♥s ♠♦♥
♣èr❡ q✉✐ ♠✬❛ tr❛♥s♠✐s ❧❡ ❣♦ût ❞❡ ❧❛ ♣❤②s✐q✉❡ ❡t ❡①♣❧✐q✉é ❧❡ ❝❛❧❝✉❧ ❞✐✛ér❡♥t✐❡❧ ❛✈❡❝ ♣❡rsé✈ér❛♥❝❡
q✉❛♥❞ ♠❡s ❡①♣ér✐❡♥❝❡s ❜❛❧✐st✐q✉❡s ❡st✐✈❛❧❡s ❧❡ ♥é❝❡ss✐t❛✐❡♥t✳
▼❡r❝✐ à t♦✉s ♠❡s ❛♠✐s✱ ♠❡s ❝♦♠♣❛❣♥♦♥s ❞❡ r♦✉t❡ ❡t ❞❡ r❛♥❞♦♥♥é❡✱ ❙é❜❛st✐❡♥✱ ❉❛✈✐❞✱
❊t✐❡♥♥❡✱ ❏❡❛♥ ❡t ❇é❛tr✐❝❡✱ ❧❡s ❖r❧é❛♥❛✐s✱ P✐❡rr❡✱ ❈❧❛✐r❡✱ ▼❛t❤✐❡✉✱ ❏❡❛♥✲❨✈❡s✱ ❚♦t♦ ❡t ❈é❧✐♥❡✱ ❧❡s
▲②♦♥♥❛✐s✱ ❙♦♣❤✐❡✱ ❍é❧è♥❡✱ ❙❛♠✉❡❧✱ ❊❧✐s❡✱ ▼✐❝❦❛❡❧✱ ❆♥♥❡ ❡t ❙té♣❤❛♥❡✱ ❧❡s ♠✉s✐❝✐❡♥s ❞❡s ✏❙♣✐❞❡rs✑✱
❨❛♥♥✱ ❏✉❧✐❡♥✱ ❉❛✈✐❞✱ P✐❡rr❡ ❡t ◆❡❦♦✳
❊♥✜♥ t♦✉t❡ ♠❛ r❡❝♦♥♥❛✐ss❛♥❝❡ ✈❛ à ♠❛ très ❝❤èr❡ ▲✉❝✐❡ ♣♦✉r s♦♥ s♦✉t✐❡♥ ♣❡r♠❛♥❡♥t ❡t s❛
❝♦♠♣ré❤❡♥s✐♦♥ s❛♥s ❧✐♠✐t❡ ❞❡s ❜❡s♦✐♥s ✐♥t❡♠♣♦r❡❧s ❞❡ ❧❛ r❡❝❤❡r❝❤❡✳
✈✐✐✐
■♥tr♦❞✉❝t✐♦♥
❊♥ ✷✵✵✸✱ ❛❧♦rs q✉❡ ❥❡ t❡r♠✐♥❛✐s ♠♦♥ ❉❊❆✱ ❧❡s rés✉❧t❛ts ❞✉ s❛t❡❧❧✐t❡ ❲▼❆P s✉r ❧❛ ♠❡s✉r❡ ❞✉
❢♦♥❞ ❝♦s♠♦❧♦❣✐q✉❡ ♦♥t ❢❛✐t ♣❛ss❡r ❧❛ ❝♦s♠♦❧♦❣✐❡ ❞❛♥s ✉♥❡ èr❡ ❞❡ ❣r❛♥❞❡ ♣ré❝✐s✐♦♥✱ ❡♥ ❝♦♠♣❧ét❛♥t
s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧❡s rés✉❧t❛ts s✐♠✐❧❛✐r❡s ❞✉ s❛t❡❧❧✐t❡ ❈❖❇❊ ♣❛r✉s ❡♥ ✶✾✾✷✳ ▲❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞✉
❜✐❣✲❜❛♥❣ ❝♦♠♣♦rt❡ ❝❡rt❡s ❡♥❝♦r❡ ❜❡❛✉❝♦✉♣ ❞✬✐♥❝♦♥♥✉❡s✱ ♥♦t❛♠♠❡♥t ♣♦✉r s♦♥ ❝♦♥t❡♥✉ ♠❛tér✐❡❧
s♦♠❜r❡✱ ♠❛✐s ✐❧ ❞❡✈❡♥❛✐t ❛✐♥s✐ ❝❛♣❛❜❧❡ ❞❡ q✉❛♥t✐✜❡r ♣ré❝✐sé♠❡♥t ❝❡ q✉✬✐❧ ♥✬❡①♣❧✐q✉❛✐t ♣❛s✳ ❉❡♣✉✐s
❝❡ ♠♦♠❡♥t ❧à✱ ❧❡ ♠♦❞è❧❡ ❞❡ ❧✬✐♥✢❛t✐♦♥ ❛ é❣❛❧❡♠❡♥t été ❛❞♠✐s ❡t ❛ été ❛❞❥♦✐♥t ❛✉ ♠♦❞è❧❡ ❞✉
❜✐❣✲❜❛♥❣ ❝❤❛✉❞ ♣♦✉r ❢♦r♠❡r ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞❡ ❧❛ ❝♦s♠♦❧♦❣✐❡✳ ▲✬✐♥✢❛t✐♦♥ ♣❡r♠❡t ❞✬❡①♣❧✐q✉❡r
❧✬♦r✐❣✐♥❡ ❞❡s ✢✉❝t✉❛t✐♦♥s à ♣❛rt✐r ❞❡sq✉❡❧❧❡s ❧❡s str✉❝t✉r❡s ❛str♦♣❤②s✐q✉❡s s❡ s♦♥t ❢♦r♠é❡s ♣❛r
❡✛♦♥❞r❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧✳ ❈❡♣❡♥❞❛♥t ❝❡tt❡ ♣❤❛s❡ ♣r✐♠♦r❞✐❛❧❡ ❞✬❡①♣❛♥s✐♦♥ ❛❝❝é❧éré❡ s❡ s✐t✉❡ à
❞❡s é❝❤❡❧❧❡s ❞✬é♥❡r❣✐❡ ✐♥❛❝❝❡ss✐❜❧❡s ❡♥ ❧❛❜♦r❛t♦✐r❡✱ ❡t ❝♦♥st✐t✉❡ ❞♦♥❝ ✉♥❡ ❢❡♥êtr❡ s✉r ❧❛ ♣❤②s✐q✉❡
❞❡s très ❤❛✉t❡s é♥❡r❣✐❡s q✉✐ r❡st❡ à ❞é❝♦✉✈r✐r✳ ❙❛ ❞❡s❝r✐♣t✐♦♥ r❡st❡ ♣♦✉r ❧✬❤❡✉r❡ ♣❤é♥♦♠é♥♦❧♦❣✐q✉❡
❡t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♠♦❞è❧❡s ❞✬✐♥✢❛t✐♦♥ ♦♥t été ❝♦♥str✉✐ts✱ ❛✈❡❝ ♣♦✉r ❧❛ ♣❧✉♣❛rt ✉♥❡ ♠♦t✐✈❛t✐♦♥
✐ss✉❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❝♦r❞❡s✳ ▲❡s ♠❡s✉r❡s ❧❡s ♣❧✉s ❛♥❝✐❡♥♥❡s q✉❡ ♥♦✉s ♣♦✉✈♦♥s ♦❜t❡♥✐r ❞❡ ❝❡tt❡
é♣♦q✉❡ s♦♥t à ❝❤❡r❝❤❡r s♦✐t ❞❛♥s ❧❡ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡ s♦✐t ❞❛♥s ❧❡s ♦♥❞❡s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s
♣r✐♠♦r❞✐❛❧❡s✳ ❈❡♣❡♥❞❛♥t ❧✬✉♥✐✈❡rs ❛②❛♥t été ♦♣❛q✉❡ ❛♣rès ❧✬✐♥✢❛t✐♦♥✱ ❧❡ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
♥❡ ❝♦♥st✐t✉❡ ♣❛s ✉♥❡ ❢❡♥êtr❡ ❞✐r❡❝t❡ s✉r ❧✬✐♥✢❛t✐♦♥ ❡t s❡✉❧❡ ❧✬ét✉❞❡ ❞ét❛✐❧❧é❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡
❞❡s ♣❡rt✉r❜❛t✐♦♥s ♣❡r♠❡t ❞❡ r❡♠♦♥t❡r à ❧❛ ♣❤❛s❡ ♣r✐♠♦r❞✐❛❧❡ ❞❡ ❧✬✉♥✐✈❡rs✳ ◗✉❛♥t ❛✉① ♦♥❞❡s
❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s ♣r✐♠♦r❞✐❛❧❡s✱ ❡♥ ♣r✐♥❝✐♣❡ ❡❧❧❡s té♠♦✐❣♥❡♥t ❞✐r❡❝t❡♠❡♥t ❞❡ ❧✬✐♥✢❛t✐♦♥ ♠❛✐s ❧❡✉r
❞ét❡❝t✐♦♥ ❞✐r❡❝t❡ r❡st❡ ❡♥❝♦r❡ ✉♥ ♦❜❥❡❝t✐❢ à ❧♦♥❣ t❡r♠❡✳
▲✬ét✉❞❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s s❡ ❢❛✐t ❣é♥ér❛❧❡♠❡♥t ❡♥ ♣❡rt✉r❜❛♥t ❧✐♥é❛✐r❡♠❡♥t
❧❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ❛✉t♦✉r ❞✬✉♥ ❡s♣❛❝❡ ❤♦♠♦❣è♥❡ ❡t ✐s♦tr♦♣❡✱ ❞✐t ❡s♣❛❝❡ ❞❡ ❢♦♥❞✳ ❈❡tt❡
t❤é♦r✐❡ ❧✐♥é❛✐r❡ ♥✬♦✛r❡ q✉❡ très ♣❡✉ ❞❡ ♣r✐s❡ ♣♦✉r ❞✐✛ér❡♥❝✐❡r ❧❡s ♠♦❞è❧❡s ❞✬✐♥✢❛t✐♦♥✳ ▲❡s
éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ét❛♥t ✐♥tr✐♥sèq✉❡♠❡♥t ♥♦♥✲❧✐♥é❛✐r❡s✱ ❞❡s ❡✛❡ts ✜♥s s♦♥t ❛tt❡♥❞✉s ❧♦rsq✉❡
❧✬♦♥ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡✳ ❈❡❝✐ ♣❡✉t ♥♦t❛♠♠❡♥t êtr❡
à ❧✬♦r✐❣✐♥❡ ❞✬❡✛❡ts ♥♦♥✲❣❛✉ss✐❡♥s q✉✐ ♣♦✉rr♦♥t é✈❡♥t✉❡❧❧❡♠❡♥t êtr❡ ❞ét❡❝tés ♣❛r ❧❡ s❛t❡❧❧✐t❡
P❧❛♥❝❦✱ q✉✐ ❡st ❧❛ ♣r♦❝❤❛✐♥❡ ♠✐ss✐♦♥ ❞✬♦❜s❡r✈❛t✐♦♥ ❞✉ ❢♦♥❞ ❞✐✛✉s ❞♦♥t ❧❡ ❧❛♥❝❡♠❡♥t ❡st ♣ré✈✉
❡♥ ♦❝t♦❜r❡ ✷✵✵✽✳ P♦✉r ❝❡❧❛ ✐❧ ❢❛✉❞r❛ ♥é❝❡ss❛✐r❡♠❡♥t ❝♦♠♣r❡♥❞r❡ t♦✉s ❧❡s ❡✛❡ts ❞✬é✈♦❧✉t✐♦♥ ❛✜♥
❞❡ ❝♦♥tr❛✐♥❞r❡ ❧❛ ♥♦♥✲❣❛✉ss✐❛♥✐té ❤ér✐té❡ ❞❡ ❧✬✐♥✢❛t✐♦♥✳ ▲❛ ❞②♥❛♠✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛
♠étr✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧✬❡s♣❛❝❡ t❡♠♣s✱ ❡st ❞♦♥♥é❡ ♣❛r ❧❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥✳ ▲❛ ❞②♥❛♠✐q✉❡
❞✉ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ❡st s♦✐t ❡♥✈✐s❛❣é❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡✱ s♦✐t ❞❛♥s ❧❡ ❝❛❞r❡ ♣❧✉s
♣ré❝✐s ❞❡ ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡ ♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥✳ P❛r ❛✐❧❧❡✉rs ❧❡ ❢❛✐t ❞❡ s✉♣♣♦s❡r q✉❡
❧✬❡s♣❛❝❡ ❡st ❣❧♦❜❛❧❡♠❡♥t ✐s♦tr♦♣❡ ♣♦✉r ❞ér✐✈❡r ❧❡s éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❞♦✐t êtr❡ t❡sté s✐ ❧✬♦♥
✐①
s♦✉❤❛✐t❡ q✉❡ ❧❡ ♠♦❞è❧❡ r❡♣♦s❡ s✉r ✉♥ ♠✐♥✐♠✉♠ ❞✬❤②♣♦t❤ès❡s✳ ❈♦♠♠❡ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡
❝❡tt❡ ✐s♦tr♦♣✐❡ ❞é❝r♦ît✱ ❝❡tt❡ ✐♥t❡rr♦❣❛t✐♦♥ ❝♦♥❝❡r♥❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❧❛ ♣❤❛s❡ ♣r✐♠♦r❞✐❛❧❡ ❞❡
❧✬✉♥✐✈❡rs✳ P♦✉r ❝❡❧❛✱ ✐❧ ❢❛✉t ❞é✈❡❧♦♣♣❡r t♦✉t❡s ❧❡s ♣ré❞✐❝t✐♦♥s ❞✬✉♥❡ é✈❡♥t✉❡❧❧❡ ❛♥✐s♦tr♦♣✐❡ ❛✜♥
❞✬♦❜t❡♥✐r ❞❡s ♣ré❞✐❝t✐♦♥s ❣é♥ér✐q✉❡s q✉✐ ♣♦✉rr♦♥t êtr❡ ❝♦♥tr❛✐♥t❡s ♣❛r ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ❆✜♥
❞✬ét✉❞✐❡r ❝❡s ❞❡✉① ❛s♣❡❝ts✱ ♠❛ t❤ès❡ s✬❡st ❢♦❝❛❧✐sé❡ s✉r ❧❛ t❤é♦r✐❡ ♥♦♥✲❧✐♥é❛✐r❡ ❛✉t♦✉r ❞✬✉♥ ❡s✲
♣❛❝❡ ❞❡ ❢♦♥❞ ❤♦♠♦❣è♥❡ ❡t ✐s♦tr♦♣❡ ❛✐♥s✐ q✉❡ s✉r ❧❛ t❤é♦r✐❡ ❧✐♥é❛✐r❡ ❛✉t♦✉r ❞❡s ❡s♣❛❝❡s ❛♥✐s♦tr♦♣❡s✳
❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ t❤ès❡ ♥♦✉s r❛♣♣❡❧♦♥s ❧❡s rés✉❧t❛ts ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞✉
❜✐❣✲❜❛♥❣ ❡♥ ❧❡ r❡❢♦r♠✉❧❛♥t é✈❡♥t✉❡❧❧❡♠❡♥t ❞✬✉♥❡ ♠❛♥✐èr❡ ♥♦✉✈❡❧❧❡ ❞❛♥s ❧❡ ❜✉t ❞❡ ❧✬ét❡♥❞r❡✳ ▲❡
♣r❡♠✐❡r ❝❤❛♣✐tr❡ r❛♣♣❡❧❧❡ ❧❡s ❣r❛♥❞❡s ❧✐❣♥❡s ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❡♥ r❛♣♣❡❧❛♥t
❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ❞✉ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞✳ ▲❡ s❡❝♦♥❞ ❝❤❛♣✐tr❡ ♣❛ss❡ ❡♥ r❡✈✉❡ ❧❛ t❤é♦r✐❡ ❞❡s
♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s ❞❛♥s ✉♥ ❝❛❞r❡ s✐♠♣❧✐✜é✳ ◆♦✉s ét✉❞✐♦♥s ❛✐♥s✐ ❧❡ ❝❛s ✐❞é❛❧ ❞✬✉♥ ♠é❧❛♥❣❡ ❞❡
r❛❞✐❛t✐♦♥ ❡t ❞❡ ♠❛t✐èr❡ ♥♦✐r❡ ❢r♦✐❞❡ ❛✜♥ ❞✬ét✉❞✐❡r ❧❡s ♣r♦♣r✐étés ❡ss❡♥t✐❡❧❧❡s ❞❡s ♣❡rt✉r❜❛t✐♦♥s
❞❡ ❧❛ ♠étr✐q✉❡✳ ◆♦✉s ét✉❞✐♦♥s ❡♥s✉✐t❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ♠é❧❛♥❣❡
❝♦✉♣❧é ❞❡ ❜❛r②♦♥s ❡t ❞❡ r❛❞✐❛t✐♦♥✳ ◆♦✉s ② ♣rés❡♥t♦♥s é❣❛❧❡♠❡♥t ❧❡ ❢♦r♠❛❧✐s♠❡ 1 + 3 q✉✐ ♣❡✉t
êtr❡ ✉t✐❧✐sé ❝♦♠♠❡ ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❛❧t❡r♥❛t✐✈❡ ♣♦✉r ét✉❞✐❡r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s✳
❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸✱ ♥♦✉s ❡①♣♦s♦♥s ❧❛ ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡ ❛✐♥s✐ q✉❡ ❧❛
t❤é♦r✐❡ ❝✐♥ét✐q✉❡ q✉✐ ❝♦♥st✐t✉❡ ✉♥❡ ❜✐❡♥ ♠❡✐❧❧❡✉r❡ ❞❡s❝r✐♣t✐♦♥ q✉❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡✳ ◆♦✉s
❛✈♦♥s ❡ss❛②é ❞✬✉t✐❧✐s❡r ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❜❛sé❡ s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ tétr❛❞❡s ❛✜♥ ❞❡ r❡♥❞r❡ ♣❧✉s
tr❛♥s♣❛r❡♥t ❧❛ ♠✐❝r♦♣❤②s✐q✉❡✳ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹ ♥♦✉s ❡①♣♦s♦♥s ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞❡ ❧✬✐♥✢❛t✐♦♥
❡♥ ✐♥s✐st❛♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉r ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ♣r✐♠♦r❞✐❛❧❡s✳
◆♦✉s ♣rés❡♥t♦♥s ❝♦♠♠❡♥t ❝❡tt❡ ❞ér✐✈❛t✐♦♥ ♣❡✉t êtr❡ tr❛♥s♣♦sé❡ ❛✉ ❢♦r♠❛❧✐s♠❡ 1 + 3✳ ❈❡❝✐
❛ ❞♦♥♥é ❧✐❡✉ à ✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❏❡❛♥✲P❤✐❧✐♣♣❡ ❯③❛♥ ❞❛♥s P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❉✳
❉❛♥s ❧❛ s❡❝♦♥❞❡ ♣❛rt✐❡ ♥♦✉s ét✉❞✐♦♥s ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ❉❛♥s ❧❡
❝❤❛♣✐tr❡ ✺✱ ♥♦✉s ❝♦♠♠❡♥ç♦♥s ❞✬❛❜♦r❞ ♣❛r ét✉❞✐❡r ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ ❥❛✉❣❡ ✐♥❤ér❡♥t❡ ❛✉①
♣❡rt✉r❜❛t✐♦♥s✳ ◆♦✉s r❛♣♣❡❧♦♥s ❞✬❛❜♦r❞ ❝♦♠♠❡♥t s✬❡♥ ❛✛r❛♥❝❤✐r ❡♥ ❝♦♥str✉✐s❛♥t ❞❡s ✈❛r✐❛❜❧❡s
✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ♣♦✉r ❧❡s q✉❛♥t✐tés t❡♥s♦r✐❡❧❧❡s✱ ♣✉✐s ♥♦✉s ♣rés❡♥t♦♥s ❝♦♠♠❡♥t ❝❡tt❡ ♠ét❤♦❞❡
♣❡✉t êtr❡ ❣é♥ér❛❧✐sé❡ à ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡✳ ❈❡❝✐ ❛ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ❞❛♥s ❈❧❛ss✐❝❛❧
❛♥❞ ◗✉❛♥t✉♠ ●r❛✈✐t②✳ ◆♦✉s ❡①♣♦s♦♥s é❣❛❧❡♠❡♥t ❝♦♠♠❡♥t ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡s q✉❛♥t✐tés
t❡♥s♦r✐❡❧❧❡s ♣❡✉✈❡♥t êtr❡ ❞ét❡r♠✐♥é❡s ✐♥❢♦r♠❛t✐q✉❡♠❡♥t✱ ❡t ♥♦✉s ❡①♣♦s♦♥s ❧❡s ❣r❛♥❞❡s ❧✐❣♥❡s ❞✉
♣r♦❣r❛♠♠❡ ✉t✐❧✐sé t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡tt❡ t❤ès❡✳ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✻ ♥♦✉s rés✉♠♦♥s ❧❡s éq✉❛t✐♦♥s ❞✉
s❡❝♦♥❞ ♦r❞r❡ ❡t ♥♦✉s ❞♦♥♥♦♥s ❛✉t❛♥t q✉❡ ♣♦ss✐❜❧❡ ❧❡s s♦❧✉t✐♦♥s ❛♥❛❧②t✐q✉❡s✳ ◆♦✉s s✉✐✈♦♥s ♣♦✉r
❝❡❧❛ ❧❛ ♠ê♠❡ ❞é♠❛r❝❤❡ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❞✬❛❜♦r❞ ❧❡s ❝❛s s✐♠♣❧✐✜é ❞✬✉♥ ♠é❧❛♥❣❡
❞❡ ♠❛t✐èr❡ ♥♦✐r❡ ❡t ❞❡ r❛❞✐❛t✐♦♥ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡✳ P✉✐s ♥♦✉s ét✉❞✐♦♥s ❧❛ ❞②♥❛♠✐q✉❡
❞❡s ❜❛r②♦♥s ❝♦✉♣❧és à ❧❛ r❛❞✐❛t✐♦♥ ❡t ❡♥✜♥ ♣rés❡♥t♦♥s ♣❛rt✐❡❧❧❡♠❡♥t ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣♦✉r ❧❛
t❤é♦r✐❡ ❝✐♥ét✐q✉❡✳ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✼ ♥♦✉s ét✉❞✐♦♥s ❝❡rt❛✐♥s ❛s♣❡❝ts ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ♥♦♥✲❧✐♥é❛✐r❡
♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥ ❝♦♥❝❡r♥❛♥t ❧❛ ❣é♥ér❛t✐♦♥ ❞✬♦♥❞❡s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s✳ ❈❡❝✐ ❛ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡
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❧❡s ♣ré❞✐❝t✐♦♥s ❣é♥ér✐q✉❡s ❞✉ ♠♦❞è❧❡ ❞✬✐♥✢❛t✐♦♥ st❛♥❞❛r❞✱ ♣✉✐s ♥♦✉s ❛❜♦r❞♦♥s ❧❡s s✐❣♥❛t✉r❡s
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❝♦♥str✉❝t✐♦♥ ❢♦r♠❡❧❧❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ❛✐♥s✐ q✉❡ ❧❡s éq✉❛t✐♦♥s ❞②♥❛♠✐q✉❡s
q✉✬❡❧❧❡s s❛t✐s❢♦♥t✳ ❈❡❝✐ ❛ ❞♦♥♥é ❧✐❡✉ à ✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❚❤✐❛❣♦ P❡r❡✐r❛ ❡t
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❇✐❜❧✐♦❣r❛♣❤✐❡ ✷✻✷
①✈
①✈✐
Pr❡♠✐èr❡ ♣❛rt✐❡
■♥tr♦❞✉❝t✐♦♥ ❛✉ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞✉
❇✐❣✲❇❛♥❣
✶

✸Chapitre 1
❈❛❞r❡ ●é♥ér❛❧
❙♦♠♠❛✐r❡
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✶✳✷✳✷ ▲♦✐ ❞❡ ❍✉❜❜❧❡ ❡t ❞é❝❛❧❛❣❡ ✈❡rs ❧❡ r♦✉❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
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✶✳✶ ❍②♣♦t❤ès❡s
▲❛ ❝♦s♠♦❧♦❣✐❡ ❡st ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ ❝♦♥s❛❝ré à ❧✬ét✉❞❡ ❞❡ ❧✬✉♥✐✈❡rs ✭♦❜s❡r✈❛❜❧❡✮ à
❣r❛♥❞❡ é❝❤❡❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ s❛ str✉❝t✉r❡ ❡t ❞❡ s♦♥ ❝♦♥t❡♥✉ ♠❛tér✐❡❧✳ ❙❛ str✉❝t✉r❡ ❡st ❞é❝r✐t❡
♣❛r ✉♥❡ ✈❛r✐été ❞✐✛ér❡♥t✐❡❧❧❡ q✉❛❞r✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ q✉✐ ♠♦❞é❧✐s❡ ❧✬❡s♣❛❝❡✲t❡♠♣s✱ ❡t s♦♥ ❝♦♥t❡♥✉
♠❛tér✐❡❧ ❡st ❞é❝r✐t ♣❛r ❞❡s ❝❤❛♠♣s ✈✐✈❛♥t ❞❛♥s ❝❡tt❡ ✈❛r✐été✳ ▲❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❝❡s ❞❡✉① é❧é♠❡♥ts
❞❡ ❧❛ t❤é♦r✐❡ ❡st ❢♦✉r♥✐❡ ♣❛r ❧❛ r❡❧❛t✐✈✐té ❣é♥ér❛❧❡ ✭❘●✮✳ ❉❡ ♣❧✉s✱ ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ✐♠♣❧✐q✉❡
q✉❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❞❡s ❝❤❛♠♣s ♠❛tér✐❡❧s ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ♣❤②s✐q✉❡ ❞❡ ❧❛ r❡❧❛t✐✈✐té r❡str❡✐♥t❡✳ ▲❡
❢❛✐t q✉❡ ❧❛ r❡❧❛t✐✈✐té ❣é♥ér❛❧❡ s♦✐t ❧♦❝❛❧❡ r❡♥❞ ♥é❝❡ss❛✐r❡ ✉♥❡ ❤②♣♦t❤ès❡ s✉♣♣❧é♠❡♥t❛✐r❡ ✭à t❡st❡r✮
s✉r ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ ❧✬✉♥✐✈❡rs✱ ❛✉ ♠♦✐♥s ❞❛♥s s❛ ♣❛rt✐❡ ♦❜s❡r✈❛❜❧❡ ❬▲✉♠✐♥❡t ❡t ❛❧✳ ✵✸❪✳ ❉❡ ♣❧✉s✱ ❧❛
r❡❧❛t✐✈✐té ❣é♥ér❛❧❡ ♥✬❛ été ✈❛❧✐❞é❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t q✉✬à ❞❡s é❝❤❡❧❧❡s ❜✐❡♥ ✐♥❢ér✐❡✉r❡s ❛✉① é❝❤❡❧❧❡s
❝♦s♠♦❧♦❣✐q✉❡s✱ s✐ ❜✐❡♥ q✉❡ s♦♥ ✉t✐❧✐s❛t✐♦♥ ❛✉① é❝❤❡❧❧❡s ❝♦s♠♦❧♦❣✐q✉❡s ❝♦♥st✐t✉❡ ✉♥❡ ❡①tr❛♣♦❧❛t✐♦♥
❞♦♥t ❧❛ ✈❛❧✐❞✐té ❞♦✐t êtr❡ t❡sté❡✳ ❈❡tt❡ t❤é♦r✐❡ ❡st ♣❧✉s ❝♦♠♠✉♥é♠❡♥t r❡♠✐s❡ ❡♥ ❝❛✉s❡ ❧♦rsq✉✬❡❧❧❡
r❡♥tr❡ ❡♥ ❝♦♥✢✐t ❛✈❡❝ ❧❛ ♣❤②s✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s✱ ❝✬❡st✲à✲❞✐r❡ ❛✉① ❣r❛♥❞❡s é♥❡r❣✐❡s✳ ❈❡❝✐ ♥❡ ♠❛♥q✉❡
♣❛s ❞✬❛rr✐✈❡r ❧♦rsq✉✬♦♥ s✬✐♥tér❡ss❡ ♣❧✉s ♣ré❝✐sé♠❡♥t ❛✉① ♦r✐❣✐♥❡s ❞❡ ❧✬✉♥✐✈❡rs✳ ▲❛ ❝♦s♠♦❧♦❣✐❡ s❡
rés✉♠❡ ❞♦♥❝ ♣r✐♥❝✐♣❛❧❡♠❡♥t à ❧❛ rés♦❧✉t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ♣♦✉r ♥♦tr❡ ✉♥✐✈❡rs ❡♥ t❛♥t
✹ ❈❛❞r❡ ●é♥ér❛❧
q✉❡ s②stè♠❡ ♣❤②s✐q✉❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s ♥é❝❡ss❛✐r❡s ♣♦✉r ré❛❧✐s❡r ❝❡tt❡ tâ❝❤❡ s♦✉✛r❡♥t
❞❡ ❧✐♠✐t❛t✐♦♥s q✉✐ ❧❛ r❡♥❞❡♥t ✐♠♣♦ss✐❜❧❡ ❡♥ ♣r❛t✐q✉❡✳ ❉✬✉♥❡ ♣❛rt✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❝♦s♠♦❧♦❣✐q✉❡s
❝♦♥s✐st❡♥t ❧❡ ♣❧✉s s♦✉✈❡♥t ❡♥ ❧❛ ♠❡s✉r❡ ❞❡ r❛②♦♥♥❡♠❡♥t é❧❡❝tr♦♠❛❣♥ét✐q✉❡ s✐ ❜✐❡♥ q✉❡ ❧✬♦♥ ❛❝❝è❞❡
✉♥✐q✉❡♠❡♥t à ✉♥❡ ♣❛rt✐❡ ❞❡ ♥♦tr❡ ❝ô♥❡ ❞❡ ❧✉♠✐èr❡ ♣❛ssé✳ ❯♥❡ ♠❛♥✐èr❡ ❞❡ s✬❛✛r❛♥❝❤✐r ❞❡ ❝❡tt❡
❞é❣é♥❡r❡s❝❡♥❝❡ ♣♦✉rr❛✐t êtr❡ ❞✬♦❜s❡r✈❡r ❧❡ r❛②♦♥♥❡♠❡♥t ❛♣rès ✉♥ ♦✉ ♣❧✉s✐❡✉rs ❝❤❛♥❣❡♠❡♥ts ❞❡
❞✐r❡❝t✐♦♥✱ ♣❛r ❞✐✛✉s✐♦♥ s✉r ❧❡s ♥✉❛❣❡s ❞❡ ♣♦✉ss✐èr❡ ❬●♦♦❞♠❛♥ ✾✺❪✳ ❯♥❡ ❛✉tr❡ ♣♦ss✐❜✐❧✐té s❡r❛✐t ❞❡
t✐r❡r ♣❛rt✐ ❞❡ ♥♦tr❡ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ♣♦✉r ✉t✐❧✐s❡r ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞❡s ❝ô♥❡s ❞❡ ❧✉♠✐èr❡s ❛✉ss✐
♠✐♥❝❡ s♦✐t ❡❧❧❡ ❬❯③❛♥ ❡t ❛❧✳ ✵✼❛❪✳ ▲❛ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞❡s ❞❡✉① t❡sts r❡st❡ ♥é❛♥♠♦✐♥s ✐♠♣r♦❜❛❜❧❡
♣♦✉r ❧❡ ♠♦♠❡♥t✳ ❖♥ ✐♥tr♦❞✉✐t ❞♦♥❝ ✉♥❡ ❤②♣♦t❤ès❡ s✉♣♣❧é♠❡♥t❛✐r❡ ❛♣♣❡❧é❡ ♣r✐♥❝✐♣❡ ❝♦s♠♦❧♦❣✐q✉❡✱
q✉✐ ❝♦♥s✐st❡ à s✉♣♣♦s❡r q✉❡ ❧✬✉♥✐✈❡rs ❡st ❤♦♠♦❣è♥❡ ❡t ✐s♦tr♦♣❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡
q✉❡ t♦✉s ❧❡s ♣♦✐♥ts ❞❡ ❧✬✉♥✐✈❡rs s♦♥t éq✉✐✈❛❧❡♥ts✱ ❡t ♣❡r♠❡t ❞❡ ❧❡✈❡r ❧❛ ❞é❣é♥❡r❡s❝❡♥❝❡✳ ■❞é❛❧❡♠❡♥t
✐❧ ❢❛✉❞r❛ r❡✈❡♥✐r s✉r ❝❡tt❡ ❤②♣♦t❤ès❡ ❡t ❧❛ t❡st❡r ❬❯③❛♥ ❡t ❛❧✳ ✵✼❜❪✳ P❛r ❛✐❧❧❡✉rs✱ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡
❡①♣ér✐♠❡♥t❛❧ ♥♦✉s ♥❡ ❞✐s♣♦s♦♥s q✉❡ ❞✬✉♥ s❡✉❧ ✉♥✐✈❡rs✱ ❧❡ ♥ôtr❡✱ s✐ ❜✐❡♥ q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡
r❡♣r♦❞✉❝t✐❜✐❧✐té ❞❡ ❧✬❡①♣ér✐❡♥❝❡✶✳ ❊t❛♥t ❞♦♥♥é q✉❡ ❜✐❡♥ s♦✉✈❡♥t ♥♦✉s ❝♦♠♣❡♥s♦♥s ❧❛ ✜♥✐t✉❞❡
❞❡ ♥♦tr❡ ✐♥t❡❧❧✐❣❡♥❝❡ ❢❛❝❡ à ✉♥ ♣r♦❜❧è♠❡ ❝♦♠♣❧❡①❡ ❡♥ ❞é✈❡❧♦♣♣❛♥t ❞❡s t❤é♦r✐❡s st❛t✐st✐q✉❡s✱ ❧❛
❝♦s♠♦❧♦❣✐❡ é❣❛❧❡♠❡♥t ❡st ✉♥ ❞♦♠❛✐♥❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s ♣ré❞✐❝t✐♦♥s s♦♥t st❛t✐st✐q✉❡s✳ ❈❡♣❡♥❞❛♥t ❧❛
t❤é♦r✐❡ ❞❡ ❧✬✐♥✢❛t✐♦♥✱ q✉✐ ♣❡r♠❡t ❞✬❡①♣❧✐q✉❡r ❧✬♦r✐❣✐♥❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ♣r✐♠♦r❞✐❛❧❡s✱ ❡st ❞❡ ♥❛t✉r❡
✐♥tr✐♥sèq✉❡♠❡♥t st❛t✐st✐q✉❡ ❝❡ q✉✐ ❥✉st✐✜❡ ♣❧✉s ❢♦♥❞❛♠❡♥t❛❧❡♠❡♥t ❧❡ tr❛✐t❡♠❡♥t st❛t✐st✐q✉❡ ❞❡
❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬✉♥✐✈❡rs✳
✶✳✷ ▲✬✉♥✐✈❡rs ❤♦♠♦❣è♥❡ ❡t ✐s♦tr♦♣❡
✶✳✷✳✶ ▼étr✐q✉❡
❉❛♥s t♦✉t❡ ❝❡tt❡ t❤ès❡ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❡s ✉♥✐tés ♣♦✉r ❧❡sq✉❡❧❧❡s c = ~ = 1✳ ▲❛ ♠étr✐q✉❡
❧❛ ♣❧✉s ❣é♥ér❛❧❡ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧❡ ♣r✐♥❝✐♣❡ ❝♦s♠♦❧♦❣✐q✉❡ ❡st ❞❡ ❧❛ ❢♦r♠❡ ✭❞✐t❡ ❞❡ ❋r✐❡❞♠❛♥♥✲
▲❡♠❛îtr❡✮
g¯µν = −(dt)µ(dt)ν + a2(t)γij(x)(dxi)µ(dxj)ν , ✭✶✳✶✮
♦ù a(t) ❡st ❧❡ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡✱ xi s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s s♣❛t✐❛❧❡s ❝♦♠♦❜✐❧❡s ❛✈❡❝ i = 1, 2, 3✱ t
❡st ❧❡ t❡♠♣s ❝♦s♠✐q✉❡ ❡t γij ❡st ❧❛ ♠étr✐q✉❡ ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s ❞❡ t❡♠♣s ❝♦♥st❛♥t q✉✐ ❞♦✐t
s❛t✐s❢❛✐r❡ ❧❡s ❤②♣♦t❤ès❡s ❞✬❤♦♠♦❣é♥é✐té ❡t ❞✬✐s♦tr♦♣✐❡✳ ▲❡s ♥♦t❛t✐♦♥s (dt)µ ,
(
dxi
)
µ
❝♦rr❡s♣♦♥❞❡♥t
❛✉① ❢♦r♠❡s ❛ss♦❝✐é❡s ❛✉① ❝♦♦r❞♦♥♥é❡s✱ ❧❡s ✐♥❞✐❝❡s ❣r❡❝s ❛❧❧❛♥t ❞❡ 0 à 4✳ ❖♥ ♣❡✉t ♠♦♥tr❡r ❬❲❛❧❞ ✽✹❪
q✉❡ ❝❡tt❡ ❤②♣♦t❤ès❡ ❝♦♥tr❛✐♥t ❧❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❡t ❧❡s t❡♥s❡✉rs ❛ss♦❝✐és ❝♦rr❡s♣♦♥❞❛♥t à ❧❛
♠étr✐q✉❡ γij à êtr❡ ❞❡ ❧❛ ❢♦r♠❡
(3)Rijkl = Kγk[iγj]l ⇒ (3)Rij = 2Kγij ⇒ (3)R = 6K, ✭✶✳✷✮
♦ù K ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❝❛r❛❝tér✐s❛♥t ❧❛ ❝♦✉r❜✉r❡ ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s ❞❡ ❧✬✉♥✐✈❡rs✳ ❙❡❧♦♥ q✉❡ K
❡st ♣♦s✐t✐❢✱ ♥✉❧✱ ♦✉ ♥é❣❛t✐❢✱ ❝❡s s❡❝t✐♦♥s s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t s♣❤ér✐q✉❡s✱ ❡✉❝❧✐❞✐❡♥♥❡s✱ ♦✉ ❤②♣❡r✲
❜♦❧✐q✉❡s✳ ▲❡ t❡♠♣s t ❡st ♣❛r❢♦✐s ❛✉ss✐ ❛♣♣❡❧é t❡♠♣s ♣❤②s✐q✉❡ ❝❛r ✐❧ ❝♦rr❡s♣♦♥❞ ❛✉ t❡♠♣s ♣r♦♣r❡
❞✬✉♥ ♦❜s❡r✈❛t❡✉r ❞❡ q✉❛❞r✐✈❡❝t❡✉r ✈✐t❡ss❡ (dt)µ✱ ❝✬❡st✲à✲❞✐r❡ ❞✬✉♥ ♦❜s❡r✈❛t❡✉r ❝♦♠♦❜✐❧❡ ♣✉✐sq✉❡
✶❈✬❡st é❣❛❧❡♠❡♥t ❧❡ ❝❛s ❞❡ ❧❛ ♣❛❧é♦♥t♦❧♦❣✐❡ ♦✉ ❞❡ ❧❛ ❣é♦❧♦❣✐❡ ❡t ❝❡❧❧❡s ❝✐ ♣❡✉✈❡♥t êtr❡ ❝♦♥s✐❞éré❡s ❝♦♠♠❡ ✉♥❡
❝♦s♠♦❧♦❣✐❡✱ ❛✉ s❡♥s ét②♠♦❧♦❣✐q✉❡ ❞✉ t❡r♠❡✱ r❡str❡✐♥t❡ à ❧❛ ❧✐❣♥❡ ❞✬✉♥✐✈❡rs ❞❡ ❧❛ ❚❡rr❡ q✉✐ ❡st ✉♥❡ ❛✉tr❡ ♣❛rt✐❡ ❞❡
❧✬❡s♣❛❝❡✲t❡♠♣s ❛❝❝❡ss✐❜❧❡ ❛✉① ♠❡s✉r❡s✳ ◆é❛♥♠♦✐♥s ❧❛ r❡❝❤❡r❝❤❡ ❞✬❡①♦♣❧❛♥èt❡s ❡t ❧✬❡①♦❜✐♦❧♦❣✐❡ ♦✉✈r❡♥t ❝❡s ❞♦♠❛✐♥❡s
à ❧❛ r❡♣r♦❞✉❝t✐❜✐❧✐té ❞❡ ❧❛ ♠❡s✉r❡ ❬❊❧❧✐s ✼✺✱ ❇♦♥❞✐ ✻✶❪✳
▲✬✉♥✐✈❡rs ❤♦♠♦❣è♥❡ ❡t ✐s♦tr♦♣❡ ✺
❧❡s ❝♦♦r❞♦♥♥é❡s s♣❛t✐❛❧❡s xi ❞✬✉♥ t❡❧ ♦❜s❡r✈❛t❡✉r s♦♥t ❝♦♥st❛♥t❡s✳ ■❧ ♣❡✉t s♦✉✈❡♥t êtr❡ ♣r❛t✐q✉❡
❞✬✐♥tr♦❞✉✐r❡ ❧❡ t❡♠♣s ❝♦♥❢♦r♠❡ η ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡
adη = dt. ✭✶✳✸✮
▲❛ ♠étr✐q✉❡ ✭✶✳✶✮ s❡ ré❝r✐t ❛❧♦rs
g¯µν = a
2(η)
[−(dη)µ(dη)ν + γij(dxi)µ(dxj)ν] . ✭✶✳✹✮
❖♥ ❝♦♥st❛t❡ ❛❧♦rs q✉❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ♠étr✐q✉❡ ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s ❡st ♣❧❛t❡ ✭K = 0✮✱ ❧❛
♠étr✐q✉❡ s♣❛t✐❛❧❡ ❡♥ ❝♦♦r❞♦♥♥é❡s ❝❛rtés✐❡♥♥❡s s✬é❝r✐t γij = δij s✐ ❜✐❡♥ q✉❡ g¯µν ❡st ❝♦♥❢♦r♠❡ à ✉♥❡
♠étr✐q✉❡ ❞❡ ▼✐♥❦♦✇s❦✐✷✳ ▲❡s ❣é♦❞és✐q✉❡s ❞❡ t②♣❡ ❧✉♠✐èr❡ s♦♥t ❛❧♦rs ♣❛r❛♠étré❡s ♣❛r
dη = nidx
i, ✭✶✳✺✮
♦ù ni ❡st ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ❝♦♥st❛♥t✱ ❡t ❧❛ str✉❝t✉r❡ ❝❛✉s❛❧❡ ❡st ❛❧♦rs ♣❧✉s ✐♠♠é❞✐❛t❡✳ ▲❡s t❡♥✲
s❡✉rs ❞❡ ❘✐❡♠❛♥♥ ❡t t❡♥s❡✉rs ❞✬❊✐♥st❡✐♥ ❛ss♦❝✐és à ❧❛ ♠étr✐q✉❡ ✭✶✳✹✮ s♦♥t ❞♦♥♥és ❞❛♥s ❧✬❛♣♣❡♥❞✐❝❡
❇✳
✶✳✷✳✷ ▲♦✐ ❞❡ ❍✉❜❜❧❡ ❡t ❞é❝❛❧❛❣❡ ✈❡rs ❧❡ r♦✉❣❡
❖♥ ♣❡✉t ❧✐r❡ s✉r ❧❛ ♠étr✐q✉❡ ✭✶✳✶✮ q✉❡ ❧❡s ❞✐st❛♥❝❡s ❝♦♠♦❜✐❧❡ x ❡t ♣❤②s✐q✉❡ r s✉r ✉♥❡ s❡❝t✐♦♥
s♣❛t✐❛❧❡ ❞❡ t❡♠♣s ❝♦♥st❛♥t✱ ❞ét❡r♠✐♥é❡s r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r ❧❛ ♠étr✐q✉❡ γij ❡t ❧❛ ♠étr✐q✉❡ hij =
a2γij ✱ s♦♥t r❡❧✐é❡s ♣❛r
r = a(t)x. ✭✶✳✻✮
▲❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s ét❛♥t ♣❛r❛♠étré❡s ♣❛r ❧❡ t❡♠♣s ❝♦s♠✐q✉❡ t q✉✐ ❡st ❛✉ss✐ ❧❡ t❡♠♣s ♣r♦♣r❡
❞❡s ♦❜s❡r✈❛t❡✉rs ❝♦♠♦❜✐❧❡s✱ ♦♥ ❡♥ ❞é❞✉✐t ❧❛ ✈✐t❡ss❡ ❞✬ét✐r❡♠❡♥t ❞❡s ❞✐st❛♥❝❡s t❡❧❧❡s q✉❡ ♠❡s✉ré❡
♣❛r ❝❡s ♦❜s❡r✈❛t❡✉rs
r˙ = Hr+ a(t)x˙ , ✭✶✳✼✮
♦ù ✉♥ ♣♦✐♥t s✐❣♥✐✜❡ ✉♥❡ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt à t ❡t ♦ù H ≡ a˙/a ❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❍✉❜❜❧❡✳
P♦✉r ❞❡s ♣♦✐♥ts s✐t✉és à ✉♥❡ ❞✐st❛♥❝❡ ❝♦♠♦❜✐❧❡ ❝♦♥st❛♥t❡ ✭x˙ = 0✮✱ ♦♥ r❡♠❛rq✉❡ ✉♥❡ ❞✐❧❛t❛t✐♦♥
❞❡s ❞✐st❛♥❝❡s ❝❛r❛❝tér✐sé❡ ♣❛r ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❍✉❜❜❧❡✳ ❖♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❝❡tt❡ ❞✐❧❛t❛t✐♦♥ ❞❡s
❧♦♥❣✉❡✉rs s✬❛♣♣❧✐q✉❡ é❣❛❧❡♠❡♥t ❛✉① ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧✬♦♣t✐q✉❡
❣é♦♠étr✐q✉❡ ❧❡ ✈❡❝t❡✉r t❛♥❣❡♥t à ❧❛ tr❛❥❡❝t♦✐r❡ ❞✬✉♥ r❛②♦♥ ❧✉♠✐♥❡✉①✱ k¯µ = dx
µ
dλ ✱ s❛t✐s❢❛✐t
k¯µk¯µ = 0 , k¯
µ∇¯µk¯ν = 0. ✭✶✳✽✮
❯♥ ♦❜s❡r✈❛t❡✉r ❝♦♠♦❜✐❧❡ ♠❡s✉r❡ ✉♥❡ é♥❡r❣✐❡ ❞♦♥♥é❡ ♣❛r E¯ = −k¯µu¯µ ❡t ✉♥❡ ✐♠♣✉❧s✐♦♥ ❞♦♥♥é❡ ♣❛r
p¯µ = k¯µ − E¯u¯µ✱ ♦ù p¯µu¯µ = 0✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡s ❡①♣r❡ss✐♦♥s ❞♦♥♥é❡s ❡♥ ❛♣♣❡♥❞✐❝❡ ❇ ♣♦✉r ❧❡s s②♠✲
❜♦❧❡s ❞❡ ❈❤r✐st♦✛❡❧ ♥é❝❡ss❛✐r❡s ♣♦✉r ❡①♣r✐♠❡r ❧❛ ❞ér✐✈é❡ ❝♦✈❛r✐❛♥t❡✱ ♦♥ ❞é❞✉✐t ❞❡s éq✉❛t✐♦♥s ✭✶✳✽✮
q✉❡
˙¯E
E¯
= −H = − a˙
a
. ✭✶✳✾✮
✷❈❡❝✐ ❡st é❣❛❧❡♠❡♥t ✈❛❧❛❜❧❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s ♥❡ s♦♥t ♣❛s ♣❧❛t❡s✳
✻ ❈❛❞r❡ ●é♥ér❛❧
▲✬é♥❡r❣✐❡ ❞✉ ♣❤♦t♦♥ ét❛♥t r❡❧✐é❡ à s❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♣❛r E¯ = hλ ✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ λ ∼ a✳ ❈❡
❞é❝❛❧❛❣❡ ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❡st ✈❡rs ❧❡ r♦✉❣❡ ❡♥tr❡ ❧❡ ♠♦♠❡♥t ❞✬é♠✐ss✐♦♥ ❡t ♠♦♠❡♥t ❞✬♦❜s❡r✈❛t✐♦♥
❝❛r a ❡st ❝r♦✐ss❛♥t✱ ❡t ✐❧ ❡st ♣❛r❛♠étré ♣❛r z ❞é✜♥✐ s❡❧♦♥
1 + z ≡ λo
λe
=
a(to)
a(te)
. ✭✶✳✶✵✮
❖♥ ❞é✜♥✐t ♣❛r ❛✐❧❧❡✉rs ❧❡ ♥♦♠❜r❡ ❞✬e✲❢♦❧❞s✸ ❡♥tr❡ ❞❡s t❡♠♣s t1 ❡t t2 ♣❛r
Nt1,t2 ≡ ln [a(t2)/a(t1)] = ln
[
1 + z1
1 + z2
]
. ✭✶✳✶✶✮
✶✳✷✳✸ ❚❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥
❉❛♥s ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❝♦♥t✐♥✉❡ t❡❧❧❡ q✉❡ ❝❡❧❧❡ ❢❛✐t❡ ❡♥ r❡❧❛t✐✈✐té ❣é♥ér❛❧❡✱ ❧❡ ❝♦♥t❡♥✉ ♠❛tér✐❡❧
❡st ❡♥❝♦❞é ❞❛♥s ✉♥ t❡♥s❡✉r s②♠étr✐q✉❡ Tµν ✳ ❊♥ t♦✉t❡ ❣é♥ér❛❧✐té✱ ❧❛ s✐❣♥✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡ ❞❡ ❝❡
t❡♥s❡✉r ♣❡✉t êtr❡ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡ q✉❛❞r✐✈❡❝t❡✉r ✈✐t❡ss❡ ❞✬✉♥ ♦❜s❡r✈❛t❡✉r nµ✱
❝✬❡st✲à✲❞✐r❡ t❡❧ q✉❡ nµnµ = −1✳ ❊♥ ❡✛❡t✱ ❡♥ ❞é✜♥✐ss❛♥t à ♣❛rt✐r ❞✬✉♥❡ ♠étr✐q✉❡ q✉❡❧❝♦♥q✉❡ gµν
❧❡ t❡♥s❡✉r ❞❡ ♣r♦❥❡❝t✐♦♥ hµν = gµν + nµnν ✱ ♦♥ ♦❜t✐❡♥t ❧✬✐❞❡♥t✐té
Tµν =
(
Tαβn
αnβ
)
nµnν + 2Tαβn
αhβ(µnν) + Tαβh
α
µh
β
ν , ✭✶✳✶✷✮
♦ù ♦♥ ❛ ♥♦té X(µν) =
1
2Xµν +
1
2Xνµ✳ ▲❡s q✉❛♥t✐tés
ρ ≡ Tαβnαnβ , qµ ≡ Tαβnαhβµ ❡t Pµν ≡ Tαβhαµhβν ✭✶✳✶✸✮
s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡✱ ❧❛ ❞❡♥s✐té ❞✬✐♠♣✉❧s✐♦♥ ❡t ❧❡ t❡♥s❡✉r ❞❡s ❝♦♥tr❛✐♥t❡s
♠❡s✉rés ♣❛r ❝❡t ♦❜s❡r✈❛t❡✉r✳ ❖♥ ♣❡✉t ❞é❝♦♠♣♦s❡r ❡♥❝♦r❡ ❝❡tt❡ ❞❡r♥✐èr❡ q✉❛♥t✐té ❡♥ sé♣❛r❛♥t ❧❛
♣r❡ss✐♦♥ ❞é✜♥✐❡ ♣❛r P ≡ 13Pµµ✱ ❡t ❧❡ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡ ❞é✜♥✐ ♣❛r Πµν ≡ Pµν −Phµν ✳
❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t✱ ❧❡ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡ ❡st ♥✉❧ ♣✉✐sq✉✬✐❧ ♥✬② ❛ ♣❛s ❞❡
✈✐s❝♦s✐té✳ P❛r ❛✐❧❧❡✉rs✱ t♦✉❥♦✉rs ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ tr❛♥s❢❡rt ❞❡ ❝❤❛❧❡✉r✱
❡t s✐ qµ = 0✱ ❧✬♦❜s❡r✈❛t❡✉r ❡st ❞✐t ❝♦♠♦❜✐❧❡ ❛✈❡❝ ❧❡ ✢✉✐❞❡✳ ▲✬♦❜s❡r✈❛t❡✉r ♠❡s✉r❡ ❛❧♦rs ❧❛ ❞❡♥s✐té
❞✬é♥❡r❣✐❡ ρ =
√−pνpν ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ♦ù ❧❡ ✢✉✐❞❡ ❡st ❛✉ r❡♣♦s ❡t s❛ q✉❛❞r✐✈✐t❡ss❡ ❝♦ï♥❝✐❞❡
❛✈❡❝ ❝❡❧❧❡ ❞❡ ✢✉✐❞❡✱ ❝✬❡st✲à✲❞✐r❡
nµ = uµ ≡ p
µ
ρ
. ✭✶✳✶✹✮
▲❡ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t s✬é❝r✐t ❞♦♥❝
Tµν = ρuµuν + P (uµuν + gµν) . ✭✶✳✶✺✮
▲❡s s②♠étr✐❡s ❞❡ ❧✬❡s♣❛❝❡ t❡♠♣s ❛ss♦❝✐é❡s à ❧❛ ♠étr✐q✉❡ ✭✶✳✶✮ ✐♠♣♦s❡♥t q✉❡ ❧❡ ❝♦♥t❡♥✉ ❞❡ ❧✬✉♥✐✈❡rs
à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞♦✐t ♥é❝❡ss❛✐r❡♠❡♥t êtr❡ ❞é❝r✐t ♣❛r ✉♥ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ ❞❡ ❧❛ ❢♦r♠❡
Tµν = Ag¯µν +B(dt)µ(dt)ν . ✭✶✳✶✻✮
❖♥ ❡♥ ❞é❞✉✐t ❞♦♥❝ q✉❡ ♣♦✉r ✉♥ ❡s♣❛❝❡ ❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛îtr❡✱ ❧❡ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ❡st ❝❡❧✉✐
❞✬✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❡t ❞❡ ♣r❡ss✐♦♥ ♥♦té❡s ρ¯ ❡t P¯ ✳ ▲❡s ❝♦♦r❞♦♥♥é❡s ❝♦♠♦❜✐❧❡s
❝♦rr❡s♣♦♥❞❡♥t ❛❧♦rs à ❞❡s ♦❜s❡r✈❛t❡✉rs ❞❡ q✉❛❞r✐✈✐t❡ss❡ u¯µ ≡ (dt)µ q✉✐ s✉✐✈❡♥t ❧❡ ✢✉✐❞❡✳
✸❘❡♣❧✐❡♠❡♥t ❞❡ ❢❛❝t❡✉r e✳ ❉❛♥s ❧❡ s②stè♠❡ ✐♥t❡r♥❛t✐♦♥❛❧✱ ✐❧ s✬❛❣✐t ♣❧✉s ♣ré❝✐sé♠❡♥t ❞✉ ◆❡♣❡r✱ t❛♥❞✐s q✉❡ ❧❡
❞é❝✐❜❡❧ ♣♦ssè❞❡ ✉♥❡ ❞é✜♥✐t✐♦♥ s❡♠❜❧❛❜❧❡ ♠❛✐s ❡♥ ❜❛s❡ 10✳
▲✬✉♥✐✈❡rs ❤♦♠♦❣è♥❡ ❡t ✐s♦tr♦♣❡ ✼
✶✳✷✳✹ ▲❡s éq✉❛t✐♦♥s ❞❡ ❋r✐❡❞♠❛♥♥
❖♥ ❞é✜♥✐t ❧❡ t❡♥s❡✉r ❞✬❊✐♥st❡✐♥ à ♣❛rt✐r ❞✉ t❡♥s❡✉r ❞❡ ❘✐❝❝✐ ♣❛r Gµν = Rµν − 12Rgµν ✳
▲✬éq✉❛t✐♦♥ ❞✬❊✐♥st❡✐♥ q✉✐ ❧✐t ❧❡ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ❞❡ ❧✬❡s♣❛❝❡✲t❡♠♣s ❛✈❡❝ s❛ ❣é♦♠étr✐❡ s✬é❝r✐t
Gµν +Λgµν = κTµν ✱ ❛✈❡❝ κ = 8πG✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t ❡t ♣♦✉r ❧❛ ♠étr✐q✉❡ ✭✶✳✶✮✱ ❡❧❧❡
✐♠♣❧✐q✉❡ ❧❡s ❞❡✉① éq✉❛t✐♦♥s s✉✐✈❛♥t❡s✱ ❞✐t❡s ❞❡ ❋r✐❡❞♠❛♥♥
H2 =
κ
3
ρ¯− K
a2
+
Λ
3
, ✭✶✳✶✼✮
a¨
a
= −κ
6
(ρ¯+ 3P¯ ) +
Λ
3
. ✭✶✳✶✽✮
Λ ❡st ❧❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧♦❣✐q✉❡✱ ❡t s❛ ✈❛❧❡✉r ♠❡s✉ré❡ ❛ été ❡①trê♠❡♠❡♥t ✈❛r✐❛❜❧❡ ❛✉ ❝♦✉rs ❞✉
❳❳è♠❡ s✐è❝❧❡✳ ❊❧❧❡ ❛ ❡♥ ❡✛❡t été ✐♥tr♦❞✉✐t❡ ♣❛r ❊✐♥st❡✐♥ ♣♦✉r ♣❡r♠❡ttr❡ ✉♥❡ s♦❧✉t✐♦♥ st❛t✐q✉❡
❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✶✼✮✱ ❝✬❡st✲à✲❞✐r❡ t❡❧❧❡ q✉❡ H = 0✳ P✉✐s ❧✬❡①♣❛♥s✐♦♥ ❝♦s♠✐q✉❡ ❛②❛♥t été ♠✐s❡ ❡♥
é✈✐❞❡♥❝❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❡❧❧❡ ❛ été ❛❜❛♥❞♦♥♥é❡ ❛✈❛♥t ❞❡ r❡❢❛✐r❡ s✉r❢❛❝❡ ♣♦✉r ❡①♣❧✐q✉❡r ❧❛
❞②♥❛♠✐q✉❡ ré❝❡♥t❡ ❞❡ ❧✬✉♥✐✈❡rs✳ ◆♦✉s ♥✬❛❜♦r❞❡r♦♥s ♣❛s ❝❡ ♣♦✐♥t ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✳ ▲✬éq✉❛t✐♦♥
❞❡ ❝♦♥s❡r✈❛t✐♦♥ ∇µTµν = 0 ♥✬❡st ♣❛s ✐♥❞é♣❡♥❞❛♥t❡ ❞❡s ❞❡✉① éq✉❛t✐♦♥s ♣ré❝é❞❡♥t❡s ❞♦♥t ❡❧❧❡
♣❡✉t êtr❡ ❞é❞✉✐t❡✱ ❡t s✬é❝r✐t
˙¯ρ+ 3H(ρ¯+ P¯ ) = 0. ✭✶✳✶✾✮
▲✬❡♥s❡♠❜❧❡ ❞❡ ❝❡s tr♦✐s éq✉❛t✐♦♥s ♣❡✉t êtr❡ ré❝r✐t ❡♥ t❡♠♣s ❝♦♥❢♦r♠❡ s♦✉s ❧❛ ❢♦r♠❡
H2 = κ
3
ρ¯a2 −K + Λa
2
3
, ✭✶✳✷✵✮
H′ = −κa
2
6
(ρ¯+ 3P¯ ) +
Λa2
3
, ✭✶✳✷✶✮
ρ¯′ + 3H(ρ¯+ P¯ ) = 0 , ✭✶✳✷✷✮
❛✈❡❝ H = aH = a′a ✱ ❡t ♦ù ′ s✐❣♥✐✜❡ ✉♥❡ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s ❝♦♥❢♦r♠❡✳ ❉❡ ❝❡s tr♦✐s
éq✉❛t✐♦♥s s❡✉❧❡♠❡♥t ❞❡✉① s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ♣✉✐sq✉❡ ❧❛ tr♦✐s✐è♠❡ ♣❡✉t êtr❡ ❞é❞✉✐t❡ ❞❡s ❞❡✉①
♣r❡♠✐èr❡s✳ ❈❡♣❡♥❞❛♥t ♥♦✉s ❛✈♦♥s tr♦✐s ❢♦♥❝t✐♦♥s ❛ ❞ét❡r♠✐♥❡r✱ ρ¯ P¯ ❡t a✳ ■❧ ❢❛✉t ❞♦♥❝ ❛❥♦✉t❡r ✉♥❡
éq✉❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ éq✉❛t✐♦♥ ❞✬ét❛t q✉✐ r❡❧✐❡ P¯ à ρ¯✳
✶✳✷✳✺ ◆♦t✐♦♥ ❞✬❤♦r✐③♦♥ ❡t ❞❡ ❝❛✉s❛❧✐té
▲✬éq✉❛t✐♦♥ ❞❡s ❣é♦❞és✐q✉❡s ❡♥ t❡♠♣s ❝♦♥❢♦r♠❡ ✭✶✳✺✮ ♣❡r♠❡t ❞❡ ❝♦♠♣r❡♥❞r❡ s✐♠♣❧❡♠❡♥t ❧❛
str✉❝t✉r❡ ❝❛✉s❛❧❡ ❞❡ ❧✬✉♥✐✈❡rs✳ ❆ ✉♥ t❡♠♣s ❝♦♥❢♦r♠❡ η ❞♦♥♥é✱ ✉♥ ♦❜s❡r✈❛t❡✉r ❝♦♠♦❜✐❧❡ ♥✬❛ ♣✉
✈♦✐r ❧❡s ♣❛rt✐❝✉❧❡s s✐t✉é❡s ❛✉ ❞❡❧à ❞✬✉♥❡ s♣❤èr❡ ❞❡ r❛②♦♥ ❝♦♥❢♦r♠❡
r(η) =
∫ η
ηi
dη′ =
∫ t(η)
0+
dt
a(t)
. ✭✶✳✷✸✮
❙✐ a(t) ∼ tn ♣r♦❝❤❡ ❞❡ ❧❛ s✐♥❣✉❧❛r✐té✱ ❛✈❡❝ n < 1✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ηi ♣♦ssè❞❡ ✉♥❡ ✈❛❧❡✉r ✜♥✐❡✳ ❉❛♥s
❝❡ ❝❛s✱ r(η) ❛ é❣❛❧❡♠❡♥t ✉♥❡ ✈❛❧❡✉r ✜♥✐❡ q✉✬♦♥ ❛♣♣❡❧❧❡ ❛❧♦rs r❛②♦♥ ❞❡ ❧✬❤♦r✐③♦♥ ❞❡s ♣❛rt✐❝✉❧❡s✳
❖♥ ❞é✜♥✐t é❣❛❧❡♠❡♥t ❧❡s r❛②♦♥s ❞❡ ❍✉❜❜❧❡ ♣❤②s✐q✉❡ ❡t ❝♦♠♦❜✐❧❡ ♣❛r
dH =
1
H
dH =
1
H . ✭✶✳✷✹✮
✽ ❈❛❞r❡ ●é♥ér❛❧
❖♥ ❞✐st✐♥❣✉❡r❛ ❞♦♥❝ ❧❡s é❝❤❡❧❧❡s s✉♣❡r✲❍✉❜❜❧❡ ❞❡s é❝❤❡❧❧❡s s✉❜✲❍✉❜❜❧❡ s❡❧♦♥ q✉✬❡❧❧❡s ❝♦rr❡s✲
♣♦♥❞❡♥t à ❞❡s ❧♦♥❣✉❡✉rs ✭♣❤②s✐q✉❡s ♦✉ ❝♦♠♦❜✐❧❡s✮ ♣❧✉s ❣r❛♥❞❡s ♦✉ ♣❧✉s ♣❡t✐t❡s q✉❡ ❧❡ r❛②♦♥ ❞❡
❍✉❜❜❧❡ ✭♣❤②s✐q✉❡ ♦✉ ❝♦♠♦❜✐❧❡✮✳ ❯♥❡ ❞✐s❝✉ss✐♦♥ ♣❧✉s ❞ét❛✐❧❧é❡ s✉r ❧❡s ❞✐✛ér❡♥ts t②♣❡s ❞✬❤♦r✐③♦♥
❡t ❧❡✉rs s✐❣♥✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡ ♣❡✉t êtr❡ tr♦✉✈é❡ ❞❛♥s ❧❛ ré❢ér❡♥❝❡ ❬❘✐♥❞❧❡r ✵✷❪✳
✶✳✸ ▲❡ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞
✶✳✸✳✶ ❉②♥❛♠✐q✉❡ ❞❡ ❧✬✉♥✐✈❡rs
❙✐ ❧✬♦♥ s❡ ❞♦♥♥❡ ✉♥❡ éq✉❛t✐♦♥ ❞✬ét❛t ♣♦✉r ❧❡ ✢✉✐❞❡ P = w(ρ)ρ✱ ♦♥ ♣❡✉t ré❝r✐r❡ ❧✬éq✉❛t✐♦♥ ❞❡
❝♦♥s❡r✈❛t✐♦♥ ✭✶✳✶✾✮ s♦✉s ❧❛ ❢♦r♠❡
d ln ρ¯ = −3(1 + w)d ln a. ✭✶✳✷✺✮
▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❡st ❞♦♥❝
ρ¯ ∼ exp
(
−3
∫
(1 + w)d ln a
)
. ✭✶✳✷✻✮
❙✐ ❧❡ ✢✉✐❞❡ t♦t❛❧ ❡st ✉♥ ♠é❧❛♥❣❡ ❞❡ ♣❧✉s✐❡✉rs ✢✉✐❞❡s✱ w ✈❛ ❞é♣❡♥❞r❡ ❞❡ ρ ❡t ❞♦♥❝ ❞✉ t❡♠♣s✳ ❙✐
❡♥ r❡✈❛♥❝❤❡ ✐❧ ♥✬② ❛ q✉✬✉♥ s❡✉❧ ✢✉✐❞❡ ♦✉ s✐ ✉♥ ✢✉✐❞❡ ❡st ❞♦♠✐♥❛♥t✱ w ♣❡✉t é✈❡♥t✉❡❧❧❡♠❡♥t êtr❡
❝♦♥st❛♥t ❡t ❞é♣❡♥❞ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ✢✉✐❞❡✳ ❉❛♥s ❝❡ ❝❛s ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞é♣❡♥❞ ❞✉
❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ s❡❧♦♥
ρ¯ ∼ a−3(1+w). ✭✶✳✷✼✮
P♦✉r ❞❡ ❧❛ ♠❛t✐èr❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t ♥♦♥ r❡❧❛t✐✈✐st❡ ❡t ❢r♦✐❞❡✱ ❝✬❡st✲à✲❞✐r❡ ❞♦♥t ❧✬é♥❡r❣✐❡ ❡st ❞♦♠✐♥é❡
♣❛r ❧✬é♥❡r❣✐❡ ❞❡ ♠❛ss❡✱ w = 0✳ P♦✉r ✉♥ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥✱ w = 1/3✳ ❈❡s ✈❛❧❡✉rs s❡r♦♥t ❥✉st✐✜é❡s
à ♣❛rt✐r ❞❡ ❧❛ t❤é♦r✐❡ st❛t✐st✐q✉❡ ❡t ❞❡ ❧❛ ❧✐♠✐t❡ ✢✉✐❞❡ q✉✐ ♣❡✉t ❡♥ êtr❡ t✐ré❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✶✳
◗✉❛♥t à ❧❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧♦❣✐q✉❡✱ ❡❧❧❡ ♣❡✉t êtr❡ ✐♥t❡r♣rété❡ ❝♦♠♠❡ ✉♥ ✢✉✐❞❡ ❞✬éq✉❛t✐♦♥ ❞✬ét❛t
w = −1✳ ▲❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡ ❝❡s tr♦✐s t②♣❡s ❞❡ ✢✉✐❞❡s é✈♦❧✉❡ s❡❧♦♥
ρ¯(a) ∝

a−3 s✐ w = 0
a−4 s✐ w = 1/3
❈st❡ s✐ w = −1 ❡t H = ❈st❡✳
✭✶✳✷✽✮
❖♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡ ❧❛ r❛❞✐❛t✐♦♥ s❡ ❞✐❧✉❡ ♣❧✉s ✈✐t❡ q✉❡ ❧❛ ♠❛t✐èr❡ ❢r♦✐❞❡✳ ❊♥
❡✛❡t ❧❡ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s ♣❛r ✉♥✐té ❞❡ ✈♦❧✉♠❡ ♣❤②s✐q✉❡ é✈♦❧✉❡ ❝♦♠♠❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s
❞❡ ♠❛t✐èr❡ ♣❛r ✉♥✐té ❞❡ ✈♦❧✉♠❡ ♣❤②s✐q✉❡✱ ♠❛✐s ❧❡s ♣❤♦t♦♥s ♣❡r❞❡♥t ❞❡ ❧✬é♥❡r❣✐❡ ❛✉ ❝♦✉rs ❞❡
❧✬❡①♣❛♥s✐♦♥ ❞✬❛♣rès ❧❛ ❧♦✐ ✭✶✳✾✮ s✐ ❜✐❡♥ q✉❡ ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡ ❧❛ r❛❞✐❛t✐♦♥ ❞✐♠✐♥✉❡ ♣❧✉s ✈✐t❡ q✉❡
❝❡❧❧❡ ❞❡ ❧❛ ♠❛t✐èr❡ ❢r♦✐❞❡✳ ◗✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♥❛t✉r❡ ❞❡ ❧❛ ♠❛t✐èr❡ ❞♦♠✐♥❛♥t ❛✉❥♦✉r❞✬❤✉✐ ❧❡ ❝♦♥t❡♥✉
é♥❡r❣ét✐q✉❡ ✭♠❛t✐èr❡ ♦✉ ❝♦♥st❛♥t❡ ❝♦s♠♦❧♦❣✐q✉❡✮ ♦♥ ❡♥ ❞é❞✉✐t q✉✬✐❧ ét❛✐t ✐♥é✈✐t❛❜❧❡♠❡♥t ❞♦♠✐♥é
♣❛r ❧❛ r❛❞✐❛t✐♦♥ ❞❛♥s ❧❡ ♣❛ssé✳ ▲❡ ♠♦♠❡♥t ♦ù ❧❡ ❝♦♥t❡♥✉ ❡♥ é♥❡r❣✐❡ ❡st ❞✐✈✐sé éq✉✐t❛❜❧❡♠❡♥t ❡♥tr❡
♠❛t✐èr❡ ❡t r❛❞✐❛t✐♦♥ ❡st ❛♣♣❡❧é éq✉✐✈❛❧❡♥❝❡ ❡t ❝♦rr❡s♣♦♥❞ à ✉♥ ❞é❝❛❧❛❣❡ ✈❡rs ❧❡ r♦✉❣❡ z❡q ❞♦♥♥é
♣❛r
1 + z❡q =
ρ¯m
ρ¯r
∣∣∣∣
0
. ✭✶✳✷✾✮
▲❡ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞ ✾
❉❡ ♣❧✉s✱ ♣✉✐sq✉❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧♦❣✐q✉❡ ❡st ❢❛✈♦r✐sé❡ ♣❛r ❧❡s ♦❜s❡r✈❛t✐♦♥s✱
❧✬✉♥✐✈❡rs t❡♥❞ à êtr❡ ❞♦♠✐♥é ♣❛r ❝❡❧❧❡ ❝✐✳ ▲❡ ♠♦♠❡♥t ♦ù ❧❡ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ❝♦♠♠❡♥❝❡ à ❛❝❝é❧ér❡r
✭a¨ > 0✮ ❝♦rr❡s♣♦♥❞ à ✉♥ ❞é❝❛❧❛❣❡ ✈❡rs ❧❡ r♦✉❣❡ zΛ ❞♦♥♥é ♣❛r
1 + zΛ =
(
2ρ¯Λ
ρ¯m
)1/3∣∣∣∣∣
0
. ✭✶✳✸✵✮
▲❡s éq✉❛t✐♦♥s ❞❡ ❋r✐❡❞♠❛♥♥ ✭✶✳✶✼✮ ♣❡r♠❡tt❡♥t é❣❛❧❡♠❡♥t ❞❛♥s ❧❡ ❝❛s ♣❧❛t ❞❡ ❞é❞✉✐r❡ ❧❛ ❧♦✐ ❞❡
♣✉✐ss❛♥❝❡ ❞✉ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ❧♦rsq✉❡ ❧✬✉♥✐✈❡rs ❡st ❞♦♠✐♥é ♣❛r ✉♥ ❞❡ ❝❡s
tr♦✐s t②♣❡s ❞❡ ✢✉✐❞❡s
a(t) ∝

t2/3 s✐ w = 0
t1/2 s✐ w = 1/3
eHt s✐ w = −1 ❡t H = ❈st❡ ✱
✭✶✳✸✶✮
♦✉
a(η) ∝

η2 s✐ w = 0
η s✐ w = 1/3
−1
Hη s✐ w = −1 ❡t H = ❈st❡✳
P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ❞❛♥s ❧❡ ❝❛s ♣❧❛t s❛♥s ❝♦♥st❛♥t❡ ❝♦s♠♦❧♦❣✐q✉❡✱ ♦♥ ♣❡✉t ✉t✐❧✐s❡r ❧❡s éq✉❛t✐♦♥s
❞❡ ❋r✐❡❞♠❛♥♥ ✭✶✳✷✵✮ ❡t ✭✶✳✷✶✮ ♣♦✉r ❡♥ ❞é❞✉✐r❡ q✉❡
2H′ +H2(1 + 3w) = 0, ✭✶✳✸✷✮
❞♦♥t ❧❛ s♦❧✉t✐♦♥ ❞❛♥s ❧❡ ❝❛s ♦ù w ❡st ❝♦♥st❛♥t ❡st ❞❡ ❧❛ ❢♦r♠❡
a ∝ ην , ❛✈❡❝ ν = 2
1 + 3w
. ✭✶✳✸✸✮
P♦✉r ♦❜t❡♥✐r ✉♥❡ s♦❧✉t✐♦♥ ♣❧✉s ♣ré❝✐s❡ q✉✐ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ t♦✉t❡s ❧❡s ❢♦r♠❡s ❞✬é♥❡r❣✐❡✱ ✐❧ ❡st
❝♦♠♠♦❞❡ ❞✬✐♥tr♦❞✉✐r❡ ❧❛ ❞❡♥s✐té ❝r✐t✐q✉❡ ρ¯❝r✐t ≡ 3H2/κ ❛✐♥s✐ q✉❡ Ωe ≡ ρ¯e/ρ¯❝r✐t ♣♦✉r ❝❤❛q✉❡ t②♣❡
❞❡ ♠❛t✐èr❡ ✐♥❞❡①é ♣❛r e✳ ❖♥ ✐♥tr♦❞✉✐t é❣❛❧❡♠❡♥t ΩΛ ≡ Λ/(3H2)✱ ❡t ΩK ≡ −K/(aH)2 ❞❡ t❡❧❧❡
s♦rt❡ q✉❡ ❧❛ ♣r❡♠✐èr❡ éq✉❛t✐♦♥ ❞❡ ❋r✐❡❞♠❛♥♥ s❡ ré❝r✐✈❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ❝♦♥tr❛✐♥t❡∑
e
Ωe +ΩΛ +ΩK ≡ Ω+ ΩΛ +ΩK = 1. ✭✶✳✸✹✮
❙✐ ❧❡ ♣❛r❛♠ètr❡ ❞✬ét❛t we ❞❡s ❞✐✛ér❡♥ts t②♣❡s ❞❡ ♠❛t✐èr❡ ❡st ❝♦♥st❛♥t✱ ❝❡tt❡ éq✉❛t✐♦♥ ♣❡✉t êtr❡
ré❝r✐t❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛❧❡✉rs ♠❡s✉ré❡s ❛✉❥♦✉r❞✬❤✉✐✱ q✉❡ ❧✬♦♥ ✐♥❞❡①❡ ❤❛❜✐t✉❡❧❧❡♠❡♥t ♣❛r 0(
H
H0
)2
=
∑
e
Ωe0
(
a
a0
)−3(1+we)
+ΩK0
(
a
a0
)−2
+ΩΛ0 . ✭✶✳✸✺✮
▲❛ ♠❡s✉r❡ ❛❝t✉❡❧❧❡ ❞❡s ♣❛r❛♠ètr❡s ♣❡r♠❡t ❞♦♥❝ ❞❡ ❞ét❡r♠✐♥❡r ❧✬❤✐st♦✐r❡ ❞❡ ❧✬✉♥✐✈❡rs✱ ❡♥ ✐♥té❣r❛♥t
❝❡tt❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✳ ▲❡s ❞❡r♥✐èr❡s ✈❛❧❡✉rs ❝♦♠❜✐♥❛♥t t♦✉t❡s ❧❡s ❞❡r♥✐èr❡s ♠❡s✉r❡s ♣❡✉✈❡♥t
êtr❡ tr♦✉✈é❡s ❞❛♥s ❬❙♣❡r❣❡❧ ❡t ❛❧✳ ✵✼❪✳ ❉❛♥s ❝❡ ♠♦❞è❧❡ ❛♣♣❡❧é ❝♦♥❝♦r❞❛♥t ✱ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❍✉❜❜❧❡
❛✉❥♦✉r❞✬❤✉✐ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ H0 ≃ 73▼♣❝−1 ❦♠ s−1✱ ❧❡ ❝♦♥t❡♥✉ ❡♥ ♠❛t✐èr❡ ❡st ❞♦♥♥é ♣❛r Ωm0 ≃
0.26✳ ❙❡✉❧❡♠❡♥t ✉♥❡ ♣❛rt✐❡ ❞❡ ❧❛ ♠❛t✐èr❡ ❡st ❜❛r②♦♥✐q✉❡ ❡t s❛ ♣r♦♣♦rt✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r Ωb0 ≃
0.041✱ ❧❡ r❡st❡ ❡st s♦✉s ❢♦r♠❡ ❞❡ ♠❛t✐èr❡ ♥♦✐r❡ ❢r♦✐❞❡✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ♠❛t✐èr❡ ♥✬✐♥t❡r❛❣✐ss❛♥t ♣❛s
✶✵ ❈❛❞r❡ ●é♥ér❛❧
❛✈❡❝ ❧❛ r❛❞✐❛t✐♦♥✹✳ ▲❛ r❛❞✐❛t✐♦♥ ❡st ❧❛r❣❡♠❡♥t s♦✉s✲❞♦♠✐♥❛♥t❡ ♣✉✐sq✉❡ Ωr0 ≃ 8.23 × 10−5✱ s✐ ❜✐❡♥
q✉❡ ❧✬❡ss❡♥t✐❡❧ ❞✉ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ❡st s♦✉s ❢♦r♠❡ ❞✬✉♥❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧♦❣✐q✉❡ ❝❛r ΩΛ0 ≃ 0.72✳
❊♥✜♥ ❧❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s s♦♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t ♣❧❛t❡s ♣✉✐sq✉❡ |ΩK0| < 0.02✳ ❖♥ ♦❜t✐❡♥t ❛✈❡❝ ❝❡s
✈❛❧❡✉rs z❡q ≃ 3600 ❡t zΛ ≃ 0.77 ✳
✶✳✸✳✷ ❍✐st♦✐r❡ t❤❡r♠✐q✉❡
❉❛♥s ❧❛ ❞❡s❝r✐♣t✐♦♥ ♣ré❝é❞❡♥t❡ ❞❡ ❧✬✉♥✐✈❡rs✱ ♥♦✉s ❛✈♦♥s s✉♣♣♦sé q✉❡ ❧❡ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ❞❡
❧✬✉♥✐✈❡rs ♣♦✉✈❛✐t êtr❡ ❞é❝r✐t ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ✢✉✐❞❡s ❞❡ ♣❛r❛♠ètr❡s ❞✬ét❛t ❝♦♥♥✉s ❡t ❝♦♥st❛♥ts✳
◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t s✉♣♣♦sé q✉❡ ❝❡s ❞✐✛ér❡♥ts ❝♦♥st✐t✉❛♥ts ♥✬✐♥t❡r❛❣✐ss❛✐❡♥t ♣❛s s✐ ❜✐❡♥ q✉❡
❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✶✳✶✾✮ ❡st s❛t✐s❢❛✐t❡ ♣♦✉r ❝❤❛q✉❡ ❡s♣è❝❡✳ ❯♥❡ t❤é♦r✐❡ ♣❧✉s s❛t✐s❢❛✐s❛♥t❡
❞♦✐t ❢❛✐r❡ ✐♥t❡r✈❡♥✐r ✉♥❡ ❞❡s❝r✐♣t✐♦♥ st❛t✐st✐q✉❡ ❞❡ ❧❛ ♠❛t✐èr❡ ❡t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ré❛❝t✐♦♥s
♣♦ss✐❜❧❡s ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❡s♣è❝❡s q✉❡ ♥♦✉s ❝♦♥♥❛✐ss♦♥s ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ ❞❡s
♣❛rt✐❝✉❧❡s✳ ▲❛ ❞❡s❝r✐♣t✐♦♥ ✢✉✐❞❡ ❞♦✐t ❛❧♦rs é♠❡r❣❡r ❝♦♠♠❡ ✉♥❡ ❧✐♠✐t❡ ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ st❛t✐s✲
t✐q✉❡✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ♣❛rt✐❝✉❧❡s ❞✬✉♥❡ ❡s♣è❝❡ ❡st ❝❛r❛❝tér✐sé❡ ♣❛r s❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥
fe(p, t,x)✱ ❡♥❝♦❞❛♥t ❧❛ ♣r♦❜❛❜✐❧✐té q✉✬✉♥❡ ♣❛rt✐❝✉❧❡ s♦✐t ❡♥ x ❛✈❡❝ ✉♥❡ ✐♠♣✉❧s✐♦♥ p à ✉♥ t❡♠♣s
t✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♣♦✉r ✉♥ ♦❜s❡r✈❛t❡✉r ❞❡ q✉❛❞r✐✈❡❝t❡✉r ✈✐t❡ss❡ uµ✱ à ✉♥ ✐♥st❛♥t t ❧❡ ♥♦♠❜r❡
❞❡ ♣❛rt✐❝✉❧❡s ❞❡ ❝❡tt❡ ❡s♣è❝❡ dNe ❞❛♥s ✉♥ é❧é♠❡♥t ❞❡ ✈♦❧✉♠❡ dV ❛✉t♦✉r ❞❡ x ❛♣♣❛rt❡♥❛♥t à
❧✬❤②♣❡rs✉r❢❛❝❡ ❞❡ t②♣❡ ❡s♣❛❝❡ ♦rt❤♦❣♦♥❛❧❡ à uµ✱ ❡t ❞❡ ✈♦❧✉♠❡ d3p ❛✉t♦✉r ❞❡ p ❡st ❞♦♥♥é ♣❛r
dNe = fe(p, t,x)dV d
3p. ✭✶✳✸✻✮
P❧✉s ❞❡ ❞ét❛✐❧s ♣❡✉✈❡♥t êtr❡ tr♦✉✈és ❞❛♥s ❧❡s ré❢ér❡♥❝❡s ❬❙t❡✇❛rt ✼✶✱ ❇❡r♥st❡✐♥ ✽✽❪✳ P♦✉r ❧✬❡s♣❛❝❡✲
t❡♠♣s ❛ss♦❝✐é à ❧❛ ♠étr✐q✉❡ ✭✶✳✶✮✱ ❧✬❤♦♠♦❣é♥é✐té ✐♠♣❧✐q✉❡ q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❞✐str✐❜✉t✐♦♥ ♥❡
❞é♣❡♥❞❡♥t ♣❛s ❞❡ ❧❛ ♣♦s✐t✐♦♥ x✳ ❉❡ ♣❧✉s ❧✬✐s♦tr♦♣✐❡ ✐♠♣❧✐q✉❡ q✉✬❡❧❧❡s ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞❡ ❧❛
♥♦r♠❡ ❡t ♣❛s ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ p✳ ❖♥ ✉t✐❧✐s❡r❛ ❞♦♥❝ ♣♦✉r ❝❡t ❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡
❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ ❢♦r♠❡ f¯e(p¯, t)✱ ♦✉ é✈❡♥t✉❡❧❧❡♠❡♥t f¯e(E¯, t) ♣✉✐sq✉❡ ♣♦✉r ✉♥❡ ❡s♣è❝❡ ❞♦♥♥é❡ ❧❡s
♣❛rt✐❝✉❧❡s s♦♥t ❞❡ ♠ê♠❡ ♠❛ss❡ me ❡t ✐❧ ② ❛ ✉♥❡ r❡❧❛t✐♦♥ ✉♥✐✈♦q✉❡ ❡♥tr❡ ❧✬é♥❡r❣✐❡ ❡t ❧❛ ♥♦r♠❡ ❞❡
❧✬✐♠♣✉❧s✐♦♥ E¯2− p¯2 = m2e✳ ▲❡s q✉❛♥t✐tés t❤❡r♠♦❞②♥❛♠✐q✉❡s✱ ♥♦t❛♠♠❡♥t ❝❡❧❧❡s ✐♥t❡r✈❡♥❛♥t ❞❛♥s
❧❡ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ ❞❡ ❢♦♥❞ ♣❡✉✈❡♥t êtr❡ ❝❛❧❝✉❧é❡s à ♣❛rt✐r ❞❡ ❝❡tt❡ ❢♦♥❝t✐♦♥
n¯e(t) =
∫
f¯e(p¯, t)4πp¯
2dp¯ , ✭✶✳✸✼✮
ρ¯e(t) =
∫
f¯e(p¯, t)E¯(p¯)4πp¯
2dp¯ , ✭✶✳✸✽✮
P¯e(t) =
∫
f¯e(p¯, t)
p¯2
3E¯(p¯)
4πp¯2dp¯. ✭✶✳✸✾✮
◆♦✉s ❥✉st✐✜❡r♦♥s ❝❡s ❡①♣r❡ss✐♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✶✳ ❙✐ ❧❡ t❛✉① ❞✬✐♥t❡r❛❝t✐♦♥ ❞❡s ♣❛rt✐❝✉❧❡s ❡st
♣❧✉s é❧❡✈é q✉❡ ❧❡ t❛✉① ❞✬❡①♣❛♥s✐♦♥ ❞❡ ❍✉❜❜❧❡ H✱ ❝❡s ♣❛rt✐❝✉❧❡s s♦♥t ♠❛✐♥t❡♥✉❡s à ❧✬éq✉✐❧✐❜r❡
t❤❡r♠♦❞②♥❛♠✐q✉❡ ❡♥tr❡ ❡❧❧❡s ❡t s✉✐✈❡♥t ✉♥❡ st❛t✐st✐q✉❡ ❞❡ ❋❡r♠✐✲❉✐r❛❝ ♣♦✉r ❧❡s ❢❡r♠✐♦♥s ♦✉ ✉♥❡
st❛t✐st✐q✉❡ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣♦✉r ❧❡s ❜♦s♦♥s✱ ❡t ✉♥❡ t❡♠♣ér❛t✉r❡ ♣♦✉r ❝❤❛q✉❡ ❡s♣è❝❡ ♣❡✉t êtr❡
❞é✜♥✐❡✳ ▲❡ ❣❛③ ❞❡ ♣❤♦t♦♥s s✉✐t ✉♥ s♣❡❝tr❡ ❞❡ ❝♦r♣s ♥♦✐r ✭✉♥❡ st❛t✐st✐q✉❡ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❛✈❡❝
✉♥ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ♥✉❧✮ ❡t s❛ t❡♠♣ér❛t✉r❡ ❡st ❛✉ss✐ ❛♣♣❡❧é❡ t❡♠♣ér❛t✉r❡ ❞❡ ❧✬✉♥✐✈❡rs✳ ❖♥ ♣❡✉t
♠♦♥tr❡r q✉❡
ρ¯r(T¯ ) = g⋆(T¯ )
(
π2
30
)
T¯ 4, ✭✶✳✹✵✮
✹❙❛ ♥❛t✉r❡ ❡①❛❝t❡ ❡st ❡♥❝♦r❡ ✐♥❝♦♥♥✉❡✳
▲❡ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞ ✶✶
♦ù g⋆(T¯ ) ❞é♣❡♥❞ ❞✉ ♥♦♠❜r❡ ❡✛❡❝t✐❢s ❞✬❡s♣è❝❡s r❡❧❛t✐✈✐st❡s ✭❝✬❡st✲à✲❞✐r❡ t❡❧❧❡s q✉❡ T¯ ≫ m✮✳ ❙♦♥
❡①♣r❡ss✐♦♥s ❡st ❞♦♥♥é❡ ❞✬❛♣rès ❧❡s ❤é❧✐❝✐tés gi ❞❡s ♣❛rt✐❝✉❧❡s r❡❧❛t✐✈✐st❡s s❡❧♦♥
g⋆ =
∑
i=❜♦s♦♥s
gi +
7
8
∑
i=❢❡r♠✐♦♥s
gi. ✭✶✳✹✶✮
▼✐s à ♣❛rt ❧❡s s❛✉ts ❞❡ t❡♠♣ér❛t✉r❡ ❞✉s ❛✉① ✈❛r✐❛t✐♦♥s ❞❡ g⋆ ❧♦rsq✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ♣❛ss❡ ❡♥
❞❡ss♦✉s ❞❡ ❧❛ ♠❛ss❡ ❞✬✉♥❡ ❡s♣è❝❡✱ ♦♥ ❞é❞✉✐t ❡♥ ❝♦♠♣❛r❛♥t à ❧✬éq✉❛t✐♦♥ ✭✶✳✷✽✮ q✉❡ ❧❛ t❡♠♣ér❛t✉r❡
❞❡ ❧✬✉♥✐✈❡rs ❞é❝r♦ît ❝♦♠♠❡ T¯ ∼ 1/a✳ ❈❤❛q✉❡ ✐♥t❡r❛❝t✐♦♥ ♣♦ssè❞❡ ✉♥❡ t❡♠♣ér❛t✉r❡ ❡♥ ❞❡ss♦✉s
❞❡ ❧❛q✉❡❧❧❡ ❡❧❧❡ ❡st ❣❡❧é❡✳ ▲✬❤✐st♦✐r❡ t❤❡r♠✐q✉❡ ❞❡ ❧✬✉♥✐✈❡rs ❡st ❞♦♥❝ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ✐♥t❡r❛❝t✐♦♥s
❡♥tr❡ ❡s♣è❝❡s q✉✐ s✬ét❡✐❣♥❡♥t t♦✉r à t♦✉r ❧♦rsq✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞✐♠✐♥✉❡ ❛✈❡❝ ❧✬❡①♣❛♥s✐♦♥✳ ❆✈❛♥t
❞✬êtr❡ ♠❛❥♦r✐t❛✐r❡♠❡♥t s♦✉s ❢♦r♠❡ ❞✬❤②❞r♦❣è♥❡✱ ❧❡s ♣r♦t♦♥s ❡t é❧❡❝tr♦♥s ét❛✐❡♥t ❞♦♥❝ s♦✉s ❢♦r♠❡
❞❡ ♣❧❛s♠❛ ❞✬✐♦♥s✱ ✐♥t❡r❛❣✐ss❛♥t ♣❛r ❞✐✛✉s✐♦♥ ❈♦♠♣t♦♥✳ ❊♥ ❡✛❡t s✐ ❧❡s ♣❤♦t♦♥s ♦♥t ✉♥❡ é♥❡r❣✐❡ ❛✉
❞❡ss♦✉s ❞❡ ❧✬é♥❡r❣✐❡ ❞✬✐♦♥✐s❛t✐♦♥ ❞❡ ❧✬❤②❞r♦❣è♥❡ ✐❧s ♥❡ ♣❡✉✈❡♥t ♣❧✉s ❡♠♣ê❝❤❡r ❧❡s ét❛ts ❧✐és ❡♥tr❡
♣r♦t♦♥s ❡t é❧❡❝tr♦♥s✳ ■❧ ❡①✐st❡ ❞♦♥❝ ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s ♣❡♥❞❛♥t ❧❡q✉❡❧ ❧❡s ❜❛r②♦♥s s♦♥t ❞❡✈❡♥✉s
tr❛♥s♣❛r❡♥ts ❛✉① ♣❤♦t♦♥s ❡♥ s❡ r❡❝♦♠❜✐♥❛♥t s♦✉s ❢♦r♠❡ ❞✬❤②❞r♦❣è♥❡✳ ❈❡t ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s
❞é❧✐♠✐t❡ ✉♥ ✈♦❧✉♠❡ ❞✬❡s♣❛❝❡✲t❡♠♣s ❛♣♣❡❧é s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥✺✳ ▲❛ t❡♠♣ér❛t✉r❡ ❞✉ ❣❛③
❞❡ r❛❞✐❛t✐♦♥ ❛ ❡♥s✉✐t❡ ❝♦♥t✐♥✉é à ❞é❝r♦îtr❡ ❡t ❡st ❛✉❥♦✉r❞✬❤✉✐ ♠❡s✉ré❡ ❡t ❛♣♣❡❧é❡ r❛②♦♥♥❡♠❡♥t
❞❡ ❢♦♥❞ ❞✐✛✉s ✭❈▼❇✮✳ ▲❡s ♣❤♦t♦♥s ❞❡ ❝❡ ❢♦♥❞ ❞✐✛✉s ♦♥t été é♠✐s ❛✉t♦✉r ❞✬✉♥ ❞é❝❛❧❛❣❡ ✈❡rs
❧❡ r♦✉❣❡ ❞❡ ❧✬♦r❞r❡ ❞❡ z▲❙❙ ≃ 1085 ❡t ❝♦rr❡s♣♦♥❞❡♥t t♦✉❥♦✉rs à ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❝♦r♣s ♥♦✐r
♣✉✐sq✉❡ ❧❡ ❞é❝❛❧❛❣❡ ✈❡rs ❧❡ r♦✉❣❡ ♥✬❡st ♣❛s ❞é♣❡♥❞❛♥t ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❛ t❡♠♣ér❛t✉r❡
❝♦rr❡s♣♦♥❞❛♥t❡ ❞❡ ❝❡ ❝♦r♣s ♥♦✐r ❡st ❞❡ T¯0 = 2.725K✳ ❇❡❛✉❝♦✉♣ ♣❧✉s tôt✱ ❧❛ t❡♠♣ér❛t✉r❡ ❡st
s✉✣s❛♠♠❡♥t é❧❡✈é❡ ♣♦✉r ♣❡r♠❡ttr❡ ❞❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s✳ ■❧ s✬❛❣✐t ❞♦♥❝ ❞✬✉♥❡ é♣♦q✉❡✱ ❛♣♣❡❧é❡
♥✉❝❧é♦s②♥t❤ès❡ ♣r✐♠♦r❞✐❛❧❡✱ ♦ù ❧❡s ♣r❡♠✐❡rs ♥♦②❛✉① ♣❧✉s ❧♦✉r❞s q✉❡ ❧✬❤②❞r♦❣è♥❡ s❡ ❢♦r♠❡♥t✳ ❊❧❧❡
❛ ❧✐❡✉ à ❡♥✈✐r♦♥ z ≃ 1010✳
✶✳✸✳✸ Pr♦❜❧è♠❡s ❞✉ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞
✕ ▲❛ ♣❧❛t✐t✉❞❡ ❞❡ ❧✬✉♥✐✈❡rs ✿
▲❡s ❞♦♥♥é❡s ❡①♣ér✐♠❡♥t❛❧❡s ✐♥❞✐q✉❡♥t q✉❡ ❧✬✉♥✐✈❡rs ❡st ❡①trê♠❡♠❡♥t ♣❧❛t ❛✉❥♦✉r❞✬❤✉✐✱ ❛✈❡❝
|ΩK | < 0.02✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ♣♦✉r ❞❡ ❧❛ ♠❛t✐èr❡ ❛✈❡❝ ✉♥ ♣❛r❛♠ètr❡ ❞✬ét❛t we > −1/3✱
❧❡ r❛♣♣♦rt ΩK/Ωe ❡st ❝r♦✐ss❛♥t ❛✈❡❝ a✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡ r❛♣♣♦rt ΩK/Ωe ❡st ❛✉ ♠♦✐♥s
❝r♦✐ss❛♥t ❝♦♠♠❡ a ❞❛♥s ❧✬èr❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ ♠❛t✐èr❡ ❡t ❝♦♠♠❡ a2 ❞❛♥s ❧✬èr❡ ❞♦♠✐♥é❡
♣❛r ❧❛ r❛❞✐❛t✐♦♥✳ ▲✬✉♥✐✈❡rs ❛✉r❛✐t ❞♦♥❝ été ❛✉ ♠♦✐♥s 1010 ❢♦✐s ♣❧✉s ♣❧❛t ❛✉ ♠♦♠❡♥t
❞❡ ❧❛ ♥✉❝❧é♦s②♥t❤ès❡ ♣r✐♠♦r❞✐❛❧❡✱ ❡t ❡♥❝♦r❡ ♣❧✉s ♣❧❛t ❛✈❛♥t✳ ❈❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s
♥✬❛♣♣❛r❛✐ss❡♥t ♣❛s ♥❛t✉r❡❧❧❡s✱ ❝❛r ❡❧❧❡s r❡q✉✐èr❡♥t ✉♥ ❛❥✉st❡♠❡♥t ✜♥✻ ❞❡s ❝❡s ❝♦♥❞✐t✐♦♥s
✐♥✐t✐❛❧❡s q✉✐ ♣❛r❛ît ♣❡✉ s❛t✐s❢❛✐s❛♥t✳
✕ ■s♦tr♦♣✐❡ ❡t ❤♦♠♦❣é♥é✐té ✿
❙✉r ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥✱ s❡✉❧❡s ❞❡s ③♦♥❡s ❞❡ ❧✬❡s♣❛❝❡ ❞✬✉♥❡ t❛✐❧❧❡ ❝♦♠♣❛r❛❜❧❡ à
r(η▲❙❙) ♦♥t ♣✉ ❛✈♦✐r ❧❡ t❡♠♣s ❞❡ t❤❡r♠❛❧✐s❡r✳ ❖♥ ♣❡✉t ❝❛❧❝✉❧❡r à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✺✸✮
q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❝❡s ③♦♥❡s t❤❡r♠❛❧✐sé❡s ❞❛♥s ❧❡ ❈▼❇ ♦❜s❡r✈é ❛✉❥♦✉r❞✬❤✉✐ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡(
η0 − η▲❙❙
η▲❙❙
)3
∼
(
a0
a▲❙❙
)3/2
∼ (1 + z▲❙❙)3/2 ≫ 1 . ✭✶✳✹✷✮
✺▲❛st s❝❛t❡rr✐♥❣ s✉r❢❛❝❡ ❡♥ ❛♥❣❧❛✐s✳ ◆♦✉s ❧❛ ♠❡♥t✐♦♥♥❡r♦♥s ❞♦♥❝ ♣❛r ▲❙❙✳
✻✜♥❡ t✉♥✐♥❣ ❡♥ ❛♥❣❧❛✐s✳
✶✷ ❈❛❞r❡ ●é♥ér❛❧
❈❡❝✐ ❝♦♥tr❛st❡ ❛✈❡❝ ❧❛ très ❣r❛♥❞❡ ✐s♦tr♦♣✐❡ ♦❜s❡r✈é❡ ❞✉ ❈▼❇ q✉✐ ❧❛✐ss❡ ♣❡♥s❡r q✉❡ r(η▲❙❙)
❞♦✐t êtr❡ ♣❧✉s ❣r❛♥❞✳
✕ ❋♦r♠❛t✐♦♥ ❞❡s str✉❝t✉r❡s ✿
▲✬❡s♣❛❝❡✲t❡♠♣s é✈♦q✉é ❥✉sq✉✬à ♣rés❡♥t ❡st str✐❝t❡♠❡♥t ❤♦♠♦❣è♥❡ ❡t ♥❡ r❡♥❞ ❞♦♥❝ ♣❛s
❝♦♠♣t❡ ❞❡s ✐♥❤♦♠♦❣é♥é✐tés ❞❡ ❞❡♥s✐té✳ ▲✬ét✉❞❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉t♦✉r ❞❡ ❝❡t ❡s♣❛❝❡✲
t❡♠♣s ❞❡ ❢♦♥❞ r❡♥s❡✐❣♥❡ s✉r ❧❛ ❢♦r♠❛t✐♦♥ ❞❡s str✉❝t✉r❡s ❞♦♥t t♦✉t❡s ❧❡s str✉❝t✉r❡s ❛str♦✲
♣❤②s✐q✉❡s s♦♥t ✐ss✉❡s✳ ▲✬ét✉❞❡ ❞ét❛✐❧❧é❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷ ♠♦♥tr❡ q✉❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s
❞❡ ❞❡♥s✐té ♥❡ ♣❡✉✈❡♥t ❝r♦îtr❡ s❡♥s✐❜❧❡♠❡♥t ♣❡♥❞❛♥t ❧✬èr❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ r❛❞✐❛t✐♦♥ t❛♥❞✐s
q✉✬❡❧❧❡s ❝r♦✐ss❡♥t ❝♦♠♠❡ ❧❡ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ♣❡♥❞❛♥t ❧✬èr❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ ♠❛t✐èr❡✳ ▲✬✉♥✐✈❡rs
ét❛♥t ❢♦rt❡♠❡♥t ♥♦♥ ❧✐♥é❛✐r❡ ❛✉❥♦✉r❞✬❤✉✐✱ (δρ/ρ¯)0 ∼ 1 ❡t ❞♦♥❝ (δρ/ρ¯)❡q ∼ 10−4✱ ❝❡ q✉✐ ❡st
❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ❈▼❇ ✭10−5✮✳ ▲❡s ✢✉❝t✉❛t✐♦♥s t❤❡r✲
♠✐q✉❡s ♥❡ ♣❡r♠❡tt❡♥t ♣❛s ❞✬❡①♣❧✐q✉❡r ❧❛ ❢♦r♠❛t✐♦♥ ❞❡ t❡❧❧❡s ✐♥❤♦♠♦❣é♥é✐tés ♣❡♥❞❛♥t ❧✬èr❡
❞♦♠✐♥é❡ ♣❛r ❧❛ r❛❞✐❛t✐♦♥✳ ❉❡ ♣❧✉s ♥♦✉s ✈❡rr♦♥s ❛✉ ❝❤❛♣✐tr❡ s✉✐✈❛♥t q✉❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s
❛②❛♥t ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ λ s✉♣❡r✲❍✉❜❜❧❡ s♦♥t ❣❡❧é❡s✳ ❖r ♣♦✉r ✉♥ ✉♥✐✈❡rs ❞♦♠✐♥é ♣❛r ❧❛
r❛❞✐❛t✐♦♥ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ❛✈❛♥t ❧✬éq✉✐✈❛❧❡♥❝❡✱ λ ∼ a ∼ t1/2 t❛♥❞✐s q✉❡ dH ∼ t s✐ ❜✐❡♥
q✉❡ t♦✉t❡s ❧❡s é❝❤❡❧❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥s ♦♥t été à ✉♥ ♠♦♠❡♥t s✉♣❡r✲❍✉❜❜❧❡ ❡t ❞♦♥❝ ❣❡❧é❡s✳
■❧ ❢❛✉t ❞♦♥❝ ♣♦st✉❧❡r ❧✬❡①✐st❡♥❝❡ ❞✉ s♣❡❝tr❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✐♥✐t✐❛❧❡s s❛♥s ♣♦✉✈♦✐r ❧✬❡①♣❧✐✲
q✉❡r✳ ▲❡ s♣❡❝tr❡ ❧❡ ♣❧✉s ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❡st ✉♥ s♣❡❝tr❡ ✐♥✈❛r✐❛♥t ❞✬é❝❤❡❧❧❡
✭❞é♥♦♠♠é s♣❡❝tr❡ ❞❡ ❍❛rr✐s♦♥✲❩❡❧✬❞♦✈✐❝❤ ❬❍❛rr✐s♦♥ ✼✵✱ ❩❡❧❞♦✈✐❝❤ ✼✷❪✮✱ ❡t s♦♥ ♦r✐❣✐♥❡ r❡st❡
❞♦♥❝ ✐♥❡①♣❧✐q✉é❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞✳
◆♦✉s ✈❡rr♦♥s ❛✉ ❝❤❛♣✐tr❡ ✹ q✉❡ ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❧✬✐♥✢❛t✐♦♥ ♣❡r♠❡t ❞❡ ré♣♦♥❞r❡ à ❝❡s ❧✐♠✐✲
t❛t✐♦♥s✱ ❛✈❡❝ ✉♥❡ ❣r❛♥❞❡ ♣❡rt✐♥❡♥❝❡ ❡①♣ér✐♠❡♥t❛❧❡✳ ▲❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❧✬✐♥✢❛t✐♦♥ ❡t ❞✉ ❜✐❣✲❜❛♥❣
❝❤❛✉❞ s❡r❛ ❞é♥♦♠♠é❡ ♠♦❞è❧❡ ❝♦s♠♦❧♦❣✐q✉❡ st❛♥❞❛r❞✼✳
✼▲❛ ♥♦t✐♦♥ ❞❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ❡st ❛✉ss✐ ✈❛r✐❛❜❧❡ q✉❡ ❧❛ ♥♦t✐♦♥ ❞❡ ♥♦✉✈❡❛✉té✳ ❏✉sq✉✬à ♣❡✉ ❧❛ t❤é♦r✐❡ ❞❡
❧✬✐♥✢❛t✐♦♥ ét❛✐t ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✉♥❡ ❡①t❡♥s✐♦♥ ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ q✉✐ ❝♦ï♥❝✐❞❛✐t ❛❧♦rs ❛✈❡❝ ❧❡ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞✱
♠❛✐s ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞ét❛✐❧❧é❡s ❞✉ ❈▼❇ ❧✉✐ ❞♦♥♥❡♥t ✉♥ s✉♣♣♦rt ❡①♣ér✐♠❡♥t❛❧ ❢❛✈♦r❛❜❧❡ ❡t ♣❡r♠❡tt❡♥t ❞❡ ♣❧✉s ❞❡
❝♦♠♣❧ét❡r ❧❡ ♠♦❞è❧❡ ❞✉ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞ ❡♥ ❡①♣❧✐❝❛t✐♦♥ ❧✬♦r✐❣✐♥❡ ❞❡s str✉❝t✉r❡s✳ ❊❧❧❡ t❡♥❞ ❞♦♥❝ ❛ ② êtr❡ ✐♥❝♦r♣♦ré❡✳
✶✸
Chapitre 2
❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
❙♦♠♠❛✐r❡
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❖❜s❡r✈❛t✐♦♥♥❡❧❧❡♠❡♥t✱ ❧✬✉♥✐✈❡rs ♥✬❡st q✉✬❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❤♦♠♦❣è♥❡ ❡t ❡♥ ❞❡ss♦✉s ❞❡ ❧❛
t❛✐❧❧❡ ❞❡s ❛♠❛s ❞❡ ❣❛❧❛①✐❡s ✐❧ ❡st ♠ê♠❡ ❢♦rt❡♠❡♥t ✐♥❤♦♠♦❣è♥❡✳ ❊t❛♥t ❞♦♥♥é❡ ❧❛ ❝♦♠♣❧❡①✐té ❞❡
❧❛ r❡❧❛t✐✈✐té ❣é♥ér❛❧❡ ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t s♦♥ ❝❛r❛❝tèr❡ ✐♥tr✐♥sèq✉❡♠❡♥t ♥♦♥✲❧✐♥é❛✐r❡✱ ✐❧ ✈❛
❢❛❧❧♦✐r ❛❞♦♣t❡r ✉♥❡ rés♦❧✉t✐♦♥ ❛♣♣r♦❝❤é❡ ❛✜♥ ❞❡ ❝♦♠♣r❡♥❞r❡ ❞❡ ❧❛ ❢♦r♠❛t✐♦♥ ❞❡ ❝❡s str✉❝t✉r❡s✳
◆♦✉s ❛❧❧♦♥s ❞♦♥❝ ❛❞♦♣t❡r ✉♥❡ rés♦❧✉t✐♦♥ ♣❡rt✉r❜❛t✐✈❡ ❛✉t♦✉r ❞✬✉♥ ❡s♣❛❝❡ ❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛îtr❡✳
❈❡tt❡ ♣❡rt✉r❜❛t✐♦♥ ❞✬✉♥ ❡s♣❛❝❡✲t❡♠♣s ✈❛ ❞♦♥♥❡r ❧✐❡✉ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❥❛✉❣❡✱ ❡t ♥♦✉s ❡①♣♦s❡r♦♥s
❡♥ ❞ét❛✐❧ s❡s ❝♦♥séq✉❡♥❝❡s ❞❛♥s ❧❛ ♣❛rt✐❡ ■■✳ ❉❛♥s t♦✉t❡ ❝❡tt❡ ♣❛rt✐❡ ♥♦✉s ♥♦✉s ❛✛r❛♥❝❤✐r♦♥s ❞❡ ❝❡
♣r♦❜❧è♠❡ ❡♥ tr❛✈❛✐❧❧❛♥t ❞❛♥s ✉♥❡ ❥❛✉❣❡ ❞♦♥♥é❡✱ ❝✬❡st à ❞✐r❡ ❡♥ ✉t✐❧✐s❛♥t ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s s✉r ❧❡s
♣❡rt✉r❜❛t✐♦♥s✳ ◆♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❧❡s s❡❝t✐♦♥s ✷✳✶ ❡t ✷✳✷ ❧❡s éq✉❛t✐♦♥s ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❡t ❧❡✉rs
s♦❧✉t✐♦♥s ❡♥ ♥♦✉s ❝♦♥❝❡♥tr❛♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ♠étr✐q✉❡✳ ◆♦✉s ♥♦✉s ✐♥s✲
♣✐r♦♥s ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❡ ❬❑♦❞❛♠❛ ✫ ❙❛s❛❦✐ ✽✹❪ ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❞❡ ❬P❡t❡r ✫ ❯③❛♥ ✵✺❪✳
❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸ ♥♦✉s ❡①♣♦s♦♥s ❜r✐è✈❡♠❡♥t ✉♥❡ ❛♣♣r♦❝❤❡ ♣❡rt✉r❜❛t✐✈❡ ❛❧t❡r♥❛t✐✈❡ ❡ss❡♥t✐❡❧❧❡✲
♠❡♥t ❜❛sé❡ s✉r ❧❡ ❢♦r♠❛❧✐s♠❡ ❆❉▼ ❬❆r♥♦✇✐tt ❡t ❛❧✳ ✻✷❪✱ ❞✐t ❢♦r♠❛❧✐s♠❡ 1+ 3✳ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸
♥♦✉s ❡①♣♦s♦♥s ❡♥s✉✐t❡ ❧❛ ♣❤②s✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ ❈▼❇✳
✶✹ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
✷✳✶ ◗✉❛♥t✐tés ♣❡rt✉r❜é❡s
✷✳✶✳✶ ❉é❝♦♠♣♦s✐t✐♦♥ ❙❱❚
❙✉r ✉♥❡ ✈❛r✐été tr✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ♠✉♥✐❡ ❞✬✉♥❡ ♠étr✐q✉❡ γij à ❧❛q✉❡❧❧❡ ♦♥ ❛ss♦❝✐❡ ✉♥❡ ❞ér✐✈é❡
❝♦✈❛r✐❛♥t❡ Di✱ t♦✉t ❝❤❛♠♣ ✈❡❝t♦r✐❡❧ Xi ♣❡✉t êtr❡ ❞é❝♦♠♣♦sé ❡♥ ✉♥ ♠♦❞❡ ❞✐t s❝❛❧❛✐r❡ S ❡t ✉♥
♠♦❞❡ ✈❡❝t♦r✐❡❧ Vi s❡❧♦♥
Xi = DiS + Vi ❛✈❡❝ D
iVi = 0. ✭✷✳✶✮
Xi ❝♦♠♣♦rt❡ tr♦✐s ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ▲❡ ♠♦❞❡ s❝❛❧❛✐r❡ ❡♥ ❝♦♠♣♦rt❡ ✉♥✱ t❛♥❞✐s q✉❡ ❧❡ ♠♦❞❡ ✈❡❝t♦r✐❡❧
❡♥ ❝♦♠♣♦rt❡ ❞❡✉① ❞✉ ❢❛✐t ❞❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ tr❛♥s✈❡rs❛❧✐té q✉✐ ❧✉✐ ❡st ✐♠♣♦sé❡✳ ❉❡ ♠ê♠❡✱ t♦✉t
t❡♥s❡✉r s②♠étr✐q✉❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ Xij ♣❡✉t s❡ ❞é❝♦♠♣♦s❡r ❡♥ ❞❡✉① ♠♦❞❡s s❝❛❧❛✐r❡s S1, S2✱ ✉♥
♠♦❞❡ ✈❡❝t♦r✐❡❧ Vi ❡t ✉♥ ♠♦❞❡ t❡♥s♦r✐❡❧ Tij s❡❧♦♥
Xij = DiDjS1 + S2γij +D(iVj) + Tij ❛✈❡❝ D
iVi = 0, D
iTij = T
i
i = 0. ✭✷✳✷✮
Xij ❝♦♠♣♦rt❡ s✐① ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ▲❡s ❞❡✉① ♠♦❞❡s s❝❛❧❛✐r❡s ❡♥ ❝♦♠♣♦rt❡♥t ❞❡✉①✱ ❧❡ ♠♦❞❡
✈❡❝t♦r✐❡❧ ❡♥ ❝♦♠♣♦rt❡ ❞❡✉① ❞✉ ❢❛✐t ❞❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ tr❛♥s✈❡rs❛❧✐té✱ ❡t ❧❡ ♠♦❞❡ t❡♥s♦r✐❡❧ ❝♦♥t✐❡♥t
❧❡s ❞❡✉① r❡st❛♥ts ♣✉✐sq✉❡ q✉❛tr❡ ❝♦♥❞✐t✐♦♥s ❧✉✐ s♦♥t ✐♠♣♦sé❡s✳ ❖♥ ♣❡✉t ❝❤♦✐s✐r ❞❡ r❡❞✐str✐❜✉❡r ❧❡s
❞❡✉① ❞❡❣rés ❞❡ ❧✐❜❡rté s❝❛❧❛✐r❡s ❡♥ ❧❡s sé♣❛r❛♥t ❡♥tr❡ ❧❛ tr❛❝❡ 3X ≡ 3Xii = ∆S1+3S2 ❡t S1✱ ❛✈❡❝
∆ ≡ DiDi✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡st ❞é♥♦♠♠é❡ s❝❛❧❛✐r❡✲✈❡❝t❡✉r✲t❡♥s❡✉r ✭❙❱❚✮✳ ▲❡s ❝♦♠♣♦s❛♥t❡s
s❝❛❧❛✐r❡s ❡t ✈❡❝t♦r✐❡❧❧❡s ❞✬✉♥ t❡♥s❡✉r ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ♣❡✉✈❡♥t êtr❡ ❡①tr❛✐t❡s s❡❧♦♥
S = ∆−1DiXi ≡ P iSXi , ✭✷✳✸✮
V j =
(
δji −Dj∆−1Di
)
Xi ≡ P jV,iXi.
◗✉❛♥t ❛✉① ❝♦♠♣♦s❛♥t❡s ❙❱❚ ❞✬✉♥ t❡♥s❡✉r ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ ❡❧❧❡s ♣❡✉✈❡♥t êtr❡ ❡①tr❛✐t❡s s❡❧♦♥
X =
1
3
γklXkl , ✭✷✳✹✮
Xˆij ≡ Xij −Xγij ≡ PˆklijXkl ,
S1 =
3
2
[∆(∆ + 3K)]−1DiDjXˆij ≡ QijS Xˆij ,
Vk = 2 (∆ + 2K)
−1∆P jV,kP iSXˆij ,
Tkl = P iV,kP jV,lXˆij ≡ P ijT,klXˆij . ✭✷✳✺✮
■❧ ❢❛✉t r❡♠❛rq✉❡r q✉❡ ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♥✬❡st ♣❛s ❧♦❝❛❧❡ ♣✉✐sq✉✬❡❧❧❡ ❢❛✐t ✐♥t❡r✈❡♥✐r ❧✬✐♥✈❡rs❡ ❞✉
❧❛♣❧❛❝✐❡♥ ❞♦♥t ❧❛ s✐❣♥✐✜❝❛t✐♦♥ r✐❣♦✉r❡✉s❡ ❢❛✐t ✐♥t❡r✈❡♥✐r ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ✐♥té❣ré❡ s✉r t♦✉t
❧✬❡s♣❛❝❡✳ ❊♥ ❞é✜♥✐ss❛♥t ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ❝♦♠♠❡ ét❛♥t ❧❛ s♦❧✉t✐♦♥ ❞❡
∆xG(x,x
′) = δ3❉(x− x′), ✭✷✳✻✮
❧❛ s✐❣♥✐✜❝❛t✐♦♥ ❞❡ A = ∆−1B ❡st ♣❧✉s ♣ré❝✐sé♠❡♥t
A(x) =
∫
G(x,x′)B(x′)dx′, ✭✷✳✼✮
♦ù ❧✬✐♥té❣r❛❧❡ ♣♦rt❡ s✉r t♦✉t ❧❛ ✈❛r✐été tr✐❞✐♠❡♥s✐♦♥♥❡❧❧❡✳ ❖♥ ❛ ♥♦té ❧❡ s②♠❜♦❧❡ ❞❡ ❉✐r❛❝ δ❉ ❛✜♥
❞❡ ❧❡ ❞✐✛ér❡♥❝✐❡r ❞❡s ♣❡rt✉r❜❛t✐♦♥s✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♥✬❡st ❡♥ ♣r✐♥❝✐♣❡ ♣❛s ✉♥✐q✉❡ ♣✉✐sq✉❡
◗✉❛♥t✐tés ♣❡rt✉r❜é❡s ✶✺
❧✬♦♥ ♣❡✉t r❛❥♦✉t❡r à ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ t♦✉t❡ ❢♦♥❝t✐♦♥ ❤❛r♠♦♥✐q✉❡✱ ❝✬❡st à ❞✐r❡ s❛t✐s❢❛✐s❛♥t
❧✬éq✉❛t✐♦♥ ❞❡ ▲❛♣❧❛❝❡ ∆f = 0✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧❛ ✈❛r✐été ❡st s❛♥s ❜♦r❞✱ ❝✬❡st✲à✲❞✐r❡ ♣♦✉r ✉♥
✉♥✐✈❡rs ❢❡r♠é✱ ❡t ❧❡ ❝❛s ♦ù ❧❛ ✈❛r✐été ❡st ♥♦♥ ❝♦♠♣❛❝t❡ ❛✈❡❝ ❞❡s ❢♦♥❝t✐♦♥s q✉✐ ❞é❝r♦✐ss❡♥t s✉✣✲
s❛♠♠❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t✱ ❧❡s s❡✉❧❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲❛♣❧❛❝❡ s♦♥t ❞❡s ❝♦♥st❛♥t❡s✱
s✐ ❜✐❡♥ q✉❡ A(x) ❡st ❞é✜♥✐ à ✉♥❡ ❝♦♥st❛♥t❡ ♣rès ❬❙t❡✇❛rt ✾✵❪✳ P♦✉r ❞ér✐✈❡r ❝❡s ❡①♣r❡ss✐♦♥s✱ ♥♦✉s
❛✈♦♥s ✉t✐❧✐sé ❧❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥ ❞♦♥♥é❡s ❡♥ ❛♣♣❡♥❞✐❝❡ ❆✳ ■❧ ❡st ❝r✉❝✐❛❧ ❞✬✉t✐❧✐s❡r ❝❡s
❢♦r♠✉❧❡s ❛✜♥ ❞✬❡①tr❛✐r❡ ❧❡s q✉❛♥t✐tés ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ✭✷✳✷✮✳ ❊♥ ❡✛❡t ♦♥ ♣❡✉t
❝♦♥st❛t❡r ❛ss❡③ ❢réq✉❡♠♠❡♥t ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ✉♥❡ ♠❛✉✈❛✐s❡ ❡①tr❛❝t✐♦♥ ♠ê♠❡ ❞❛♥s ❧❡ ❝❛s s❛♥s
❝♦✉r❜✉r❡✱ ♣❛r ❡①❡♠♣❧❡ ❞❛♥s ❧❡s éq✉❛t✐♦♥ ✭✼✽✮ ❡t ✭✼✾✮ ❞❡ ❬❋✐♥❡❧❧✐ ❡t ❛❧✳ ✵✻❪✱ ❧✬éq✉❛t✐♦♥ ✭✸✳✶✷✮ ❞❡
❬▼❛❧✐❦ ✫ ❲❛♥❞s ✵✹❪✱ ❧✬éq✉❛t✐♦♥ ✭✸✳✾✮ ❞❡ ❬▼❛❧✐❦ ✵✺❪✳ ❊♥✜♥✱ ❛✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧✬✉t✐❧✐s❛t✐♦♥ ✐♠♣❧✐❝✐t❡
❞❡ ❢♦♥❝t✐♦♥s ❞❡ ●r❡❡♥✱ ♦♥ ✐♥tr♦❞✉✐t ✉♥ ❡♥s❡♠❜❧❡ ❝♦♠♣❧❡t ❞❡ ♠♦❞❡s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ s♦✉s
rés❡r✈❡ ❞❡ ♠♦♥tr❡r s♦♥ ❡①✐st❡♥❝❡ ❬❙t❡✐♥ ✫ ❲❡✐ss ✼✶✱ ❇❡r❣❡r ❡t ❛❧✳ ✼✶✱ ▲❡❤♦✉❝q ❡t ❛❧✳ ✵✸❪✳ ■❧ s✬❛❣✐t
❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❢♦♥❝t✐♦♥ Qk(x) s❛t✐s❢❛✐s❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❍❡❧♠❤♦❧t③
∆Qk = −
(
k2 −K)Qk, ✭✷✳✽✮
❡t q✉✐ ❞♦✐✈❡♥t s❛t✐s❢❛✐r❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❢❡r♠❡t✉r❡∑
k
Qk(x)Q
∗
k(x
′) = δ3❉(x− x′). ✭✷✳✾✮
❖♥ ♣❡✉t ❡♥s✉✐t❡ ❞é❝♦♠♣♦s❡r t♦✉t❡ ❢♦♥❝t✐♦♥ f(x) s❡❧♦♥
f(x) =
∑
k
f(k)Qk(x), ✭✷✳✶✵✮
❡t tr❛✈❛✐❧❧❡r s✉r ❧❡s ❝♦❡✣❝✐❡♥ts f(k) ♣♦✉r ❧❡sq✉❡❧s ❧❡ ❧❛♣❧❛❝✐❡♥ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r
−k2 +K✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ✉♥✐✈❡rs ♣❧❛t ❝❡tt❡ ❜❛s❡ ❡st ❝❡❧❧❡s ❞❡s ❡①♣♦♥❡♥t✐❡❧❧❡s 1
(2π)3/2
exp(ik.x)
❡t ❧❛ s♦♠♠❡ s✉r k ❡st ❝♦♥t✐♥✉❡ ✭
∫
dk✮✳ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❝♦rr❡s♣♦♥❞ ❛❧♦rs à ❧❛ tr❛♥s❢♦r♠é❡ ❞❡
❋♦✉r✐❡r q✉❡ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❛✉ ❝♦✉rs ❞❡ ❝❡tt❡ t❤ès❡✳ ■❧ s✬❛❣✐t ❞♦♥❝ ❞❡ ❧❛ ❝♦♥✈❡♥t✐♦♥ q✉✐ éq✉✐❧✐❜r❡
❧❡s ❢❛❝t❡✉rs 2π ❡♥tr❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❡t s♦♥ ✐♥✈❡rs❡✳
✷✳✶✳✷ P❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ♠étr✐q✉❡ ❡t ❞✉ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥
▲❛ ♠étr✐q✉❡ ✭✶✳✶✮✱ ✉♥❡ ❢♦✐s ♣❡rt✉r❜é❡✱ ♣❡✉t êtr❡ ♣❛r❛♠étré❡ s❡❧♦♥
gµν = a
2(η)
{−(1 + 2Φ)(dη)µ(dη)ν + [(1− 2Ψ)γij + 2D(iEj) + 2Eij] (dxi)µ(dxj)ν} , ✭✷✳✶✶✮
♦ù ♦♥ r❛♣♣❡❧❧❡ q✉❡ Di ❡st ❧❛ ❞ér✐✈é❡ ❝♦✈❛r✐❛♥t❡ ❛ss♦❝✐é❡ à ❧❛ ♠étr✐q✉❡ ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s✱
❝✬❡st✲à✲❞✐r❡ t❡❧❧❡ q✉❡ Diγjk = 0✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥✱ q✉✐ ♥✬❡st ♣❛s ❧❛ ♣❧✉s ❣é♥ér❛❧❡ ♣♦ss✐❜❧❡✱
❝♦rr❡s♣♦♥❞ à ✉♥ ❝❤♦✐① ❞❡ ❥❛✉❣❡✱ ❝❡❧✉✐ ❞❡ ❧❛ ❥❛✉❣❡ ◆❡✇t♦♥✐❡♥♥❡✳ ◆♦✉s ❡①♣❧✐q✉❡r♦♥s ♣❧✉s ❡♥ ❞ét❛✐❧
❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❧✐❜❡rté ❞❡ ❥❛✉❣❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ■■ ❛✉ ❝❤❛♣✐tr❡ ✺✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❢❛✐t
❛♣♣❛r❛îtr❡ ❞❡s ❞❡❣rés ❞❡ ❧✐❜❡rté s❝❛❧❛✐r❡s✱ Φ ❡t Ψ✱ ❞❡s ❞❡❣rés ❞❡ ❧✐❜❡rté ✈❡❝t♦r✐❡❧s Ei✱ ❡t ❞❡s ❞❡❣rés
❞❡ ❧✐❜❡rté t❡♥s♦r✐❡❧s Eij ✳ ❖♥ ❝♦♥st❛t❡ ❞♦♥❝ q✉✬✐❧ ② ❛ ❞❡✉① ❞❡❣rés ❞❡ ❧✐❜❡rtés s❝❛❧❛✐r❡s✱ ❞❡✉① ❞❡❣rés
❞❡ ❧✐❜❡rté ✈❡❝t♦r✐❡❧s ❡t ❞❡✉① ❞❡❣rés ❞❡ ❧✐❜❡rté t❡♥s♦r✐❡❧s✳ ❙✉r ❧❡s 10 ❞❡❣rés ❞❡ ❧✐❜❡rté ♣♦ss✐❜❧❡s ❞❡
❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡✱ 4 s♦♥t ❛❜s♦r❜és ♣❛r ❧❡ ❢❛✐t ❞❡ ✜①❡r ❧❛ ❥❛✉❣❡ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s
❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✷✱ ❡t ✐❧ ♥♦✉s r❡st❡ ❞♦♥❝ ❜✐❡♥ 6 ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❡s ✐♥❞✐❝❡s
✶✻ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
❧❛t✐♥s i, j, k . . . s♦♥t ♠♦♥tés ❡t ❞❡s❝❡♥❞✉s ❛✈❡❝ ❧❛ ♠étr✐q✉❡ s♣❛t✐❛❧❡ ❝♦♥❢♦r♠❡ ❞❡ ❢♦♥❞ γij ✳ ❈❡❧❛ s✐✲
❣♥✐✜❡ q✉❡ ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ✈✐✈❡♥t ❞❛♥s ❧✬❡s♣❛❝❡ t❛♥❣❡♥t ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s ❞❡ ❢♦♥❞✳
◗✉❛♥t à ❧❛ ♠❛t✐èr❡✱ ❡❧❧❡ ❡st ❞é❝r✐t❡ ❞❛♥s ❧✬❡s♣❛❝❡ ♣❡rt✉r❜é ♣❛r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ s❛ ❞❡♥s✐té
❞✬é♥❡r❣✐❡✱ ❞❡ s❛ ♣r❡ss✐♦♥ ❡t ❞❡ s❛ q✉❛❞r✐✈✐t❡ss❡ s❡❧♦♥
ρ ≡ ρ¯+ δρ ≡ ρ¯(1 + δ), P = P¯ + δP, uµ = u¯µ + v
µ
a
. ✭✷✳✶✷✮
▲❡s q✉❛tr❡ ❝♦♠♣♦s❛♥t❡s ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ✈✐t❡ss❡ vµ ♥❡ s♦♥t ♣❛s ✐♥❞é♣❡♥❞❛♥t❡s
❝❛r ❧❡s ✈❡❝t❡✉rs ❞❡ q✉❛❞r✐✈✐t❡ss❡ s♦♥t s♦✉♠✐s à ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥ uµuµ = u¯µu¯µ = −1✳ ■❧ ♥✬② ❛ ❞♦♥❝
q✉❡ tr♦✐s ❞❡❣rés ❞❡ ❧✐❜❡rté q✉❡ ❧✬♦♥ ❝❤♦✐s✐t ❞❡ ❞é❝r✐r❡ ♣❛r ❧❡s ❝♦♠♣♦s❛♥t❡s s♣❛t✐❛❧❡s vi✱ v0 ét❛♥t
❞ét❡r♠✐♥é ♣❛r ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥✳ ❖♥ ❞é❝♦♠♣♦s❡ ❝❡s tr♦✐s ❞❡❣rés ❞❡ ❧✐❜❡rté ❡♥ ❞❡✉①
❞❡❣rés ❞❡ ❧✐❜❡rté ✈❡❝t♦r✐❡❧ vˆi ❡t ✉♥ ❞❡❣ré ❞❡ ❧✐❜❡rté s❝❛❧❛✐r❡ v s❡❧♦♥
vi = vˆi +Div , ❛✈❡❝ Divˆ
i = 0. ✭✷✳✶✸✮
▲❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❡t ❞❡ ♣r❡ss✐♦♥ ♥❡ s♦♥t ♣❛s ✐♥❞é♣❡♥❞❛♥t❡s ❡t s♦♥t r❡❧✐é❡s
❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ✢✉✐❞❡ ❜❛r♦tr♦♣✐q✉❡✱ ♣✉✐sq✉❡ P ❡st ❛❧♦rs ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ρ✳ ❖♥ ❞é✜♥✐t ❧❛ ✈✐t❡ss❡
❞✉ s♦♥ ❛❞✐❛❜❛t✐q✉❡ cs s❡❧♦♥
dP
dρ
= c2s . ✭✷✳✶✹✮
▲✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✶✳✷✷✮ ♥♦✉s ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❛ r❡❧❛t✐♦♥ s✉✐✈❛♥t❡ ❡♥tr❡ ❧❡ ♣❛r❛♠ètr❡
❞✬ét❛t w ❡t ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ cs
w′ = −3H(1 + w)(c2s − w). ✭✷✳✶✺✮
❊♥ t♦✉t❡ ❣é♥ér❛❧✐té ❧❡ t❡♥s❡✉r é♥❡r❣✐❡ ✐♠♣✉❧s✐♦♥ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧✬❡s♣❛❝❡ ♣❡rt✉r❜é ❛❞♠❡t
❛✉ss✐ ✉♥ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡✳ ❖♥ ✉t✐❧✐s❡r❛ ❞♦♥❝ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥
Tµν = T¯µν + δTµν = ρuµuν + P (gµν + uµuν) + a
2P¯ πµν , ✭✷✳✶✻✮
❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ✢✉✐❞❡ ♥♦♥ ♣❛r❢❛✐t✳
❚♦✉t❡s ❧❡s q✉❛♥t✐tés ♣❡rt✉r❜é❡s s♦♥t ❡♥s✉✐t❡ ❞é❝♦♠♣♦sé❡s ❡♥ ♦r❞r❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥s s❡✲
❧♦♥ ❬❇r✉♥✐ ❡t ❛❧✳ ✾✼✱ ◆❛❦❛♠✉r❛ ✵✼❪
W =
∑
n
δ(n)W
n!
. ✭✷✳✶✼✮
▲❛ s♦♠♠❡ ❝♦♠♠❡♥❝❡ à n = 0 ♣♦✉r ❧❡s q✉❛♥t✐tés q✉✐ s♦♥t ♥♦♥ ♥✉❧❧❡s s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✱ ❝♦♠♠❡
♣❛r ❡①❡♠♣❧❡ ρ ♦✉ P ✱ ❡t ♥♦✉s ✉t✐❧✐s♦♥s ❛❧♦rs ❧❛ ❝♦♥✈❡♥t✐♦♥ δ(0)ρ = ρ¯✳ ▲❛ s♦♠♠❡ ❝♦♠♠❡♥❝❡ à
n = 1 ♣♦✉r ❧❡s q✉❛♥t✐tés ♥✉❧❧❡s s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✱ ❝♦♠♠❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ♠étr✐q✉❡
✐♥t❡r✈❡♥❛♥t ❞❛♥s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ✭✷✳✶✶✮✳ ◆♦✉s ✉t✐❧✐s♦♥s é❣❛❧❡♠❡♥t ❧❛ ♥♦t❛t✐♦♥ W (n) ≡ δ(n)W
♣♦✉r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✬♦r❞r❡ n✳ ❉❛♥s t♦✉t❡ ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♥♦✉s r❡str❡✐❣♥♦♥s ❛✉① ♣❡rt✉r❜❛t✐♦♥s
❧✐♥é❛✐r❡s ❝✬❡st✲à✲❞✐r❡ q✉❡ ♥♦✉s ♥❡ ❝♦♥s✐❞ér♦♥s q✉❡ δ(1)W ❡t ♥♦✉s ✉t✐❧✐s❡r♦♥s ♠ê♠❡ ❧✬❛❜✉s ❞❡
♥♦t❛t✐♦♥ δW à ❧❛ ♣❧❛❝❡ ❞❡ δ(1)W ✳ ◗✉❛♥t ❛✉① q✉❛♥t✐tés q✉✐ s♦♥t ♥✉❧❧❡s s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✱ ♥♦✉s
✉t✐❧✐s❡r♦♥s ❧❛ ♥♦t❛t✐♦♥ W à ❧❛ ♣❧❛❝❡ ❞❡ W (1)✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ■■ ♥♦✉s ❞ét❛✐❧❧❡r♦♥s ❧❛ t❤é♦r✐❡ ❞❡s
♣❡rt✉r❜❛t✐♦♥s ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ ❡t r❡st❛✉r❡r♦♥s ❞❡s ♥♦t❛t✐♦♥s s❛♥s ❛♠❜✐❣✉ïté✳
◗✉❛♥t✐tés ♣❡rt✉r❜é❡s ✶✼
▲❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ t❡♥s❡✉r ❞✬❊✐♥st❡✐♥ ❡t ❞✉ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛
♠étr✐q✉❡ ✭✷✳✶✶✮ s♦♥t r❛♣♣♦rté❡s ❞❛♥s ❧✬❛♣♣❡♥❞✐❝❡ ❇✳
◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ❡✛❡❝t✉❡r ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❙❱❚ ❞❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ❛✐♥s✐ q✉❡
❞❡s éq✉❛t✐♦♥s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡s ✢✉✐❞❡s✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♥✬❛ été ❞é✜♥✐❡ q✉❡
♣♦✉r ❞❡s t❡♥s❡✉rs ✈✐✈❛♥t ❞❛♥s ❧✬❡s♣❛❝❡ t❛♥❣❡♥t ❛✉① s❡❝t✐♦♥s s♣❛t✐❛❧❡s ❞❡ ❢♦♥❞✱ ♣✉✐sq✉❡ ♥♦✉s
❧✬❛✈♦♥s ❞é✜♥✐❡ ♣♦✉r ❞❡s ✈❛r✐étés tr✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s✳ ◆♦✉s ♣♦✉✈♦♥s ♥é❛♥♠♦✐♥s ❞é❝♦♠♣♦s❡r ✉♥
❝❤❛♠♣ ✈❡❝t♦r✐❡❧ Xµ ✈✐✈❛♥t ❞❛♥s ❧✬❡s♣❛❝❡✲t❡♠♣s ❞❡ ❢♦♥❞ s❡❧♦♥
Xµ = −u¯µ [u¯νXν ] + h¯ νµ Xν , ✭✷✳✶✽✮
♦ù h¯µν = g¯µν + u¯µu¯ν ❡st ❧❡ ♣r♦❥❡❝t❡✉r s✉r ❧❡s s✉r❢❛❝❡s ♦rt❤♦❣♦♥❛❧❡s à u¯µ✳ u¯νXν ❡st ✉♥ ❝❤❛♠♣
s❝❛❧❛✐r❡ ❡t ♣❡✉t ❞♦♥❝ êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ❝❤❛♠♣ s❝❛❧❛✐r❡ s✉r ❧❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s ❞❡ ❢♦♥❞✳
h¯ νµ Xν ❡st ✉♥ ❝❤❛♠♣ ✈❡❝t♦r✐❡❧ q✉✐ ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ❝❤❛♠♣ ✈❡❝t♦r✐❡❧ ✈✐✈❛♥t ❞❛♥s
❧✬❡s♣❛❝❡ t❛♥❣❡♥t ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s ❞❡ ❢♦♥❞ ♣✉✐sq✉✬✐❧ ❡st ♦rt❤♦❣♦♥❛❧ à u¯µ✳ ❖♥ s✬✐♥tér❡ss❡r❛
❞♦♥❝ ♣❧✉s ♣ré❝✐sé♠❡♥t à h¯ νi Xν ✳ ❉❡ ♠ê♠❡✱ ♦♥ ♣❡✉t ❞é❝♦♠♣♦s❡r ✉♥ ❝❤❛♠♣ t❡♥s♦r✐❡❧ s②♠étr✐q✉❡
Xµν s❡❧♦♥
Xµν = u¯µu¯ν
[
u¯αu¯βXαβ
]
− 2u¯(µh¯βν)u¯αXαβ + h¯αµh¯βνXαβ . ✭✷✳✶✾✮
P❛r ❧❡s ♠ê♠❡s ❛r❣✉♠❡♥ts✱ u¯αu¯βXαβ ✱ h¯
β
iu¯
αXαβ ❡t h¯αih¯
β
jXαβ s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ✉♥ ❝❤❛♠♣ s❝❛✲
❧❛✐r❡✱ ✉♥ ❝❤❛♠♣ ✈❡❝t♦r✐❡❧ ❡t ✉♥ ❝❤❛♠♣ t❡♥s♦r✐❡❧ ❞❡ ❧✬❡s♣❛❝❡ t❛♥❣❡♥t ❛ss♦❝✐é ❛✉ s❡❝t✐♦♥ s♣❛t✐❛❧❡s
❞❡ ❢♦♥❞✱ ♣♦✉r ❧❡sq✉❡❧s ♥♦✉s ♣♦✉✈♦♥s ❡✛❡❝t✉❡r ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❙❱❚✳ P❛r ❧❛ s✉✐t❡ ❧♦rsq✉❡ ♥♦✉s
♥♦t❡r♦♥s X00✱ X0i ♦✉ Xij ✱ ♥♦✉s ❢❡r♦♥s ré❢ér❡♥❝❡ à ❝❡s q✉❛♥t✐tés✳
◆♦✉s ♣rés❡♥t♦♥s ❝✐ ❞❡ss♦✉s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❙❱❚ ❞❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ s❛♥s ❝♦♥st❛♥t❡
❝♦s♠♦❧♦❣✐q✉❡ Gµν = κTµν ✳ ❙✐ ❧❡s ❞✐✛ér❡♥ts ✢✉✐❞❡s ♥✬♦♥t ♣❛s ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❡✉①✱ ❧❡s t❡♥s❡✉rs
é♥❡r❣✐❡ ✐♠♣✉❧s✐♦♥ ❞❡ ❝❤❛q✉❡ ✢✉✐❞❡ s♦♥t ❝♦♥s❡r✈és ✐♥❞é♣❡♥❞❛♠♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✐❧s s❛t✐s❢♦♥t
∇µTµa ν = 0✳ ◆♦✉s ♣rés❡♥t♦♥s é❣❛❧❡♠❡♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❙❱❚ ❞❡ ❝❡s éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥✳ ❉❛♥s
❧❡ ❝❛s ❣é♥ér❛❧✱ s❡✉❧ ❧❡ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ t♦t❛❧ ❡st ❝♦♥s❡r✈é ❡t ❝❤❛q✉❡ ✢✉✐❞❡ ❡st s♦✉♠✐s ❛
✉♥❡ rés✉❧t❛♥t❡ ❞❡s ❢♦r❝❡s Qµa s✐ ❜✐❡♥ q✉❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♣♦✉r ❝❤❛q✉❡ ✢✉✐❞❡ s❡ ré❝r✐t
∇µTµνa = Qνa,
∑
a
Qνa = 0. ✭✷✳✷✵✮
✷✳✶✳✸ ❊q✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ❝❛s ♦ù ❧✬✉♥✐✈❡rs ❡st ✉♥ ♠é❧❛♥❣❡ ❞❡ ♣❧✉s✐❡✉rs ✢✉✐❞❡s ♣❛r❢❛✐ts ❡t ❜❛r♦tr♦♣❡s
✭πµν = 0✱ P = P (ρ)✮ s❛♥s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❡✉①✳ ◆♦✉s ✉t✐❧✐s❡r♦♥s ❡♥s✉✐t❡ ❝❡s éq✉❛t✐♦♥s ❞❛♥s ❧❡
❝❛s ♦ù ❧✬✉♥✐✈❡rs ♥✬❡st r❡♠♣❧✐ q✉❡ ❞❡ r❛❞✐❛t✐♦♥ ♣✉✐s q✉❡ ❞❡ ♠❛t✐èr❡ ❡t ❡♥✜♥ ❞❛♥s ❧❡ ❝❛s ♦ù ✐❧ s✬❛❣✐t
❞✬✉♥ ♠é❧❛♥❣❡ ❞❡ r❛❞✐❛t✐♦♥ ❡t ❞❡ ♠❛t✐èr❡ ❢r♦✐❞❡ ♥♦✐r❡✳
▼♦❞❡s s❝❛❧❛✐r❡s
▲❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ s❝❛❧❛✐r❡s s♦♥t ❞♦♥♥é❡s ♣❛r
✕ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ❞♦♥♥é❡ ♣❛r (δG00 − κδT00) = 0✱
✕ ❧❛ tr❛❝❡ ❞❡ (δGij − κδTij) = 0✱
✕ ❧❡ ♠♦❞❡ s❝❛❧❛✐r❡ ❞❡ ❧❛ ♣❛rt✐❡ s❛♥s tr❛❝❡ ❞❡ (δGij − κδTij) = 0✱
✕ ❧❡ ♠♦❞❡ s❝❛❧❛✐r❡ ❞❡ (δG0i − κδT0i) = 0✱
✶✽ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
♣♦✉r ♦❜t❡♥✐r r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s éq✉❛t✐♦♥s
(∆ + 3K)Ψ− 3HΨ′ − 3H2Φ− 1
2
∑
e
κa2ρ¯eδe = 0 ✭✷✳✷✶✮
Ψ′′ +H2Φ+ 1
3
∆(Φ−Ψ) +HΦ′ + 2HΨ′ −KΨ+ 2H′Φ− 1
2
κa2
∑
e
c2s,eρ¯eδe = 0 ✭✷✳✷✷✮
Ψ− Φ = 0 ✭✷✳✷✸✮
Ψ′ +HΦ+ 1
2
∑
e
κa2ρ¯e(1 + we)ve = 0 . ✭✷✳✷✹✮
◆♦✉s ♦❜t❡♥♦♥s ❞❡✉① éq✉❛t✐♦♥s s❝❛❧❛✐r❡s ❞✬é✈♦❧✉t✐♦♥ ❞✉ ✢✉✐❞❡ ❡♥ ❝♦♥s✐❞ér❛♥t ∇µTµe 0 = 0 ❛✐♥s✐ q✉❡
❧❡ ♠♦❞❡ s❝❛❧❛✐r❡ ❞❡ ∇µTµe i = 0✳ ■❧ s✬❛❣✐t r❡s♣❡❝t✐✈❡♠❡♥t ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❛✐♥s✐ q✉❡
❞❡ ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r ❞❡ ❝❤❛q✉❡ ✢✉✐❞❡✳ ❉❛♥s ❧❡ ❝❛s ♦ù we ❡st ❝♦♥st❛♥t✱ ❡t ❞♦♥❝ q✉❛♥❞ we = c2s,e✱
❝❡s éq✉❛t✐♦♥s s♦♥t
δ′e + (1 + we)
(
∆ve − 3Ψ′
)
= 0 , ✭✷✳✷✺✮
v′e +H(1− 3c2s,e)ve +Φ+
c2s,e
1 + we
δe = 0 . ✭✷✳✷✻✮
❉❛♥s ❧❡ ❝❛s ♦✉ w ♥✬❡st ♣❛s ❝♦♥st❛♥t ❝✬❡st✲à✲❞✐r❡ ♣♦✉r w 6= c2s✱ ❧❡s éq✉❛t✐♦♥s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s♦♥t
❞♦♥♥é❡s ❡♥ ❛♣♣❡♥❞✐❝❡ ❉✳✶ t❛♥❞✐s q✉❡ ❧❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ s♦♥t ❞♦♥♥é❡s ❡♥ ❛♣♣❡♥❞✐❝❡ ❉✳✷✳
❙✐ ❞❡ ♣❧✉s ❧❡s ♣❡rt✉r❜❛t✐♦♥s ♥❡ s♦♥t ♣❛s ❜❛r♦tr♦♣✐q✉❡s✱ ❝✬❡st✲à✲❞✐r❡ s✐ ❧❛ ♣r❡ss✐♦♥ ♥❡ ❞é♣❡♥❞
♣❛s ✉♥✐q✉❡♠❡♥t ❞❡ ρ✱ ❛❧♦rs ✐❧ ❢❛✉t ❝♦♥s✐❞ér❡r ✉♥❡ ❝♦♠♣♦s❛♥t❡ ♥♦♥✲❛❞✐❛❜❛t✐q✉❡ ❞❛♥s ❧❡s éq✉❛t✐♦♥
♣ré❝é❞❡♥t❡s✳ ❈❡❝✐ ♣❡✉t êtr❡ ❧❡ ❝❛s s♦✐t s✐ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ ✢✉✐❞❡ ❝♦♥s✐❞éré s♦♥t ✐♥tr✐♥sèq✉❡♠❡♥t
♥♦♥✲❛❞✐❛❜❛t✐q✉❡s✱ s♦✐t s✬✐❧ s✬❛❣✐t ❞✬✉♥ ♠é❧❛♥❣❡ ❞❡ ✢✉✐❞❡s ❜❛r♦tr♦♣❡s ♣♦✉r ❧❡q✉❡❧ ❡♥ ❣é♥ér❛❧ ❧❡ ✢✉✐❞❡
rés✉❧t❛♥t ♥✬❡st ♣❛s ❜❛r♦tr♦♣❡✶✳ ❉❛♥s ❝❡ ❞❡r♥✐❡r ❝❛s ♦♥ ❝♦♥t♦✉r♥❡ ❧❡ ♣r♦❜❧è♠❡ ❡♥ ❝♦♥s✐❞ér❛♥t
❧❡s ❞✐✛ér❡♥t❡s ❝♦♠♣♦s❛♥t❡s ✢✉✐❞❡s ❝♦♠♠❡ ✐❧ ❛ été ❢❛✐t ❞❛♥s ❧❡s éq✉❛t✐♦♥s ✭✷✳✷✶✲✷✳✷✹✮✳ ◆♦✉s ♥❡
❝♦♥s✐❞ér❡r♦♥s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t q✉❡ ❧❡ ❝❛s ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s✳
▼♦❞❡s ✈❡❝t♦r✐❡❧s
▲❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ✈❡❝t♦r✐❡❧❧❡s s♦♥t ❞♦♥♥é❡s ♣❛r
✕ ❧❡ ♠♦❞❡ ✈❡❝t♦r✐❡❧ ❞❡ (δGij − κδTij) = 0✱
✕ ❧❡ ♠♦❞❡ ✈❡❝t♦r✐❡❧ ❞❡ (δG0i − κδT0i) = 0✱
❡t s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t
(∆ + 2K)Ei
′ − 2κa2
∑
a
(1 + wa)vˆ
i
a = 0, ✭✷✳✷✼✮
E′′i + 2HE′i = 0. ✭✷✳✷✽✮
◆♦✉s ♦❜t❡♥♦♥s é❣❛❧❡♠❡♥t ❣râ❝❡ à ❧❛ ♣❛rt✐❡ ✈❡❝t♦r✐❡❧❧❡ ❞❡ ∇µTµa i = 0 ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r ✈❡❝t♦r✐❡❧❧❡
❞❡ ❝❤❛q✉❡ ✢✉✐❞❡
vˆi
′
a +H(1− 3c2s)vˆia = 0. ✭✷✳✷✾✮
✶❆✉① é❝❤❡❧❧❡s s✉♣❡r✲❍✉❜❜❧❡✱ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ ✢✉✐❞❡ t♦t❛❧ r❡st❡♥t ❛❞✐❛❜❛t✐q✉❡s s✐ ❡❧❧❡s ❧❡ s♦♥t ✐♥✐t✐❛❧❡♠❡♥t
❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✷✳
❉②♥❛♠✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ✶✾
▼♦❞❡s t❡♥s♦r✐❡❧s
▲❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ t❡♥s♦r✐❡❧❧❡s s♦♥t ❞♦♥♥é❡s ♣❛r ❧❡ ♠♦❞❡ t❡♥s♦r✐❡❧ ❞❡ (δGij − κδTij) = 0
E′′ij + 2HE′ij + (2K −∆)Eij = 0. ✭✷✳✸✵✮
✷✳✷ ❉②♥❛♠✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡
◆♦✉s ❛❧❧♦♥s rés♦✉❞r❡ ❝❡s éq✉❛t✐♦♥s ❡♥ ❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r ❞❛♥s ❧❡ ❝❛s ♣❧❛t✱ ❝✬❡st✲à✲❞✐r❡ q✉❡
♥♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r ∆ → −k2 ❡t ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ tr❛♥s✈❡rs❛❧✐té DiEi = DiEij = 0 s✬é❝r✐✈❡♥t
kiEi = k
iEij = 0✳ ❈❡ ❝❤♦✐① ❡st ❥✉st✐✜é ♣❛r ❧❛ ♣❤❛s❡ ❞✬✐♥✢❛t✐♦♥ ♣r✐♠♦r❞✐❛❧❡ ❡t ❛✉ss✐ ♣❛r ❧❡s
❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ❞♦♥♥é❡s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✶✳✸ ✳ ❆✜♥ ❞✬♦❜t❡♥✐r ❞❡s s♦❧✉t✐♦♥s ❡①❛❝t❡s✱
♥♦✉s ♥♦✉s ♣❧❛❝❡r♦♥s ❞❛♥s ❧❡s tr♦✐s ❝❛s s✐♠♣❧❡s s✉✐✈❛♥ts✳ ❚♦✉t ❞✬❛❜♦r❞ ♥♦✉s ét✉❞✐❡r♦♥s ❧❡ ❝❛s ❞✬✉♥
✉♥✐✈❡rs ❞♦♠✐♥é ♣❛r ❧❡ r❛②♦♥♥❡♠❡♥t✱ ♣✉✐s ❧❡ ❝❛s ❞✬✉♥ ✉♥✐✈❡rs ❞♦♠✐♥é ♣❛r ❧❛ ♠❛t✐èr❡✱ ❡t ❡♥✜♥
✉♥ ❝❛s ♣❧✉s ❣é♥ér❛❧ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ✉♥ ♠é❧❛♥❣❡ ❞❡ ♠❛t✐èr❡ ♥♦✐r❡ ❡t ❞❡ r❛②♦♥♥❡♠❡♥t✳ ◆♦✉s
✉t✐❧✐s❡r♦♥s ❧❡s éq✉❛t✐♦♥s ❞❡ ❧❛ s❡❝t✐♦♥ ✷✳✶✳✸ ❛✜♥ ❞✬ét✉❞✐❡r ❝❡ ❞❡r♥✐❡r ❝❛s✳ P✉✐sq✉❡ ❝❡❧❧❡s✲❝✐ ♦♥t
été ❞ér✐✈é❡s ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s ❞✐✛ér❡♥ts ✢✉✐❞❡s ♥✬♦♥t ♣❛s ❞✬✐♥t❡r❛❝t✐♦♥✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧✬♦♥
❝♦♥s✐❞èr❡ ✉♥ ✢✉✐❞❡ ❞❡ ♠❛t✐èr❡ ♥♦✐r❡ ♠é❧❛♥❣é à ✉♥ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥✳ P✉✐sq✉❡ ❧✬❡ss❡♥t✐❡❧ ❞❡ ❧❛
♠❛t✐èr❡ ❡st s♦✉s ❢♦r♠❡ ❞❡ ♠❛t✐èr❡ ♥♦✐r❡✱ ❧❛ ♠❛t✐èr❡ ❜❛r②♦♥✐q✉❡ ✐♥t❡r❛❣✐ss❛♥t ❛✈❡❝ ❧❛ r❛❞✐❛t✐♦♥
ét❛♥t ♠✐♥♦r✐t❛✐r❡✱ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥st✐t✉❡ ✉♥❡ ❜♦♥♥❡ ❞❡s❝r✐♣t✐♦♥ ❧♦rsq✉❡ ❧✬♦♥ s✬✐♥tér❡ss❡ à
❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡✳ ❊♥✜♥✱ ♥♦✉s ét✉❞✐❡r♦♥s ❧❛ ❞②♥❛♠✐q✉❡
❞❡s ❜❛r②♦♥s ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡✳
❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ♠♦❞❡s ✈❡❝t♦r✐❡❧s✱ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r ✈❡❝t♦r✐❡❧❧❡ ✭✷✳✷✾✮
❡st ❞❡ ❧❛ ❢♦r♠❡
vˆi ∝ a−(1−3c2s), ✭✷✳✸✶✮
t❛♥❞✐s q✉❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ✭✷✳✷✽✮ ❡st
E′i ∝ a−2. ✭✷✳✸✷✮
▲❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ♠étr✐q✉❡ ✈❡❝t♦r✐❡❧❧❡s ❞é❝r♦✐ss❡♥t ❛✈❡❝ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ❡t ♥❡
✈♦♥t ❞♦♥❝ ♣❛s ✐♥t❡r✈❡♥✐r ❞❛♥s ❧❛ ❢♦r♠❛t✐♦♥ ❞❡s str✉❝t✉r❡s✳ ❉❡ ♣❧✉s✱ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ✈✐t❡ss❡ ♥✬❛
♣❛s ❞❡ ❝♦♠♣♦s❛♥t❡ ✈❡❝t♦r✐❡❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ s✐ vˆi = 0✱ ❛❧♦rs ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡ ✭✷✳✷✼✮ ✐♠♣❧✐q✉❡
q✉❡ E′i = 0✳ ◆♦✉s ♥é❣❧✐❣❡r♦♥s ❞♦♥❝ ❞❛♥s ❧❛ s✉✐t❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ✈❡❝t♦r✐❡❧❧❡s ❛✉ ♣r❡♠✐❡r ♦r❞r❡✳
✷✳✷✳✶ ➮r❡ ❞❡ r❛❞✐❛t✐♦♥
❉❛♥s ❧❡ ❝❛s ♣❧❛t✱ ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ✭✷✳✸✵✮ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ ♣❡rt✉r❜❛t✐♦♥s ❡st ✉♥❡
éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ❞✬♦r❞r❡ ❞❡✉①✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s s♦❧✉t✐♦♥s ❡st ❞♦♥❝ ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧
❞❡ ❞✐♠❡♥s✐♦♥ ❞❡✉①✳ ▲❛ s♦❧✉t✐♦♥ ❞✐✈❡r❣❡♥t❡ q✉❛♥❞ kη ≪ 1 ♥✬❡st ♣❛s ♣❤②s✐q✉❡✱ ♦✉ ♣❧✉tôt ❝♦rr❡s♣♦♥❞
❛✉ ♠♦❞❡ ❧❡ ♣❧✉s ❞é❝r♦✐ss❛♥t q✉✐ ❞❡✈✐❡♥t ♥é❣❧✐❣❡❛❜❧❡ q✉❛♥❞ kη ❝r♦ît✳ ◆♦✉s ♥❡ r❡t✐❡♥❞r♦♥s q✉❡ ❧❛
s♦❧✉t✐♦♥ ♥♦♥ ❞✐✈❡r❣❡♥t❡ q✉❛♥❞ kη ≪ 1✳ P❡♥❞❛♥t ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥✱ ❝❡tt❡ s♦❧✉t✐♦♥ ❡st
Eij ∝ j0(kη)εij = sin(kη)
kη
εij , ✭✷✳✸✸✮
♦ù εij ❡st ✉♥ t❡♥s❡✉r tr❛♥s✈❡rs❡ s❛♥s tr❛❝❡ ❝♦♥st❛♥t ♥♦r♠é✱ ❝✬❡st à ❞✐r❡ t❡❧ q✉❡ kiεij = εii =
0 , εijε
ij = 1✳ ▲❡s ❢♦♥❝t✐♦♥s jn s♦♥t ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❇❡ss❡❧ s♣❤ér✐q✉❡s✱ r❡❧✐é❡s ❛✉① ❢♦♥❝t✐♦♥s ❞❡
✷✵ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
❇❡ss❡❧ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ Jn ♣❛r
jν(z) =
√
π
2z
Jν+ 1
2
(z). ✭✷✳✸✹✮
❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ♠♦❞❡s s❝❛❧❛✐r❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❛♥s ❧❡ ❝❛s ♣❧❛t✱ ♦♥ ♣❡✉t ré❝r✐r❡
❧✬éq✉❛t✐♦♥ ✭✷✳✷✷✮ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✷✸✮✱ ❞ér✐✈é❡ ♣♦✉r ✉♥ ♠é❧❛♥❣❡ ❞❡ ✢✉✐❞❡s
♣❛r❢❛✐ts✱ ✐♠♣❧✐q✉❡ ♣♦✉r ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡✷ Φ = Ψ✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs
❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ✉♥✐✈❡rs ♣❧❛t ❞♦♠✐♥é ♣❛r ❧❛ r❛❞✐❛t✐♦♥
Φ′′ + 3HΦ′ + (H2 + 2H′)Φ− κa2
6
ρ¯rδr = 0 ✭✷✳✸✺✮
❊♥ ❝♦♠❜✐♥❛♥t ❝❡tt❡ éq✉❛t✐♦♥ ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ✭✷✳✷✶✮ ❛✜♥ ❞✬é❧✐♠✐♥❡r δr✱ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛✲
t✐♦♥ ✭✶✳✸✷✮ ♥♦✉s ♦❜t❡♥♦♥s
Φ′′ + 4HΦ′ − 1
3
∆Φ = 0, ✭✷✳✸✻✮
❞♦♥t ❧❛ s♦❧✉t✐♦♥ ❧❛ ♠♦✐♥s ❞é❝r♦✐ss❛♥t❡ ❡st ✭❡♥ ❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✮
Ψ = Φ = A(k)3
√
3(kη)−1j1
(
kη/
√
3
)
= A(k)
9
√
3
(kη)3
[
sin
(
kη/
√
3
)
− kη√
3
cos
(
kη/
√
3
)]
. ✭✷✳✸✼✮
▲❡s ❝♦❡✣❝✐❡♥ts ♥✉♠ér✐q✉❡s ♦♥t été ❝❤♦✐s✐s ❞❡ t❡❧❧❡ s♦rt❡ ♣♦✉r q✉❡ Φ → A(k) ❞❛♥s ❧❛ ❧✐♠✐t❡
kη → 0✳ ◆♦✉s ♣♦✉✈♦♥s ❡♥s✉✐t❡ ♦❜t❡♥✐r v ❡t δ à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✷✹✮ ❡t ❧✬éq✉❛t✐♦♥ ✭✷✳✷✶✮✳
◆♦✉s ♦❜t❡♥♦♥s r❡s♣❡❝t✐✈❡♠❡♥t
v = − A(k)
2k3η2
3
√
3
[
2
√
3kη cos
(
kη√
3
)
+
(
k2η2 − 6) sin( kη√
3
)]
✭✷✳✸✽✮
❡t
δ =
A(k)
(kη)3
[
12
√
3(3− k2η2) sin
(
kη/
√
3
)
+ 6kη(k2η2 − 6) cos
(
kη/
√
3
)]
. ✭✷✳✸✾✮
P♦✉r ❞❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡ ✭kη ≪ 1✮
Φ = Ψ ≃ A(k), kv ≃ −A(k)
2
kη, δ ≃ −2A(k), ✭✷✳✹✵✮
❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ♠étr✐q✉❡ ❡t ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ s♦♥t ❞♦♥❝ ❣❡❧é❡s✳ ❊♥ r❡✈❛♥❝❤❡ ♣♦✉r ❞❡s
♠♦❞❡s s✉❜✲❍✉❜❜❧❡
Φ = Ψ ≃ A(k) 9
(kη)2
cos
(
kη/
√
3
)
, kv ≃ −3
√
3A(k)
2
sin
(
kη/
√
3
)
. ✭✷✳✹✶✮
❖♥ ❝♦♥st❛t❡ ❞♦♥❝ q✉❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ♠étr✐q✉❡s s♦♥t ❛♠♦rt✐❡s ❧♦rsq✉✬❡❧❧❡s r❡♥tr❡♥t s♦✉s
❧❡ r❛②♦♥ ❞❡ ❍✉❜❜❧❡ ❡t q✉❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ♥❡ s♦♥t ♣❛s ❝r♦✐ss❛♥t❡s✳ ◆♦✉s
✈❡rr♦♥s q✉❡ ❝❡❝✐ ♥✬❡st ♣❧✉s ❧❡ ❝❛s s✐ ❧❡ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ❡st ❞♦♠✐♥é ♣❛r ❧❛ ♠❛t✐èr❡✳ ▲✬✐♥t❡♥s✐té ❞❡s
♣❡rt✉r❜❛t✐♦♥s ♣♦✉r ✉♥ ♠♦❞❡ r❡♥tré s♦✉s ❧❡ r❛②♦♥ ❞❡ ❍✉❜❜❧❡ ♣❡♥❞❛♥t ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥ s❡r❛ ❞♦♥❝
❛tté♥✉é❡ ❞✬❛✉t❛♥t ♣❧✉s q✉❡ ❝❡ ♠♦❞❡ ❡st ❞❡✈❡♥✉ s✉❜✲❍✉❜❜❧❡ tôt✳
✷❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❛ tr❛♥s✐t✐♦♥ r❛❞✐❛t✐♦♥✲♠❛t✐èr❡✱ ♦♥ ♠♦♥tr❡ ❣râ❝❡ à ❧❛ t❤é♦r✐❡ st❛t✐st✐q✉❡ ❞ét❛✐❧❧é❡ ❞❛♥s ❧❛
s❡❝t✐♦♥ ✸✳✸ q✉❡ ❧❡ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡ ❞❡ ❧❛ r❛❞✐❛t✐♦♥ ♥❡ ♣❡✉t ♣❧✉s êtr❡ ♥é❣❧✐❣é✳ ❉❡ ♣❧✉s ❧❡s ♥❡✉tr✐♥♦s✱
q✉❡ ♥♦✉s ✐❣♥♦r♦♥s t♦t❛❧❡♠❡♥t ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ❞é✈❡❧♦♣♣❡♥t é❣❛❧❡♠❡♥t ✉♥ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡ ❡t ♥❡
♣❡✉✈❡♥t ❞♦♥❝ ♣❛s êtr❡ ❞é❝r✐t ♣❛r ✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❛♥s ❧❡s ♣❡rt✉r❜❛t✐♦♥s✳
❉②♥❛♠✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ✷✶
✷✳✷✳✷ ➮r❡ ❞❡ ♠❛t✐èr❡
P❡♥❞❛♥t ❧✬èr❡ ❞❡ ♠❛t✐èr❡✱ ❧❛ s♦❧✉t✐♦♥ ❧❛ ♠♦✐♥s ❞é❝r♦✐ss❛♥t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ✭✷✳✸✵✮
❡st
Eij ∼ 3j1(kη)
kη
ǫij = 3
sin(kη)− kη cos(kη)
(kη)3
ǫij . ✭✷✳✹✷✮
❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ♠♦❞❡s s❝❛❧❛✐r❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❛♥s ❧❡ ❝❛s ♣❧❛t✱ ❡♥ ♣r♦❝é❞❛♥t ❞❡ ❧❛
♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ♣♦✉r ❧❡ ❝❛s ❞✬✉♥ ✉♥✐✈❡rs ❞♦♠✐♥é ♣❛r ❧❛ r❛❞✐❛t✐♦♥✱ ♦♥ ♣❡✉t ré❝r✐r❡ ❧✬éq✉❛t✐♦♥
✭✷✳✷✷✮ s♦✉s ❧❛ ❢♦r♠❡
Φ′′ + 3HΦ′ = 0. ✭✷✳✹✸✮
▲❛ s♦❧✉t✐♦♥ ❧❛ ♠♦✐♥s ❞é❝r♦✐ss❛♥t❡ ❡st ❝♦♥st❛♥t❡ ❡t s✬é❝r✐t ❞♦♥❝
Ψ = Φ = A(k). ✭✷✳✹✹✮
◆♦✉s ♣♦✉✈♦♥s ❡♥s✉✐t❡ ♦❜t❡♥✐r v ❡t δ à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✷✹✮ ❡t ❧✬éq✉❛t✐♦♥ ✭✷✳✷✶✮✳ ◆♦✉s
♦❜t❡♥♦♥s r❡s♣❡❝t✐✈❡♠❡♥t
v = −1
3
A(k)η ✭✷✳✹✺✮
❡t
δ = −
[
1
6
(kη)2 + 2
]
A(k). ✭✷✳✹✻✮
◆♦✉s ❝♦♥st❛t♦♥s q✉❡ ♣♦✉r ❞❡s ♠♦❞❡s s✉❜✲❍✉❜❜❧❡ ❧❡ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❡st ❝r♦✐ss❛♥t ❝♦♠♠❡
(kη)2 ∼ a✳ ❈✬❡st ❞♦♥❝ ♣❡♥❞❛♥t ❧✬èr❡ ❞❡ ♠❛t✐èr❡ q✉❡ ❧✬❡✛♦♥❞r❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ♣❡✉t ♠❡♥❡r à
❧❛ ❢♦r♠❛t✐♦♥ ❞❡s str✉❝t✉r❡s à ♣❛rt✐r ❞❡ ✢✉❝t✉❛t✐♦♥s ♣r✐♠♦r❞✐❛❧❡s✳
✷✳✷✳✸ ❚r❛♥s✐t✐♦♥ r❛❞✐❛t✐♦♥✲♠❛t✐èr❡
▲✬èr❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ ♠❛t✐èr❡ s✉❝❝è❞❡ à ❧✬èr❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ r❛❞✐❛t✐♦♥✱ ❧❡s s♦❧✉t✐♦♥s ♣rés❡♥té❡s
❞❛♥s ❧❡s ❞❡✉① ❝❛s ❝✐✲❞❡ss✉s ♥❡ s♦♥t ❞♦♥❝ ♣❛s ✈❛❧❛❜❧❡s ♣❛rt♦✉t✳ ❆✜♥ ❞❡ ❧❡s r❛❝❝♦r❞❡r✱ ♥♦✉s ❛❧❧♦♥s
ét✉❞✐❡r ❧❡ ❝❛s ❞✬✉♥ ✉♥✐✈❡rs ❞♦♠✐♥é ♣❛r ✉♥ ♠é❧❛♥❣❡ ❞❡ ♠❛t✐èr❡ ❡t ❞❡ r❛②♦♥♥❡♠❡♥t s❛♥s ✐♥t❡r❛❝t✐♦♥✳
▲❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❡t ❧❛ ♣r❡ss✐♦♥ s♦♥t ❛❞❞✐t✐❢s ♣♦✉r ❞❡s ✢✉✐❞❡s s✉✣s❛♠♠❡♥t ❞✐❧✉és s✐ ❜✐❡♥ q✉❡
❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ t♦t❛❧❡ ❛✐♥s✐ q✉❡ ❧❛ ♣r❡ss✐♦♥ t♦t❛❧❡ s♦♥t ❞♦♥♥é❡s ♣❛r
ρ = ρm + ρr, P = Pm + Pr. ✭✷✳✹✼✮
◆♦✉s ❞é❞✉✐s♦♥s t♦✉t ❞✬❛❜♦r❞ q✉❡ ❧❡ ♣❛r❛♠ètr❡ ❞✬ét❛t t♦t❛❧ ❡st ❞♦♥♥é ♣❛r
ρw = ρmwm + ρrwr =
1
3
ρr. ✭✷✳✹✽✮
❉❡ ♣❧✉s ❡♥ ❞ér✐✈❛♥t ❝❡tt❡ r❡❧❛t✐♦♥ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ✭✷✳✶✺✮ q✉✐ ❡st s❛t✐s❢❛✐t❡ ♣♦✉r ❝❤❛q✉❡
✢✉✐❞❡ ❛✐♥s✐ q✉❡ ♣♦✉r ❧❡ ✢✉✐❞❡ t♦t❛❧✱ ♥♦✉s ❡♥ ❞é❞✉✐s♦♥s q✉❡
ρ¯c2s = ρ¯m
(
1 + wm
1 + w
)
c2s,m + ρ¯r
(
1 + wr
1 + w
)
c2s,r =
4w
3(1 + w)
ρ¯ . ✭✷✳✹✾✮
P❧✉tôt q✉❡ ❞✬✉t✐❧✐s❡r ❧❡ t❡♠♣s ❝♦♥❢♦r♠❡ ❝♦♠♠❡ ♣❛r❛♠ètr❡ ❞✬é✈♦❧✉t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛✲
t✐♦♥✱ ♥♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r ❧❡ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ♥♦r♠❛❧✐sé à ❧✬éq✉✐✈❛❧❡♥❝❡
y ≡ a
a❡q
=
1 + z❡q
1 + z
. ✭✷✳✺✵✮
✷✷ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
◆♦✉s ❞é✜♥✐ss♦♥s ❞❡ ♣❧✉s ❧❛ ❧♦♥❣✉❡✉r λ❡q = 2πdH(η❡q)✳ ❆✉ ❢❛❝t❡✉r 2π ♣rès ✐❧ s✬❛❣✐t ❞✉ r❛②♦♥ ❞❡
❍✉❜❜❧❡ à ❧✬éq✉✐✈❛❧❡♥❝❡✳ ▲❡ ♠♦❞❡ ❛ss♦❝✐é✱ ❡t q✉✐ ❞❡✈✐❡♥t ❞♦♥❝ s✉❜✲❍✉❜❜❧❡ ❛♣rès ❧✬éq✉✐✈❛❧❡♥❝❡✱ ❡st
❞♦♥♥é ♣❛r
k❡q ≡ H❡q ≡ H(η❡q). ✭✷✳✺✶✮
▲❛ ❢♦♥❝t✐♦♥ ❞❡ ❍✉❜❜❧❡ ❡t ❧❛ ♣r❡♠✐èr❡ éq✉❛t✐♦♥ ❞❡ ❋r✐❡❞♠❛♥♥ ✭✶✳✷✵✮ ❞❛♥s ❧❡ ❝❛s ♣❧❛t s✬é❝r✐✈❡♥t
r❡s♣❡❝t✐✈❡♠❡♥t
H = y
′
y
, H2 = 1 + y
2y2
H❡q . ✭✷✳✺✷✮
◆♦✉s ♣♦✉✈♦♥s rés♦✉❞r❡ ❢❛❝✐❧❡♠❡♥t ❝❡ s②stè♠❡ ♣♦✉r ❞é❞✉✐r❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ y ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s
❝♦♥❢♦r♠❡✳ ❚♦✉t ❞✬❛❜♦r❞ ♥♦✉s ❞é❞✉✐s♦♥s ❢❛❝✐❧❡♠❡♥t q✉❡ y′′ = (k❡q/2)2✱ ❡t ♥♦✉s ♦❜t❡♥♦♥s
y =
k❡qη√
2
+
(k❡qη)
2
8
, η =
2
√
2
k❡q
(
−1 +
√
1 + y
)
, ✭✷✳✺✸✮
❝❡ q✉✐ ✐♥t❡r♣♦❧❡ ❧❡s s♦❧✉t✐♦♥s ♦❜t❡♥✉❡s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✶✳✸✷✳ ❉❡ ♣❧✉s✱ ❝♦♠♠❡ ρ¯r ∝ a−4 ❡t ρ¯m ∝ a−3✱
♥♦✉s ❞é❞✉✐s♦♥s q✉❡
y =
ρ¯m
ρ¯r
,
ρ¯r
ρ¯
=
1
1 + y
,
ρ¯m
ρ¯
=
y
1 + y
✭✷✳✺✹✮
❛✐♥s✐ q✉❡
w =
1
3(1 + y)
, c2s =
1
3
1(
1 + 34y
) . ✭✷✳✺✺✮
❆✜♥ ❞❡ ♣❛r❛♠étr❡r ❧✬é✈♦❧✉t✐♦♥ ❞❡s ♣❡rt✉r❜❛t✐♦♥s s❝❛❧❛✐r❡s ♣❛r y✱ ♥♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ❜❡s♦✐♥ ❞❡
♣♦✉✈♦✐r ♣❛ss❡r ❞❡s ❞ér✐✈é❡s ♣❛r r❛♣♣♦rt à η à ❞❡s ❞ér✐✈é❡s ♣❛r r❛♣♣♦rt à y✱ ❣râ❝❡ ❛✉① r❡❧❛t✐♦♥s
X ′ =
√
1 + y
2
k❡q
dX
dy
, X ′′ =
1 + y
2
k2❡q
d2X
dy2
+
k2❡q
4
dX
dy
. ✭✷✳✺✻✮
▲✬éq✉❛t✐♦♥ ✭✷✳✷✷✮✱ ❝♦♠❜✐♥é❡ à ❧✬éq✉❛t✐♦♥ ✭✷✳✷✶✮ ♣❡✉t êtr❡ ré❝r✐t❡ ❡♥ ✉t✐❧✐s❛♥t t♦✉s ❝❡s rés✉❧t❛ts
♣ré❧✐♠✐♥❛✐r❡s s❡❧♦♥
d2Φ
dy2
+
[
8 + 9y
2y(1 + y)
]
dΦ
dy
+
1
y(1 + y)
Φ +
2
3(1 + y)k2❡q
k2Φ+
1
2y(1 + y)
δm = 0. ✭✷✳✺✼✮
❉❛♥s ❧❛ ❧✐♠✐t❡ ♦ù y ≫ 1✱ ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ✭✷✳✷✶✮✱ ❝❡tt❡ éq✉❛t✐♦♥ ❡st ❛♣♣r♦①✐♠é❡
♣❛r ❧✬éq✉❛t✐♦♥
d2Φ
dy2
+
[
6 + 7y
2y(1 + y)
]
dΦ
dy
= 0, ✭✷✳✺✽✮
❡t ♦♥ r❡tr♦✉✈❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡s r❡❧❛t✐♦♥s ✭✷✳✺✻✮ ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❡♥ èr❡ ❞❡ ♠❛t✐èr❡ ✭✷✳✹✸✮✳
▲✬éq✉❛t✐♦♥ ✭✷✳✺✼✮ ❞✬é✈♦❧✉t✐♦♥ ♣♦✉r Φ ❢❛✐t ✐♥t❡r✈❡♥✐r ❧❡ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞❡ ❧❛ ♠❛t✐èr❡ ❞♦♥t ✐❧ ✈❛
❢❛❧❧♦✐r ❞ét❡r♠✐♥❡r ❧✬é✈♦❧✉t✐♦♥✳ ▲✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✷✳✷✺✮ ❛✐♥s✐ q✉❡ ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r ✭✷✳✷✻✮
❛✉ ♣r❡♠✐❡r ♦r❞r❡ ♣♦✉r ❧❛ ♠❛t✐èr❡ s✬é❝r✐✈❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ y
dδm
dy
=
k
k❡q
√
2
1 + y
vm + 3
dΦ
dy
, ✭✷✳✺✾✮
dvm
dy
= −vm
y
− k
k❡q
√
2
1 + y
Φ . ✭✷✳✻✵✮
❉②♥❛♠✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ✷✸
❈❡s éq✉❛t✐♦♥s ♣❡✉✈❡♥t êtr❡ ❝♦♠❜✐♥é❡s ♣♦✉r ♦❜t❡♥✐r ✉♥ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡
♣♦✉r δm
d2δm
dy2
+
2 + 3y
2y(1 + y)
dδm
dy
= SΦ(y) ≡ +3d
2Φ
dy2
+
[
6 + 9y
2y(1 + y)
]
dΦ
dy
− 2k
2
(1 + y)k2❡q
Φ. ✭✷✳✻✶✮
❆✈❛♥t ❞❡ r❡❝❤❡r❝❤❡r ❧❡s s♦❧✉t✐♦♥s ❞❡ ❝❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❝♦✉♣❧é❡s ✭✷✳✺✼✲✷✳✻✶✮✱ ✐❧ ♥♦✉s ❢❛✉t
❞ét❡r♠✐♥❡r ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞✉ ✢✉✐❞❡ ❞❡ ♠❛t✐èr❡✳ ▲❡ ♠é❧❛♥❣❡ ❞❡
✢✉✐❞❡s ♣❛r❢❛✐ts ♥✬ét❛♥t ♣❛s ❛ ♣r✐♦r✐ ♣❛r❢❛✐t✱ ♦♥ s✉♣♣♦s❡ ❞❡ ♣❧✉s q✉❡ ❧❡ ♠é❧❛♥❣❡ ❞✉ ✢✉✐❞❡ ❞❡
r❛❞✐❛t✐♦♥ ❡t ❞✉ ✢✉✐❞❡ ❞❡ ♠❛t✐èr❡ s❡ ❝♦♠♣♦rt❡♥t ❝♦♠♠❡ ✉♥ s❡✉❧ ✢✉✐❞❡ ♣❛r❢❛✐t✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡
✢✉✐❞❡ t♦t❛❧ ❞♦♥t ❧❡s q✉❛♥t✐tés t❤❡r♠♦❞②♥❛♠✐q✉❡ s♦♥t ❞♦♥♥é❡s ♣❛r ❧❡s r❡❧❛t✐♦♥s ✭✷✳✹✼✮ s❛t✐s❢❛✐t
δP = c2sδρ✱ ♦ù cs ❡st ❞♦♥♥é ❞❛♥s ❧❡s r❡❧❛t✐♦♥s ✭✷✳✺✺✮✳ ❈♦♠♠❡ δρ = δρm + δρr ♦♥ ♦❜t✐❡♥t q✉❡ ❧❡
❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞✉ ✢✉✐❞❡ t♦t❛❧ ❡st ❞♦♥♥é ♣❛r
δ =
yδm + δr
1 + y
. ✭✷✳✻✷✮
P♦✉r q✉❡ ❧❡ ✢✉✐❞❡ t♦t❛❧ s❛t✐s❢❛ss❡ δP = c2sδρ ✐❧ ❢❛✉t ❛❧♦rs q✉❡ ❧❡s ❝♦♥tr❛st❡s ❞❡ ❞❡♥s✐tés s❛t✐s❢❛ss❡♥t
❧❛ ❝♦♥❞✐t✐♦♥ ❞✬❛❞✐❛❜❛t✐❝✐té
δm = 3δr/4. ✭✷✳✻✸✮
❖♥ ✉t✐❧✐s❡ ❞♦♥❝ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ s✐ ❧✬♦♥ s✉♣♣♦s❡ ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛❞✐❛❜❛t✐q✉❡s✳ ❯♥❡ r❡♣ré✲
s❡♥t❛t✐♦♥ ❞❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✻✶✮ ♣❡✉t êtr❡ é❝r✐t❡ s♦✉s ❢♦r♠❡ ✐♥té❣r❛❧❡ ❡♥ ✉t✐❧✐s❛♥t ❧❛
♠ét❤♦❞❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥✳ ❖♥ ♦❜t✐❡♥t
δm(y) = C1 + C2 ln
(√
1 + y − 1√
1 + y + 1
)
+
∫ y
0
G(y, y˜)SΦ(y˜)dy˜, ✭✷✳✻✹✮
♦ù
G(y, y˜) = y˜
√
1 + y˜ ln
[(√
1 + y˜ + 1
) (√
1 + y − 1)(√
1 + y + 1
) (√
1 + y˜ − 1)
]
. ✭✷✳✻✺✮
◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ♥♦✉s r❡str❡✐♥❞r❡ ❛✉ ❞♦♠❛✐♥❡ ♦ù ❧❛ r❛❞✐❛t✐♦♥ ❞♦♠✐♥❡ ❧❡ ❝♦♥t❡♥✉ é♥❡r✲
❣ét✐q✉❡ ❞❡ ❧✬✉♥✐✈❡rs✱ ❝✬❡st✲à✲❞✐r❡ q✉❛♥❞ y ≪ 1✳ ❉✬❛♣rès ❧❛ r❡❧❛t✐♦♥ ✭✷✳✺✸✮✱ ❧❛ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡
♠✉❧t✐♣❧✐❛♥t C2 ❡st ❞❡ ❧❛ ❢♦r♠❡ ≃ ln(
√
1 + y − 1) ∝ ln(kη)✳ P♦✉r ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛❞✐❛❜❛✲
t✐q✉❡s✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❧❛ s♦❧✉t✐♦♥ ✭✷✳✸✾✮ ♣♦✉r ✉♥ ✉♥✐✈❡rs ❞♦♠✐♥é ♣❛r ❧❛ r❛❞✐❛t✐♦♥ ♣♦ssè❞❡
✉♥❡ ✈❛❧❡✉r ✜♥✐❡ ❞❛♥s ❝❡tt❡ ❧✐♠✐t❡ ❬3Φ(y = 0)/2❪✱ ❡t ❝♦♠♠❡ ❧❛ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭✷✳✻✹✮ t❡♥❞
✈❡rs 0 ❞❛♥s ❝❡tt❡ ❧✐♠✐t❡✱ ♦♥ ♦❜t✐❡♥t q✉❡ C2 ❡st ♥é❝❡ss❛✐r❡♠❡♥t ♥✉❧ ❡t C1 = 3Φ(y = 0)/2✳
◆♦✉s ❝❤❡r❝❤♦♥s ❞❡ ♣❧✉s à ❞é❝r✐r❡ ❞❡s ♠♦❞❡s q✉✐ r❡♥tr❡♥t s♦✉s ❧❡ r❛②♦♥ ❞❡ ❍✉❜❜❧❡ ❧♦rsq✉❡ ❝❡tt❡
❧✐♠✐t❡ y ≪ 1 ❡st ❡♥❝♦r❡ ✈❛❧❛❜❧❡✳ ❯♥ ♠♦❞❡ ❡st s♦✉s ❧❡ r❛②♦♥ ❞❡ ❍✉❜❜❧❡ s✐ kη = √2ky/k❡q ≫ 1✳
❈♦♠♠❡ ❧✬❡ss❡♥t✐❡❧ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ Φ ❡t ❞♦♥❝ ❞❡ SΦ s❡ s✐t✉❡ ❛✉① ❛❧❡♥t♦✉rs ❞❡ η = 1/k✱ ❝✬❡st✲
à✲❞✐r❡ ❞❡ y = k❡q/(
√
2k)✱ ❧❛ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ♣❡✉t êtr❡ é✈❛❧✉é❡ ❡♥ ♠❡♥❛♥t ❧✬✐♥té❣r❛❧❡ ❥✉sq✉✬à
❧✬✐♥✜♥✐✳ P♦✉r ❝❡❧❛ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ Φ ❡st ❞ét❡r♠✐♥é ♣r✐♥❝✐♣❛❧❡♠❡♥t ♣❛r δr ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞❡
P♦✐ss♦♥ ✭✷✳✷✶✮✳ ❆♣rès ✐♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡✱ ❡♥ ✉t✐❧✐s❛♥t ♣♦✉r Φ ❧❛ s♦❧✉t✐♦♥ ♦❜t❡♥✉❡ ❞❛♥s ✉♥
✉♥✐✈❡rs ❞♦♠✐♥é ♣❛r ❧❛ r❛❞✐❛t✐♦♥ ✭✷✳✸✼✮✱ ♦♥ ♦❜t✐❡♥t q✉❡ ❝❡tt❡ s♦❧✉t✐♦♥ ❡st ❝♦rr❡❝t❡♠❡♥t ❛♣♣r♦❝❤é❡
♣❛r ∫ y
0
G(y, y˜)SΦ(y˜)dy˜ ≃ −6 + 9 ln
(
k
√
2y
k❡q
)
. ✭✷✳✻✻✮
✷✹ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
❋✐♥❛❧❡♠❡♥t✱ ❞❛♥s ❝❡ ré❣✐♠❡ ❧❛ ❝r♦✐ss❛♥❝❡ ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞❡ ❧❛ ♠❛t✐èr❡ ❡st ❝♦rr❡❝t❡♠❡♥t
❞é❝r✐t❡ ♣❛r
δm(k, y) ≃ Φ(k, y = 0)
[
−4.5 + 9 ln
(
k
√
2y
k❡q
)]
. ✭✷✳✻✼✮
◆♦✉s ❝♦♥st❛t♦♥s ❞♦♥❝ q✉❡ ♣♦✉r ❞❡s ♠♦❞❡s s✉❜✲❍✉❜❜❧❡ ❞❛♥s ❧✬èr❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ r❛❞✐❛t✐♦♥✱
δm ∝ ln y✳ ❖r ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✷✳✸✾✮ ♣♦✉r ❝❡s ♠♦❞❡s
δr(k, y) ∼ 6Φ(k, y = 0) cos
[
k
k❡q
2
√
2√
3
(√
1 + y − 1
)]
, ✭✷✳✻✽✮
s✐ ❜✐❡♥ q✉✬✐❧ ✈❛ ❡①✐st❡r ✉♥ t❡♠♣s ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ré❞✉✐t y⋆ ♦ù ❧❛ ❝♦♥tr✐❜✉t✐♦♥ à
❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ✭✷✳✷✶✮ ❞✉ ✢✉✐❞❡ ❞❡ ♠❛t✐èr❡ ❞❡✈✐❡♥t ❝♦♠♣❛r❛❜❧❡ à ❝❡❧❧❡ ❞✉ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥
✭✈♦✐r ❋✐❣s✳ ✷✳✶ ❡t ✷✳✷✮✳
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0
-6
-5
-4
-3
-2
-1
0
1
Log@yD
❋✐❣✳ ✷✳✶✿ δρm =
y
1+y δm ✭❡♥ tr❛✐t ♣❧❡✐♥✮ ❡t δρr =
1
1+y δr ✭❡♥ t✐r❡ts✮ ♣♦✉r k/k❡q = 1, 2, 5 r❡s♣❡❝t✐✲
✈❡♠❡♥t ❡♥ r♦✉❣❡ ✈❡rt ❡t ❜❧❡✉✳ P♦✉r ❞❡s ♠♦❞❡s ♣❧✉s ❣r❛♥❞s q✉❡ k❡q ✐❧ ❛♣♣❛r❛ît q✉❡ ❧❡ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧ ✈❛ êtr❡ ❞ét❡r♠✐♥é ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❛♥s ❧❡ ✢✉✐❞❡ ❞❡ ♠❛t✐èr❡ ❛✈❛♥t ❧✬éq✉✐✈❛❧❡♥❝❡✳
◆♦✉s ❛❧❧♦♥s ❞♦♥❝ ét✉❞✐❡r ❧❡ ré❣✐♠❡ ♦ù ♣♦✉r ❝❡ ♠♦❞❡ s✉❜✲❍✉❜❜❧❡✱ ❧❡ ♣♦t❡♥t✐❡❧ Φ ❡st ♣r✐♥❝✐♣❛✲
❧❡♠❡♥t ❞ét❡r♠✐♥é ♣❛r δm ♣❧✉tôt q✉❡ δr✱ ❝✬❡st✲à✲❞✐r❡ ♣♦✉r y ≫ y⋆(k)✳ ▲✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ❞❛♥s
❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ s✬é❝r✐t
Φ = − 3k
2
❡q
4yk2
δm. ✭✷✳✻✾✮
❡t ❧❡ t❡r♠❡ ❞♦♠✐♥❛♥t ❞❡ SΦ ❡st ❛❧♦rs
SΦ ≃ − 2k
2
(1 + y)k2❡q
Φ. ✭✷✳✼✵✮
▲✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡ δm ✭✷✳✻✶✮ ♣r❡♥❞ ❞♦♥❝ ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡
d2δm
dy2
+
2 + 3y
2y(1 + y)
dδm
dy
− 3
2y(1 + y)
δm = 0, ✭✷✳✼✶✮
❉②♥❛♠✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ✷✺
0 5 10 15 20
0.2
0.4
0.6
0.8
1.0
kkeq
y*
❋✐❣✳ ✷✳✷✿ y⋆ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❛♣♣♦rt k/k❡q
q✉✐ ❡st ❧✬éq✉❛t✐♦♥ ❞❡ ▼és③ár♦s ❬▼és③ár♦s ✼✹❪✳ ❙❡s s♦❧✉t✐♦♥s s♦♥t ❞❡ ❧❛ ❢♦r♠❡
D+(y) = y + 2/3, D−(y) = −2
√
(1 + y) +D+(y) ln
(√
1 + y + 1√
1 + y − 1
)
. ✭✷✳✼✷✮
▲❛ s♦❧✉t✐♦♥ ❡st ❞♦♥❝ ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ D+ ❡t D− ❞♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts ❞♦✐✈❡♥t êtr❡
❞ét❡r♠✐♥és ❞❡ t❡❧❧❡ s♦rt❡ q✉✬❡❧❧❡ s❡ r❛❝❝♦r❞❡ à ❧❛ s♦❧✉t✐♦♥ ✭✷✳✻✼✮✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ y ≪ 1✳ ▲❡ ♣♦t❡♥t✐❡❧
Φ ❡st ❡♥s✉✐t❡ ❞é❞✉✐t ❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✻✾✮✳ ❈❡♣❡♥❞❛♥t✱ ✉♥❡ ✐♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞♦♥♥❡r❛ ❞❡s
rés✉❧t❛ts ♣❧✉s ♣ré❝✐s✱ ❡t ❧❡s rés✉❧t❛ts s♦♥t ♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✷✳✶✳
❖♥ s✬✐♥tér❡ss❡ ♠❛✐♥t❡♥❛♥t ❛✉① ♠♦❞❡s q✉✐ s♦♥t s✉♣❡r✲❍✉❜❜❧❡ ♣❡♥❞❛♥t t♦✉t❡ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡
❧✬èr❡ ❞❡ r❛②♦♥♥❡♠❡♥t ❡t ❧✬èr❡ ❞❡ ♠❛t✐èr❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❡s ♠♦❞❡s t❡❧s q✉❡ kη =
√
2ky/k❡q ≫ 1✳
P♦✉r ❝❡s ♠♦❞❡s✱ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✷✳✷✺✮ s✬é❝r✐t r❡s♣❡❝t✐✈❡♠❡♥t ♣♦✉r ❧❛ r❛❞✐❛t✐♦♥ ❡t ♣♦✉r
❧❛ ♠❛t✐èr❡
δ′r − 4Ψ′ = 0, ✭✷✳✼✸✮
δ′m − 3Ψ′ = 0, ✭✷✳✼✹✮
❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ s✐ ♥♦✉s ❛✈♦♥s ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛❞✐❛❜❛t✐q✉❡s✱ ❛❧♦rs ❝❡tt❡ ❝♦♥❞✐t✐♦♥ r❡st❡
s❛t✐s❢❛✐t❡ ♣♦✉r ❧❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡ ❝❛r(
δm − 3
4
δr
)′
= 0. ✭✷✳✼✺✮
◆♦✉s ♣♦✉✈♦♥s ❡♥ ❞é❞✉✐r❡ q✉❡ ♣♦✉r ❧❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛❞✐❛❜❛✲
t✐q✉❡s
δm =
3(1 + y)
4(1 + 34y)
δ, δr =
(1 + y)
(1 + 34y)
δ. ✭✷✳✼✻✮
❊♥ ✉t✐❧✐s❛♥t ❝❡ rés✉❧t❛t ❛✐♥s✐ q✉❡ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ✭✷✳✷✶✮ ♣♦✉r ❧❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡✱ ♦♥
♦❜t✐❡♥t
δ = −2
(
Φ+
dΦ
dy
y
)
, ✭✷✳✼✼✮
✷✻ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
❡t ♦♥ ♣❡✉t ❞♦♥❝ ré❝r✐r❡ ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡ Φ ✭✷✳✺✼✮ s♦✉s ❧❛ ❢♦r♠❡ ❢❡r♠é❡
d2Φ
dy2
+
[
32 + 54y + 21y2
2y(1 + y)(4 + 3y)
]
dΦ
dy
+
1
y(1 + y)(4 + 3y)
Φ = 0. ✭✷✳✼✽✮
▲❡s s♦❧✉t✐♦♥s ❞❡ ❝❡tt❡ éq✉❛t✐♦♥ s♦♥t ❞❡ ❧❛ ❢♦r♠❡
Φ(y) = C1
√
1 + y
y3
+ C2
(−16− 8y + 2y2 + 9y3)
y3
. ✭✷✳✼✾✮
❊♥ ✐♠♣♦s❛♥t q✉❡ ❧❛ ❧✐♠✐t❡ q✉❛♥❞ y ≪ 1 ❡st ✜♥✐❡ ❡t ✈❛✉t Φ(0) = A(k)✱ ♦♥ ❛ ♥é❝❡ss❛✐r❡♠❡♥t
C1 = 16C2 ❡t C2 = Φ(0)/10 = A(k)/10✳ ▲❛ s♦❧✉t✐♦♥ s✬é❝r✐t ❞♦♥❝
Φ(y) =
A(k)
10y3
[
16
√
1 + y + 9y3 + 2y2 − 8y − 16
]
. ✭✷✳✽✵✮
❖♥ r❡♠❛rq✉❡ q✉✬❛♣rès ❧❛ tr❛♥s✐t✐♦♥✱ Φ(y) t❡♥❞ ✈❡rs ✉♥❡ ❝♦♥st❛♥t❡ q✉✐ ❡st ❞♦♥♥é❡ ♣❛r
Φ(y ≫ 1) = 9
10
Φ(y ≪ 1). ✭✷✳✽✶✮
✷✳✷✳✹ ▲♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
❉❛♥s ❧❡ ❝❛s ❞❡ ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧❡s ❝♦♥tr❛st❡s ❞❡ ❞❡♥s✐té ❞✉ ♠é❧❛♥❣❡
r❛❞✐❛t✐♦♥ ♠❛t✐èr❡ ❢r♦✐❞❡ ♣❡✉✈❡♥t êtr❡ r❡❧✐és ❛✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té t♦t❛❧ ♣❛r ❧❡s éq✉❛t✐♦♥s ✭✷✳✼✻✮
s✐ ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❞❡s ♣❡rt✉r❜❛t✐♦♥s s♦♥t ❛❞✐❛❜❛t✐q✉❡s✳ ❖♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❡ ✢✉✐❞❡ t♦t❛❧
❡st ✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t ♣♦✉r ❧❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡ ❝❛r δP − c2sδρ = 0✳ ❖♥ ♣❡✉t ❛❧♦rs ❝♦♠❜✐♥❡r ❧❡s
éq✉❛t✐♦♥s ✭✷✳✷✶✲✷✳✷✸✮ ♣♦✉r ♦❜t❡♥✐r
Ψ′′ +HΦ′ +HΨ′(2 + 3c2s) + 3Φ(c2s − w)− c2s∆Ψ = 0. ✭✷✳✽✷✮
❊♥ ✉t✐❧✐s❛♥t ❧❛ ❝♦♥tr❛✐♥t❡ ✭✷✳✷✸✮ q✉✐ ♥♦✉s ♣❡r♠❡t ❞✬é❝r✐r❡ Φ = Ψ✱ ❝❡tt❡ éq✉❛t✐♦♥ s❡ ré❝r✐t
Ψ′′ +Ψ′3H(1 + c2s) + 3Ψ(c2s − w)− c2s∆Ψ = 0. ✭✷✳✽✸✮
P♦✉r ❧❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡ ❝❡tt❡ éq✉❛t✐♦♥ ♣r❡♥❞ ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
−H
2Q
R(1)′ ≃ 0, ✭✷✳✽✹✮
❛✈❡❝ Q ≡ Hρ¯/ρ¯′ = − 13(1+w) ❡t ♦ù R(1) ❡st ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❡♥ ❥❛✉❣❡ ❝♦♠♦❜✐❧❡ ❞♦♥♥é❡
❛✉ ♣r❡♠✐❡r ♦r❞r❡✱
R(1) ≡ Ψ− 2QH
(
Ψ′ +HΦ) . ✭✷✳✽✺✮
❈❡tt❡ r❡❧❛t✐♦♥ ♣❡✉t êtr❡ ✉t✐❧✐sé❡ ♣♦✉r ét❛❜❧✐r ✉♥ ❧✐❡♥ ❡♥tr❡ ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ s✉♣❡r✲
❍✉❜❜❧❡ ❛✈❛♥t ❡t ❛♣rès ❧❛ tr❛♥s✐t✐♦♥ r❛②♦♥♥❡♠❡♥t✲♠❛t✐èr❡ ♠❛✐s ❛✉ss✐ ♣♦✉r ét❛❜❧✐r ✉♥ ❧✐❡♥ ❡♥tr❡ ❧❛
♣❤❛s❡ ❞✬✐♥✢❛t✐♦♥ ♣r✐♠♦r❞✐❛❧❡ ❡t ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥✳ ■❧ s✬❛❣✐t ❞❡ ❧❛ ✈❡rs✐♦♥ ✐♥té❣r❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥
✭✷✳✽✸✮✳ ▲❛ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❝♦rr❡s♣♦♥❞ à ❧❛ s♦❧✉t✐♦♥ ❝r♦✐ss❛♥t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✽✸✮ t❛♥❞✐s q✉❡
❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡✱ ❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ R(1) = 0 ❝♦rr❡s♣♦♥❞ ❛✉ ♠♦❞❡ ❞é❝r♦✐ss❛♥t
❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✽✸✮✳
❉②♥❛♠✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ✷✼
❉❛♥s ✉♥❡ èr❡ ❞♦♠✐♥é❡ ♣❛r ✉♥ ✢✉✐❞❡ ❞❡ ♣❛r❛♠ètr❡ ❞✬ét❛t w ❝♦♥st❛♥t✱ ❝✬❡st✲à✲❞✐r❡ t❡❧ q✉❡
w = c2s✱ ✉♥❡ ❢♦✐s ❧❡ ♠♦❞❡ ❞é❝r♦✐ss❛♥t ♥é❣❧✐❣❡❛❜❧❡✱ ♦♥ ♣❡✉t r❡❧✐❡r Ψ à R ♣♦✉r ❞❡s ♠♦❞❡s s✉♣❡r✲
❍✉❜❜❧❡ ♣❛r
ΨI =
3(1 + w)
5 + 3w
R(1)I , ✭✷✳✽✻✮
♦ù ❧✬✐♥❞✐❝❡ I s✐❣♥✐✜❡ q✉✬✐❧ s✬❛❣✐t ✉♥❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ♣♦✉r ❧❡s ♠♦❞❡s ❧♦rsq✉✬✐❧s s♦♥t s✉♣❡r✲❍✉❜❜❧❡✳
❈❡t ✐♥❞✐❝❡ ❡st ♣r❛t✐q✉❡ ❝❛r ✐❧ s✐❣♥✐✜❡ é❣❛❧❡♠❡♥t q✉❡ ❝❡tt❡ ✈❛❧❡✉r ❡st ❤ér✐té❡ ❞❡ ❧✬✐♥✢❛t✐♦♥✳ ❖♥
r❡tr♦✉✈❡ ❛❧♦rs ❡♥ é✈❛❧✉❛♥t ❝❡tt❡ r❡❧❛t✐♦♥ ❡♥ w = 1/3 ❡t w = 0 ❧❛ r❡❧❛t✐♦♥ ✭✷✳✽✶✮ ❡♥tr❡ ❧❡ ♣♦t❡♥t✐❡❧
s✉♣❡r✲❍✉❜❜❧❡ ♣❡♥❞❛♥t ❧❡s èr❡s ❞❡ r❛❞✐❛t✐♦♥ ❡t ❞❡ ♠❛t✐èr❡✳
❆✉ ❝♦✉rs ❞❡s s❡❝t✐♦♥s ♣ré❝é❞❡♥t❡s✱ ♥♦✉s ❛✈♦♥s ❞♦♥❝ ✈✉ q✉❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ✈❡❝t♦r✐❡❧❧❡s
ét❛✐❡♥t ♥é❣❧✐❣❡❛❜❧❡s ❝❛r ❛♠♦rt✐❡s s②sté♠❛t✐q✉❡♠❡♥t✱ t❛♥❞✐s q✉❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s t❡♥s♦r✐❡❧❧❡s
s♦♥t ❛♠♦rt✐❡s ✉♥✐q✉❡♠❡♥t ❧♦rsq✉✬❡❧❧❡s ❞❡✈✐❡♥♥❡♥t s✉❜✲❍✉❜❜❧❡✳ ◗✉❛♥t ❛✉① ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛
♠étr✐q✉❡✱ ❧♦rsq✉✬❡❧❧❡s s♦♥t s✉♣❡r✲❍✉❜❜❧❡ ❡❧❧❡s s♦♥t ❝♦♥st❛♥t❡s ❡t ♥❡ ✈❛r✐❡♥t q✉❡ ❞✬✉♥ ❢❛❝t❡✉r
9/10 à ❧❛ tr❛♥s✐t✐♦♥ r❛②♦♥♥❡♠❡♥t ♠❛t✐èr❡✳ ▲❡s ♠♦❞❡s s✉❜✲❍✉❜❜❧❡ s♦♥t ❡✉① ❛♠♦rt✐s ♣❡♥❞❛♥t ❧✬èr❡
❞❡ r❛❞✐❛t✐♦♥ ♠❛✐s r❡❣❛❣♥❡♥t ✉♥❡ ❧é❣èr❡ ❝r♦✐ss❛♥❝❡ ❧♦❣❛r✐t❤♠✐q✉❡ ❛✉ ♠♦♠❡♥t ❞❡ ❧❛ tr❛♥s✐t✐♦♥
r❛❞✐❛t✐♦♥✲♠❛t✐èr❡✱ ♣✉✐s s♦♥t ❝♦♥st❛♥ts ♣❡♥❞❛♥t ❧✬èr❡ ❞❡ ♠❛t✐èr❡✳
✷✳✷✳✺ ■♥tér❛❝t✐♦♥s ❜❛r②♦♥s✲♣❤♦t♦♥s
▲❛ ❞❡s❝r✐♣t✐♦♥ ♣ré❝é❞❡♥t❡ q✉✐ s✉♣♣♦s❛✐t q✉❡ t♦✉t❡ ❧❛ ♠❛t✐èr❡ ♥✬✐♥tér❛❣✐ss❛✐t ♣❛s ❛✈❡❝ ❧❛ r❛❞✐❛✲
t✐♦♥ ❡st ❛❞❛♣té❡ q✉❛♥❞ ✐❧ s✬❛❣✐t ❞❡ ❞ét❡r♠✐♥❡r ❧❡ ♣♦t❡♥t✐❡❧ Φ✳ ❊♥ r❡✈❛♥❝❤❡ s✐ ❧✬♦♥ ✈❡✉t ❞ét❡r♠✐♥❡r
❝♦rr❡❝t❡♠❡♥t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥✱ ✐❧ ❢❛✉t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ s♦♥ ✐♥t❡r❛❝t✐♦♥
❛✈❡❝ ❧❡s ❜❛r②♦♥s✱ ❡t ❝❡ ❞✬❛✉t❛♥t ♣❧✉s q✉❡ ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡s ♣❤♦t♦♥s ❞✐♠✐♥✉❡ ♣♦✉r ❞❡✈❡♥✐r
✐♥❢ér✐❡✉r❡ à ❝❡❧❧❡ ❞❡s ❜❛r②♦♥s✳ ❖♥ ✐♥tr♦❞✉✐t ♣♦✉r ♣❛r❛♠étr❡r ❝❡ ♠♦♠❡♥t ❧❡ r❛♣♣♦rt
R =
3ρ¯b
4ρ¯r
, ✭✷✳✽✼✮
♦ù ♦♥ ❛ ❞✐✈✐sé ❧❡ ❝♦♥t❡♥✉ ❡♥ ♠❛t✐èr❡ ❡♥tr❡ ♠❛t✐èr❡ ♥♦✐r❡ ❢r♦✐❞❡ ρc ❡t ♠❛t✐èr❡ ❜❛r②♦♥✐q✉❡ ρb
✭ρm = ρc+ρb✮✳ ❙✐ ♦♥ ✐♥tr♦❞✉✐t ❧❡ r❛♣♣♦rt ǫ ≡ ρb/ρm ≃ 0.15✱ ❛❧♦rs R = 34ǫy✳ ❉❛♥s ❧❛ ❧✐♠✐t❡ R≪ 1✱
❡t ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❡s ❜❛r②♦♥s ♣❡rt✉r❜❡♥t ♣❡✉ ❧❡s ❝♦♥❝❧✉s✐♦♥s ét❛❜❧✐❡s ♣♦✉r ✉♥ ✉♥✐✈❡rs ❞♦♠✐♥é
♣❛r ❧❛ r❛❞✐❛t✐♦♥✳ ❈❡♣❡♥❞❛♥t✱ ❧♦rsq✉❡ ♦♥ ❛♣♣r♦❝❤❡ ❧✬éq✉✐✈❛❧❡♥❝❡✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧❛ ♠❛t✐èr❡
♥✬✐♥tér❛❣✐ss❛✐t ♣❛s ❛✈❡❝ ❧❛ r❛❞✐❛t✐♦♥✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ♠❛t✐èr❡ ♥♦✐r❡ ❢r♦✐❞❡✱ ✈❛ ❞ét❡r♠✐♥❡r ❧❡ ♣♦t❡♥t✐❡❧
❣r❛✈✐t❛t✐♦♥♥❡❧✱ t❛♥❞✐s q✉❡ ♣❛r❛❧❧è❧❡♠❡♥t R ❝r♦ît ❡t q✉❡ ❧❡s ❡✛❡ts ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡s ❜❛r②♦♥s
✈♦♥t s❡ ❢❛✐r❡ r❡ss❡♥t✐r ♣♦✉r ❧❛ r❛❞✐❛t✐♦♥✳ ▲❛ ❢♦r♠❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✷✵✮ q✉✐ ❝❛r❛❝tér✐s❡ ❧✬✐♥t❡r❛❝t✐♦♥
❡♥tr❡ ❧❡ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥ ❡t ❧❡ ✢✉✐❞❡ ❞❡ ❜❛r②♦♥s ❞♦✐t êtr❡ ❥✉st✐✜é❡ à ♣❛rt✐r ❞❡ ❧✬ét✉❞❡ ❝✐♥ét✐q✉❡
❡t ♥♦✉s ❡①♣♦s❡r♦♥s ❧❛ ❞é♠❛r❝❤❡ ♥é❝❡ss❛✐r❡ ♣♦✉r ❝❡❧❛ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✼✳ ❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥
✢✉✐❞❡✱ ♦♥ ♦❜t✐❡♥t ❞♦♥❝ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❡t ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r s♦✉s ❧❛ ❢♦r♠❡
δ′r =
4
3
k2vr + 4Ψ
′, v′r = −
1
4
δr − Φ+ 1
6
k2πr + τ
′(vb − vr) ✭✷✳✽✽✮
δ′b = k
2vb + 3Ψ
′, v′b = −Hvb − Φ−
τ ′
R
(vb − vr), ✭✷✳✽✾✮
♦ù τ ′ = an¯eσ❚✱ σ❚ ét❛♥t ❧❛ s❡❝t✐♦♥ ❡✣❝❛❝❡ ❞❡ ❧❛ ❞✐✛✉s✐♦♥ ❈♦♠♣t♦♥✱ n¯e ❧❛ ❞❡♥s✐té ❞✬é❧❡❝tr♦♥s
❧✐❜r❡s ❞❡ ❢♦♥❞ ❡t k2πr ≡ kikjπij ✳ ▲❛ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡ ❡st ❧❛ ♠❛♥✐❢❡st❛t✐♦♥ ❞✉ ❢❛✐t q✉❡ ❧❡
✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥ s♦✉♠✐s ❛✉① ❞✐✛✉s✐♦♥s ❈♦♠♣t♦♥ s✉r ❧❡s ❜❛r②♦♥s ♥❡ ✈❛ ♣❧✉s r❡st❡r ✉♥ ✢✉✐❞❡
✷✽ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
♣❛r❢❛✐t✳ P❛r ❝♦♥séq✉❡♥❝❡ ✐❧ ❢❛✉t ❞ét❡r♠✐♥❡r✱ ✈✐❛ ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡✱ s❛ ❢♦r♠❡ ❧❛ ♠✐❡✉① ❛❞❛♣té❡
❛ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡✳ ■❧ ♣❡✉t êtr❡ ♠♦♥tré ❣râ❝❡ à ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡ q✉❡ s✐ ❧❡s ✐♥tér❛❝t✐♦♥s
❡♥tr❡ ❧❡s ♣❤♦t♦♥s ❡t ❧❡s ❜❛r②♦♥s s♦♥t ❢♦rt❡s✱ πr ≃ −9645vr/τ ′✳ ■❧ ❢❛✉t é❣❛❧❡♠❡♥t ❢❛✐r❡ ❧❛ ❞✐st✐♥❝t✐♦♥
❡♥tr❡ Φ ❡t Ψ q✉✐ ✈♦♥t ❝❡ss❡r ❞✬êtr❡ é❣❛✉① à ❝❛✉s❡ ❞❡ ❧❛ ♣rés❡♥❝❡ ❞✉ ❝❡ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥
❛♥✐s♦tr♦♣❡ ❝❛r ❝❡ t❡♥s❡✉r ✐♥t❡r✈✐❡♥t ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✷✳✷✸✮✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ♥♦✉s ❛❧❧♦♥s
❝♦♥s✐❞ér❡r ❞❡s é❝❤❡❧❧❡s t❡❧❧❡s q✉❡ k/τ ′ ≪ 1✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ♥♦✉s ❛❧❧♦♥s ❝♦♥s✐❞ér❡r ❧❡ ré❣✐♠❡ ❞❡
❝♦✉♣❧❛❣❡ ❢♦rt✸ ❬P❡❡❜❧❡s ✫ ❨✉ ✼✵✱ ❙❛❝❤s ✫ ❲♦❧❢❡ ✻✼❪✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❛❧❧♦♥s ❝♦♥s✐❞ér❡r ✉♥
❞é✈❡❧♦♣♣❡♠❡♥t ♣❡rt✉r❜❛t✐❢ ❞❡s éq✉❛t✐♦♥s ❞❛♥s ❧❡ ♣❛r❛♠ètr❡ k/τ ′ ❡t tr❛✈❛✐❧❧❡r ❞✬❛❜♦r❞ à ❧✬♦r❞r❡
❞♦♠✐♥❛♥t✳ ◆♦✉s ♦❜t❡♥♦♥s à ♣❛rt✐r ❞❡ ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t ❞❡s éq✉❛t✐♦♥s ❞✬❊✉❧❡r ❡t ❞❡ ❝♦♥s❡r✈❛t✐♦♥
vb = vr +O(k/τ ′), δ′r =
4
3
δ′b +O(k/τ ′). ✭✷✳✾✵✮
▲❡s éq✉❛t✐♦♥s ❞✬❊✉❧❡r s❡ ré❝r✐✈❡♥t ❞♦♥❝
[(1 +R)vr]
′ = −1
4
δr − (1 +R)Φ +O(k/τ ′) , ✭✷✳✾✶✮
❝❡ q✉✐ ♣❡r♠❡t ❡♥s✉✐t❡ ❞❡ ❢❡r♠❡r ❧❛ ❞ér✐✈é❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ r❛❞✐❛t✐♦♥
δ′′r +
R′
1 +R
δ′r +
k2
3(1 +R)
δr = 4
[
Φ′′ +
R′
1 +R
Φ′ − 1
3
k2Φ
]
+O(k/τ ′) ≡ F (Φ) +O(k/τ ′). ✭✷✳✾✷✮
▲❡ ♠❡♠❜r❡ ❞❡ ❣❛✉❝❤❡ ❡st ✉♥❡ éq✉❛t✐♦♥s ❞✬♦s❝✐❧❧❛t✐♦♥ ❤❛r♠♦♥✐q✉❡ ❛♠♦rt✐❡✱ ❞♦♥t ❧✬❛♠♦rt✐ss❡♠❡♥t
❡t ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❢réq✉❡♥❝❡ s♦♥t ❞✉s à ❧❛ ♣r♦♣♦rt✐♦♥ ❝r♦✐ss❛♥t❡ R ❞❡ ❜❛r②♦♥s ♣❛r r❛♣♣♦rt ❛✉①
♣❤♦t♦♥s✳ ❆❧♦rs q✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ❡st ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❞ét❡r♠✐♥é ♣❛r ❧❡ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞❡ ❧❛
♠❛t✐èr❡ ♥♦✐r❡ q✉✐ s✬❡✛♦♥❞r❡ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡♠❡♥t✱ ❝❡❧✉✐✲❝✐ ❛❣✐t ❝♦♠♠❡ ✉♥ t❡r♠❡ ❞❡ ❢♦rç❛❣❡ ♣♦✉r
❝❡tt❡ éq✉❛t✐♦♥ ❤❛r♠♦♥✐q✉❡ q✉✐ ❞é❝❛❧❡ ❧❛ ♣♦s✐t✐♦♥ ♠♦②❡♥♥❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✳ ❉❛♥s ❧❛ ❧✐♠✐t❡ ♦ù ❧❡
t❡r♠❡ ❞✬❛♠♦rt✐ss❡♠❡♥t ❡st ❢❛✐❜❧❡ ❞❡✈❛♥t ❧❛ ♣✉❧s❛t✐♦♥ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✱ ❝✬❡st✲à✲❞✐r❡
ωs ≡ k√
3(1 +R)
≫ R
′
1 +R
, ✭✷✳✾✸✮
♦♥ ♣❡✉t ❞♦♥♥❡r ✉♥❡ s♦❧✉t✐♦♥ ❡♥ ❝♦✉♣❧❛❣❡ ❢♦rt ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❲❑❇ ✭❲❡♥t③❡❧✲❑r❛♠❡rs✲
❇r✐❧❧♦✉✐♥✮ à ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡✳ P♦✉r ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ à ❝♦❡✣❝✐❡♥ts
♥♦♥ ❝♦♥st❛♥ts ❞✉ t②♣❡
f ′′ +
B′
B
f ′ + ω2f = 0 , ✭✷✳✾✹✮
♦♥ ♣❡✉t ❡st✐♠❡r ❞❡✉① s♦❧✉t✐♦♥s ❧✐♥é❛✐r❡♠❡♥t ✐♥❞é♣❡♥❞❛♥t❡s ♣❛r ❧❡s s♦❧✉t✐♦♥s ❛♣♣r♦❝❤é❡s
f±❲❑❇ ≡
1√
Bω
exp
[
±i
∫ η
0
ω(η′)dη′
]
. ✭✷✳✾✺✮
❈❡s ❢♦♥❝t✐♦♥s s❛t✐s❢♦♥t ❧✬éq✉❛t✐♦♥
f ′′❲❑❇ +
B′
B
f ′❲❑❇ +
(
ω2 −Q❲❑❇
)
f❲❑❇ = 0 , ✭✷✳✾✻✮
✸t✐❣❤t ❝♦✉♣❧✐♥❣ ❡♥ ❛♥❣❧❛✐s✳
❉②♥❛♠✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ✷✾
❛✈❡❝ ❧❛ ❞✐✛ér❡♥❝❡ ♣❛r r❛♣♣♦rt à ❧✬éq✉❛t✐♦♥ ✭✷✳✾✹✮ ❞♦♥♥é❡ ♣❛r
Q❲❑❇ =
1
4
[(
B′
B
)2
+ 3
(
ω′
ω
)2]
− 1
2
[
B′′
B
+
ω′′
ω
]
. ✭✷✳✾✼✮
❉❛♥s ❧❡ ❝❛s ♦ù ❝❡ t❡r♠❡ ♣❡✉t êtr❡ ♥é❣❧✐❣é ♣❛r r❛♣♣♦rt à ω2✱ ❝❡s s♦❧✉t✐♦♥s s♦♥t ❞❡ ❜♦♥♥❡s ❛♣♣r♦①✐✲
♠❛t✐♦♥s ❛♥❛❧②t✐q✉❡s✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ❛ss♦❝✐é❡ à ❧✬éq✉❛t✐♦♥ ✭✷✳✾✷✮✱ ω = ωs ❡t
B = 3(1 +R) = 1/ω2✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ ✈❛❧✐❞✐té ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❲❑❇ s✬é❝r✐t ❞♦♥❝∣∣∣∣Q❲❑❇ω2
∣∣∣∣ = 34k2
[
R′′ − 1
4
(R′)2
(1 +R)
]
=
9ǫ
64
(
k❡q
k
)2 [
1 +
3
8
ǫ(y − 1)
]
≪ 1 ✭✷✳✾✽✮
P♦✉r ❧❡ ♠♦❞❡ k = k❡q ❛✉ ♠♦♠❡♥t ❞❡ ❧✬éq✉✐✈❛❧❡♥❝❡ ✭y = 1✮✱ ❝❡tt❡ q✉❛♥t✐té ✈❛✉t ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t
0.02 ❡t ✈❛r✐❡ très ♣❡✉ ❥✉sq✉✬❛✉ ❞é❝♦✉♣❧❛❣❡ à y▲❙❙ = (1 + z❡q)/(1 + z▲❙❙) ≃ 3.3✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥
❲❑❇ ❝♦♥st✐t✉❡ ❞♦♥❝ ✉♥❡ très ❜♦♥♥❡ ❡st✐♠❛t✐♦♥ ♣♦✉r ❧❡s ♠♦❞❡s k > k❡q✳ ▲❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛✲
t✐♦♥ ❤♦♠♦❣è♥❡ ❛ss♦❝✐é❡ à ❧✬éq✉❛t✐♦♥ ✭✷✳✾✷✮ s♦♥t ❞♦♥❝ ♣♦✉r ❝❡s ♠♦❞❡s ❝♦rr❡❝t❡♠❡♥t ❛♣♣r♦❝❤é❡s
♣❛r
δr,1(η) =
1
(1 +R)1/4
cos[krs(η)], δr,2(η) =
1
(1 +R)1/4
sin[krs(η)], ✭✷✳✾✾✮
❛✈❡❝
krs(η) ≡
∫ η
0
ωs(η
′)dη′ . ✭✷✳✶✵✵✮
❖♥ ♣❡✉t ❞ét❡r♠✐♥❡r ❧❛ s♦❧✉t✐♦♥ ❣é♥❡r❛❧❡ ❢♦r❝é❡ ♣❛r ❧❡ t❡r♠❡ F (Φ) ❣râ❝❡ à ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛
❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥
δr(η) = C1δr,1 + C2δr,2 +
∫ η
0
G(η, η′)F (η′)dη′, ✭✷✳✶✵✶✮
♦ù ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ❡st
G(η, η′) ≡ δr,1(η
′)δr,2(η)− δr,1(η)δr,2(η′)
δr,1(η′)δ′r,2(η′)− δr,2(η′)δ′r,1(η′)
=
√
3[1 +R(η′)]3/4
k[1 +R(η)]1/4
sin[krs(η)− krs(η′)]. ✭✷✳✶✵✷✮
❉❛♥s ❧❡ ❝❛s ♦ù ❧❡s ✈❛r✐❛t✐♦♥s ❞❡ R ❡t Φ s♦♥t très ❧❡♥t❡s ❞❡✈❛♥t ❧❛ ♣ér✐♦❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✱ ♦♥ ♣❡✉t
❞♦♥♥❡r ✉♥❡ s♦❧✉t✐♦♥ ❛♣♣r♦❝❤é❡ ❞❡ ❝❡tt❡ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡✳ ◆♦✉s ❛❧❧♦♥s ❞♦♥♥❡r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥s
✐♥t✉✐t✐✈❡ ❞❡ ❧❛ ❢♦r♠❡ q✉❡ ❧✬♦♥ ♦❜t✐❡♥t ❛❧♦rs✳ ▲✬éq✉❛t✐♦♥ ✭✷✳✾✷✮ ♣❡✉t s❡ ré❝r✐r❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡
❞❛♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ k/τ ′ ❝♦♠♠❡ ✉♥❡ éq✉❛t✐♦♥ ♣♦✉r ❧❛ q✉❛♥t✐té Q ≡ δr4 − Φ s❡❧♦♥
[(1 +R)Q′]′ + k
2
3
Q = −k
2
3
(2 +R)Φ. ✭✷✳✶✵✸✮
❉❛♥s ❧❡ ❝❛s ♦ù R ❡t Φ ✈❛r✐❡♥t ❧❡♥t❡♠❡♥t✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s q✉❛♥❞ ❧✬✉♥✐✈❡rs ❞❡✈✐❡♥t ❞♦♠✐♥é ♣❛r ❧❛
♠❛t✐èr❡✱ ❝❡tt❡ éq✉❛t✐♦♥ ❡st ❝♦♠♠❡ ❝❡❧❧❡ ❞✬✉♥ ♦s❝✐❧❧❛t❡✉r ❤❛r♠♦♥✐q✉❡ ❛♠♦rt✐ ❞❡ ♣✉❧s❛t✐♦♥ ωs✱ ❢♦r❝é
♣❛r ✉♥❡ ❢♦r❝❡ ❧❡♥t❡♠❡♥t ❞ér✐✈❛♥t❡✳ ▲❡ s②stè♠❡ ❡st ❛♥❛❧♦❣✐q✉❡ à ❝❡❧✉✐ ❞✬✉♥ r❡ss♦rt ❡t ❞✬✉♥❡ ♠❛ss❡
♣♦sés s✉r ✉♥ ♣❧❛♥ ✐♥❝❧✐♥é ❡t s♦✉♠✐s ❛✉ ❢r♦tt❡♠❡♥t ✈✐sq✉❡✉①✱ ♣♦✉r ❧❡q✉❡❧ ♦♥ ❛✉❣♠❡♥t❡r❛✐t ❧❡♥t❡♠❡♥t
❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐s♦♥ ❞✉ ♣❧❛♥✳ Q ✈❛ ❞♦♥❝ ♦s❝✐❧❧❡r ❛✉t♦✉r ❞❡ ❧❛ ♣♦s✐t✐♦♥ ♠♦②❡♥♥❡ −Φ(2 + R)✳ ❊♥
❧✬❛❜s❡♥❝❡ ❞❡ ❢r♦tt❡♠❡♥t✱ ❧✬❛♠♣❧✐t✉❞❡ ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ s❛ ✈❛❧❡✉r ✐♥✐t✐❛❧❡ ❡t ❧❛
♣♦s✐t✐♦♥ ♠♦②❡♥♥❡✱ ❝✬❡st✲à✲❞✐r❡ Q(0) + Φ(2 + R)✳ ▲❛ ♣rés❡♥❝❡ ❞✉ ❢r♦tt❡♠❡♥t ✈✐sq✉❡✉① ✈❛ ❡♥s✉✐t❡
✸✵ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
❛tté♥✉❡r ❝❡tt❡ ❛♠♣❧✐t✉❞❡ ❝♦♠♠❡ ✈✉ ♣ré❝é❞❡♠♠❡♥t ❞✬✉♥ ❢❛❝t❡✉r 1/(1 + R)1/4 ❡t ❢❛✐r❡ ❞ér✐✈❡r
❧❡♥t❡♠❡♥t ❧❛ ♣✉❧s❛t✐♦♥ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✳ ❖♥ ❛✉r❛ ❞♦♥❝
Q(k, η) = −(2 +R)Φ + [Q(0) + (2 +R)Φ]
(1 +R)1/4
cos[krs(η)] . ✭✷✳✶✵✹✮
◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✭✸✳✶✮ q✉❡ ❧❛ q✉❛♥t✐té Θ❙❲ ≡ δr4 + Φ = Q + 2Φ ❡st r❡❧✐é❡ ❛✉①
✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡ ❞✉ ❈▼❇✳ ❖♥ ♦❜t✐❡♥t ❞♦♥❝ ♣♦✉r ❝❡tt❡ ✈❛r✐❛❜❧❡
Θ❙❲(k, η) =
[Θ❙❲(0) +RΦ]
(1 +R)1/4
cos[krs(η)]−RΦ . ✭✷✳✶✵✺✮
❙✐ ♥♦✉s s♦✉❤❛✐t♦♥s r❛✣♥❡r ❝❡tt❡ ❞❡s❝r✐♣t✐♦♥✱ ✐❧ ❢❛✉t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ❡✛❡ts ❞❛♥s ❧✬♦r❞r❡
s✉✐✈❛♥t ❡♥ k/τ ′✳ ◆♦✉s ♥❡ r❡♥tr❡r♦♥s ♣❛s ❞❛♥s ❧❡ ❞ét❛✐❧ ❞❡ ❝❡ ❝❛❧❝✉❧✳ ▲❛ ♣r✐♥❝✐♣❛❧❡ ❝♦♥❝❧✉s✐♦♥ ❡st
q✉❡ ❧❡ t❡r♠❡ ❞✬❛♠♦rt✐ss❡♠❡♥t s❡ tr♦✉✈❡ ♠♦❞✐✜é✱ ❡t q✉✬♦♥ ♣❡✉t ❡♥ r❡♥❞r❡ ❝♦♠♣t❡ ❡♥ ♠✉❧t✐♣❧✐❛♥t ❧❡s
s♦❧✉t✐♦♥s ✭✷✳✾✾✮ ♣❛r ✉♥❡ ❢❛❝t❡✉r ❞✬❛♠♦rt✐ss❡♠❡♥t exp[−(k/k❉)2]✱ ❞✐t ❛♠♦rt✐ss❡♠❡♥t ❙✐❧❦ ❬❙✐❧❦ ✻✽❪✱
♦ù ❧✬é❝❤❡❧❧❡ ❞✬❛♠♦rt✐ss❡♠❡♥t k❉ ❡st ❞♦♥♥é❡ ♣❛r ❬❍✉ ✾✺❪
k−2❉ (η) =
1
6
∫ η
0
1
1 +R(η′)
[
16
15
+
R2(η′)
1 +R(η′)
]
dη′
τ ′(η′)
. ✭✷✳✶✵✻✮
❊♥ ♣r❛t✐q✉❡ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❝❡tt❡ ❛♣♣r♦❝❤❡ ♣❤é♥♦♠é♥♦❧♦❣✐q✉❡ ♣♦✉r ❞é❝r✐r❡ ❧✬ét❛t ❞❡ ❧❛ s✉r❢❛❝❡
❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ❡t ♥♦✉s ♥♦t❡r♦♥s ❛❧♦rs k❉ = k❉(η▲❙❙)✳
✷✳✸ ▲❡ ❢♦r♠❛❧✐s♠❡ ✶✰✸
✷✳✸✳✶ Pr✐♥❝✐♣❡ ❣é♥ér❛❧
❏✉sq✉✬à ♣rés❡♥t✱ ♥♦✉s ❛✈♦♥s ♣rés❡♥té ✉♥❡ ❛♣♣r♦❝❤❡ ♣❡rt✉r❜❛t✐✈❡ ❜❛sé❡ s✉r ❞❡s ❝♦♦r❞♦♥♥é❡s✱
✉♥ ❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❡t ❞❡s ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡✳ ❈❡❧❧❡ ❛♣♣r♦❝❤❡ ❛ été ✐♥tr♦❞✉✐t❡ ♣❛r ❇❛r✲
❞❡❡♥ ❬❇❛r❞❡❡♥ ✽✵❪ ❡t ❡st ♠❛❥♦r✐t❛✐r❡♠❡♥t ✉t✐❧✐sé❡ ❞❛♥s ❧❡s ♣✉❜❧✐❝❛t✐♦♥s ❞❡ ❝♦s♠♦❧♦❣✐❡✳ ❖♥ ♣❡✉t
❝❡♣❡♥❞❛♥t ❛❞♦♣t❡r ✉♥ ♣♦✐♥t ❞❡ ✈✉❡ t♦✉t à ❢❛✐t ♦♣♣♦sé ❡t ✉t✐❧✐s❡r ✉♥ ❢♦r♠❛❧✐s♠❡ ❝♦✈❛r✐❛♥t q✉✐
♥❡ s❡ ré❢èr❡ ♣❛s ❛✉① ❝♦♦r❞♦♥♥é❡s ♠❛✐s ✉t✐❧✐s❡ ❞❡s ♦❜❥❡ts t❡♥s♦r✐❡❧s ❛②❛♥t ✉♥❡ ❡①✐st❡♥❝❡ ♣r♦♣r❡
✐♥❞é♣❡♥❞❛♥t❡ ❞✉ ❝❤♦✐① ❞❡ ❝♦♦r❞♦♥♥é❡s✳ ◆♦✉s ❛❧❧♦♥s rés✉♠❡r ❝❡ ❢♦r♠❛❧✐s♠❡ ♠❛✐s ♣❧✉s ❞❡ ❞ét❛✐❧s
♣❡✉✈❡♥t êtr❡ tr♦✉✈és ❞❛♥s ❬❊❧❧✐s ✫ ✈❛♥ ❊❧st ✾✽❪✳ ❆✜♥ ❞❡ ❞♦♥♥❡r ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❞②♥❛♠✐q✉❡
❛✉① éq✉❛t✐♦♥s✱ ❝✬❡st✲à✲❞✐r❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ q✉❛♥t✐tés ♣❤②s✐q✉❡s✱ ♦♥ ré❛✲
❧✐s❡ ✉♥ ❞é❝♦✉♣❛❣❡ ❧♦❝❛❧ 1+3 ❞❡ ❧✬❡s♣❛❝❡ t❡♠♣s✳ ❈❡❧❛ ❝♦♥s✐st❡ à s✉♣♣♦s❡r q✉✬✐❧ ❡①✐st❡ ✉♥ ❡♥s❡♠❜❧❡
❞✬♦❜s❡r✈❛t❡✉rs ❞❡ q✉❛❞r✐✈✐t❡ss❡ uµ ❞♦♥t ❧❡s ❧✐❣♥❡s ❞✬✉♥✐✈❡rs ❝♦♥st✐t✉❡♥t ✉♥❡ ♣❛rt✐t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡✲
t❡♠♣s ❡t ❞♦♥t ❧❡ t❡♠♣s ♣r♦♣r❡ τ s❡rt ❞❡ ❝♦♦r❞♦♥♥é❡ t❡♠♣♦r❡❧❧❡✳ ❊♥ s❡ ré❢ér❛♥t ❛✉① ✈❛r✐❛t✐♦♥s ❞❡
q✉❛♥t✐tés ♣❤②s✐q✉❡s ❧❡ ❧♦♥❣ ❞❡s tr❛❥❡❝t♦✐r❡s s✉✐✈✐❡s ♣❛r ❝❡s ♦❜s❡r✈❛t❡✉rs✱ ♦♥ ❞é✜♥✐r❛ ✉♥❡ ❞ér✐✈é❡
t❡♠♣♦r❡❧❧❡✳ ❉❡ ♠ê♠❡✱ ❡♥ s❡ ré❢ér❛♥t ❛✉① ✈❛r✐❛t✐♦♥ ❞❡ q✉❛♥t✐tés ♣❤②s✐q✉❡s ❧❡ ❧♦♥❣ ❞❡s s✉r❢❛❝❡s
❧♦❝❛❧❡♠❡♥t ♦rt❤♦❣♦♥❛❧❡s ❛✉ ✢♦t ❞❡ ❝❡s ♦❜s❡r✈❛t❡✉rs✱ ♦♥ ♦❜t✐❡♥❞r❛ ✉♥❡ ❞ér✐✈é❡ s♣❛t✐❛❧❡✳ ❋♦r♠❡❧❧❡✲
♠❡♥t✱ ❝❡s ♦❜s❡r✈❛t❡✉rs ♣❡r♠❡tt❡♥t ❞❡ ❞é✜♥✐r ✉♥ ♣r♦❥❡❝t✐♦♥ ♣❛r❛❧❧è❧❡ Uµν = −uµuν ❛✐♥s✐ q✉✬✉♥❡
♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧ hµν = gµν + uµuν ✳ ❖♥ ♣❡✉t ❞♦♥❝ ❞é❝♦♠♣♦s❡r t♦✉t ✈❡❝t❡✉r ❡♥ s❛ ♣❛rt✐❡
♣❛r❛❧❧è❧❡ ❡t s❛ ♣❛rt✐❡ ♦rt❤♦❣♦♥❛❧❡✱ ❡t ❣é♥ér❛❧✐s❡r ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♣♦✉r ❞❡s t❡♥s❡✉rs q✉❡❧✲
❝♦♥q✉❡s✳ ❖♥ ❞é❝♦♠♣♦s❡r❛ ❛✐♥s✐ ❧❡ t❡♥s❡✉r é♥❡r❣✐❡ ✐♠♣✉❧s✐♦♥ ❝♦♠♠❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✶✺✮✱ ❛✐♥s✐
q✉❡ ❧❡ t❡♥s❡✉r ❞❡ ❘✐❝❝✐ ❡t ❧❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥✱ ❡t s✐ ❧✬♦♥ s✬✐♥tér❡ss❡ à ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡ ♦♥
▲❡ ❢♦r♠❛❧✐s♠❡ ✶✰✸ ✸✶
❞é❝♦♠♣♦s❡r❛ ❧✬❡s♣❛❝❡ t❛♥❣❡♥t✳ ❖♥ ❞é✜♥✐t ❛❧♦rs ❧❛ ❞ér✐✈é❡ ❞✐r❡❝t✐♦♥♥❡❧❧❡ ❡t ❧❛ ❞ér✐✈é❡ s♣❛t✐❛❧❡ ❞✬✉♥
t❡♥s❡✉r q✉❡❧❝♦♥q✉❡ Tµν ♣❛r
T˙µν ≡ uα∇αTµν , DαTµν ≡ hβαhωνh µσ ∇βT σω ≡ Ph (∇αTµν) . ✭✷✳✶✵✼✮
❖♥ ❞é❝♦♠♣♦s❡ ❧❛ ❞ér✐✈é❡ ❝♦✈❛r✐❛♥t❡ ❞❡ uµ s❡❧♦♥
∇νuµ = −uνaµ +Dνuµ ≡ −uνaµ + Θ
3
hµν + σµν + ωµν . ✭✷✳✶✵✽✮
aµ ❡st ❧✬❛❝❝é❧ér❛t✐♦♥ q✉✐ ❡st ♥♦♥ ♥✉❧❧❡ s✐ ❧❡s ♦❜s❡r✈❛t❡✉rs ♥❡ s✉✐✈❡♥t ♣❛s ❞❡ ❣é♦❞és✐q✉❡✱ σµν ❡st
❧❡ ❝✐s❛✐❧❧❡♠❡♥t✹ ❡t ωµν ❡st ❧❛ ✈♦rt✐❝✐té✳ Dµ ❡st ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ hµν ✱ ❝✬❡st✲à✲❞✐r❡ Dαhµν = 0✱ ♠❛✐s
♥✬❡st s❛♥s t♦rs✐♦♥ q✉❡ s✐ ωµν = 0✳ ❉❛♥s ❝❡ ❞❡r♥✐❡r ❝❛s✱ ♦♥ ♣❡✉t ❞é✜♥✐r ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s
❣❧♦❜❛❧❡s ♦rt❤♦❣♦♥❛❧❡s à ❧✬❡♥s❡♠❜❧❡ ❞❡s ♦❜s❡r✈❛t❡✉rs ❞❡ q✉❛❞r✐✈✐t❡ss❡ uµ✳ ❉❛♥s ❝❡ ❝❛s ♦♥ ❜é♥é✜❝✐❡
é❣❛❧❡♠❡♥t ❞✬✉♥❡ ❢♦❧✐❛t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡✲t❡♠♣s ❝✬❡st✲à✲❞✐r❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞✬❤②♣❡rs✉r❢❛❝❡s ❞❡ t②♣❡
❡s♣❛❝❡ q✉✐ ré❛❧✐s❡ ✉♥❡ ♣❛rt✐t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡✲t❡♠♣s✳ ❈❡ ❞é❝♦✉♣❛❣❡ ❡♥ tr❛♥❝❤❡s ❞✬❡s♣❛❝❡ ❡st ❛♣♣❡❧é
❢♦r♠❛❧✐s♠❡ 3 + 1 ✭✈♦✐r ❬●♦✉r❣♦✉❧❤♦♥ ✵✼❪ ♣♦✉r ❞❡s ♥♦t❡s ❞❡ ❝♦✉rs s✉r ❝❡ s✉❥❡t✮✳ ▲♦rsq✉❡ ❧✬♦♥
❡①♣r✐♠❡ ❝❡tt❡ ❢♦❧✐❛t✐♦♥ ❡♥ ❢❛✐s❛♥t ré❢ér❡♥❝❡ ❡①♣❧✐❝✐t❡♠❡♥t ❛✉① ❝♦♦r❞♦♥♥é❡s✱ ❝❡ ❢♦r♠❛❧✐s♠❡ ❡st
♣❧✉s ❝♦♥♥✉ s♦✉s ❧❡ ♥♦♠ ❞❡ ❢♦r♠❛❧✐s♠❡ ❆❉▼ ❬❆r♥♦✇✐tt ❡t ❛❧✳ ✻✷❪✳ ▲❡s ❛♣♣r♦❝❤❡s 1 + 3 ❡t 3 + 1
s♦♥t ❞♦♥❝ ❞✐✛ér❡♥t❡s ♠❛✐s très ❧✐é❡s✳ ❉❛♥s ❧❡ ❝❛s ♦ù ✐❧ ♥✬② ❛ ♣❛s ❞❡ ✈♦rt✐❝✐té✱ Dµuν = Dνuµ ❡t ♦♥
❞é✜♥✐t ❧❡ t❡♥s❡✉r
Kµν ≡ D(µuν) =
Θ
3
hµν + σµν . ✭✷✳✶✵✾✮
Kµν ❡st ❛❧♦rs s②♠étr✐q✉❡ ❡t ♦rt❤♦❣♦♥❛❧ à uµ ✭Kµνuµ = 0✮ ❡t ❡st ❛♣♣❡❧é ❝♦✉r❜✉r❡ ❡①tr✐♥sèq✉❡ ❞❡s
s❡❝t✐♦♥s s♣❛t✐❛❧❡s✳ ❖♥ ♣❡✉t ❛❧♦rs r❡❧✐❡r ❧❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❛ss♦❝✐é à gµν à ❝❡❧✉✐ ❛ss♦❝✐é à hµν ✱
❡♥ ✉t✐❧✐s❛♥t ❧❛ r❡❧❛t✐♦♥ ❞❡ ●❛✉ss✲❈♦❞❛③③✐
Rαβγρ =
3Rαβγρ + 2Kα[γKρ]β + 4u[αaβ]a[ρuγ] + 4
(
D[αKβ][ρ
)
uγ] + 4u[βK
λ
α]Kλ[ρuγ]
+4u[βPh
(
K˙α][ρ
)
uγ] + 4
(
D[αKβ][ρ
)
uγ] + 4
(
D[γKβ][ρ
)
uα] + 4u[γDρ]a[βuα] .
❙✐ ❧❛ ♠❛t✐èr❡ ❡st s❛♥s ✈♦rt✐❝✐té ❛❧♦rs ❡❧❧❡ ♣❡✉t s❡r✈✐r à ré❛❧✐s❡r ❝❡ ❞é❝♦✉♣❛❣❡✱ s✐♥♦♥ ✐❧ ❢❛✉t ❞✐st✐♥❣✉❡r
❧❡ ✢♦t ❞✬♦❜s❡r✈❛t❡✉rs q✉✐ s❡r✈❡♥t ❛✉ ❞é❝♦✉♣❛❣❡ 1+ 3 ❞✉ ✢♦t ❞❡ ♠❛t✐èr❡✳ ❊♥ ♣r♦❥❡t❛♥t ❧❛ r❡❧❛t✐♦♥
❞❡ ❝♦♠♠✉t❛t✐♦♥ ❞❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s s❡❧♦♥ ❧❡s ❝♦♠♣♦s❛♥t❡s ♣❛r❛❧❧è❧❡s ❡t ♦rt❤♦❣♦♥❛❧❡s ❛✐♥s✐
q✉✬❡♥ ♣r♦❥❡t❛♥t ❧❡s ✐❞❡♥t✐tés ❞❡ ❇✐❛♥❝❤✐ ❡t ❡♥ ✉t✐❧✐s❛♥t Gµν = κTµν ✱ ♦♥ ♦❜t✐❡♥t ✉♥ ❡♥s❡♠❜❧❡
❞✬éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❡t ❞❡ ❝♦♥tr❛✐♥t❡ ❬❊❧❧✐s ✫ ✈❛♥ ❊❧st ✾✽❪✳
❈❡tt❡ ❛♣♣r♦❝❤❡ ♥❡ ❢❛✐t ♣❛s ré❢ér❡♥❝❡ ❡①♣❧✐❝✐t❡♠❡♥t à ✉♥❡ ❡s♣❛❝❡ ❞❡ ❢♦♥❞ s✐ ❜✐❡♥ q✉✬✐❧ ❢❛✉t
tr♦✉✈❡r ✉♥❡ ♣r♦❝é❞✉r❡ ❛✜♥ ❞❡ ❞♦♥♥❡r ✉♥ s❡♥s à ❧❛ ♥♦t✐♦♥ ❞❡ ♣❡rt✉r❜❛t✐♦♥s✳ ❯♥❡ s♦❧✉t✐♦♥ ❝♦♥s✐st❡
à ♣r❡♥❞r❡ ❞❡s ❣r❛❞✐❡♥ts s♣❛t✐❛✉① ✭Dµ✮ ❞❡s q✉❛♥t✐tés ♣❤②s✐q✉❡s✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❝❡ ❢♦r♠❛❧✐s♠❡✱
❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s✬é❝r✐t
ρ˙+Θ(ρ+ P ) = 0. ✭✷✳✶✶✵✮
❊♥ ❛♣♣❧✐q✉❛♥t ❧✬♦♣ér❛t❡✉r Dµ✱ ♦♥ ♦❜t✐❡♥t
Dµρ˙+ (ρ+ P )DµΘ+ΘDµ(ρ+ P ) = 0. ✭✷✳✶✶✶✮
✹s❤❡❛r ❡♥ ❛♥❣❧❛✐s✳
✸✷ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
❆✜♥ ❞❡ ❧❛ ♠❡ttr❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ♣♦✉r Dµρ ✐❧ ❢❛✉t ❝♦♠♠✉t❡r ❧❛ ❞ér✐✈é❡
s♣❛t✐❛❧❡ ❛✈❡❝ ❧❛ ❞ér✐✈é❡ t❡♠♣♦r❡❧❧❡✳ ❊♥ ♥♦t❛♥t Kµν ≡ Dνuµ = Θ3 hµν + σµν + ωµν ✱ ♦♥ ♦❜t✐❡♥t
Dµρ˙ = (Dµρ)
. − uµaνDνρ− aµρ˙+KµνDνρ
= Ph [(Dµρ)
.]− aµρ˙+KµνDνρ. ✭✷✳✶✶✷✮
❉❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥s s✐♠✐❧❛✐r❡s ♣♦✉r ❞❡s ✈❡❝t❡✉rs ❡t t❡♥s❡✉rs ❞✬♦r❞r❡ s✉♣ér✐❡✉r ❡①✐st❡♥t
❡t ♣❡r♠❡tt❡♥t ❞❡ ❣é♥ér❛❧✐s❡r ❝❡tt❡ ♠ét❤♦❞❡ ❛✉ ❞❡❧à ❞❡s s❝❛❧❛✐r❡s✳ ▲❛ ❞✐✛ér❡♥❝❡ ❢♦♥❞❛♠❡♥t❛❧❡
❡♥tr❡ ❧❡ ❢♦r♠❛❧✐s♠❡ 1 + 3 ❡t ❧✬❛♣♣r♦❝❤❡ ♣❡rt✉r❜❛t✐✈❡ ❜❛sé❡ s✉r ❧❡s ❝♦♦r❞♦♥♥é❡s t✐❡♥t ❞❛♥s ❧❡
❢❛✐t q✉❡ ❞❛♥s ❧❡ ❢♦r♠❛❧✐s♠❡ 1 + 3 ♦♥ ♥❡ ❢❛✐t ♣❛s ré❢ér❡♥❝❡ ❞❡ ❢❛ç♦♥ ❡①♣❧✐❝✐t❡ à ✉♥ ❡s♣❛❝❡ ❞❡
❢♦♥❞✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧♦rsq✉❡ ❧✬♦♥ ❝❤♦✐s✐t ❞❡ rés♦✉❞r❡ ❧❡s éq✉❛t✐♦♥s q✉✐ s♦♥t ✐♥tr✐♥sèq✉❡♠❡♥t ♥♦♥
❧✐♥é❛✐r❡s✱ ♦♥ ❝❤♦✐s✐t ✉♥ ♣r♦❝é❞✉r❡ ✐tér❛t✐✈❡ ❞❡ rés♦❧✉t✐♦♥✳ ❆ ❧❛ ♣r❡♠✐èr❡ ✐tér❛t✐♦♥ ♦♥ ❝❤♦✐s✐t ❧❡s
q✉❛♥t✐tés q✉✐ s♦♥t ♥♦♥ ♥✉❧❧❡s ❡t ❝❡❧❛ s♣é❝✐✜❡ ❧❛ ❢♦r♠❡ ❣é♥ér❛❧❡ ❞❡ ❧✬❡s♣❛❝❡ t❡♠♣s✳ P❛r ❡①❡♠♣❧❡
♣♦✉r r❡❝❤❡r❝❤❡r ❞❡s s♦❧✉t✐♦♥s ♣r♦❝❤❡s ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛îtr❡✱ ♦♥ ✈❛ ❝❤♦✐s✐r ❞❛♥s
❧❛ ♣r❡♠✐èr❡ ✐tér❛t✐♦♥ Θ 6= 0 ♠❛✐s σµν = ωµν = 0✳ ❖♥ ❝❤♦✐s✐t é❣❛❧❡♠❡♥t DµZ = 0 ♣♦✉r Z ✉♥
❝❤❛♠♣ s❝❛❧❛✐r❡ q✉❡❧❝♦♥q✉❡✳ ❊♥ ❛②❛♥t rés♦❧✉ ❧❡s éq✉❛t✐♦♥s ❛✈❡❝ ❝❡tt❡ ♣r❡s❝r✐♣t✐♦♥✱ ♦♥ ré✉t✐❧✐s❡ ❧❡s
s♦❧✉t✐♦♥s ♦❜t❡♥✉❡s ❛✜♥ ❞✬❛♠é❧✐♦r❡r ❧❡s s♦❧✉t✐♦♥s ❞❛♥s ✉♥❡ s❡❝♦♥❞ ✐tér❛t✐♦♥✳ P❛r ❡①❡♠♣❧❡ ❞❛♥s
❧✬éq✉❛t✐♦♥ ✭✷✳✶✶✶✮✱ ♦♥ ✉t✐❧✐s❡r❛ ❧❡s s♦❧✉t✐♦♥s ♣♦✉r Θ✱ ρ ❡t P tr♦✉✈é❡s à ❧❛ ♣r❡♠✐èr❡ ✐tér❛t✐♦♥ ❛✜♥
❞❡ ❞ét❡r♠✐♥❡r ✉♥❡ éq✉❛t✐♦♥ s❛t✐s❢❛✐t❡ ♣❛r ❧❡s DµZ✳ ▲❡s ✈❛r✐❛❜❧❡s ♥♦♥ ♥✉❧❧❡s ❧♦rs ❞❡ ❧❛ ♣r❡♠✐èr❡
✐tér❛t✐♦♥ s♦♥t ❞♦♥❝ ❛♣♣❡❧é❡s ✈❛r✐❛❜❧❡s ❞❡ ❢♦♥❞ t❛♥❞✐s q✉❡ ❝❡❧❧❡ q✉✐ s♦♥t ♥♦♥ ♥✉❧❧❡s ✉♥✐q✉❡♠❡♥t à
♣❛rt✐r ❞❡ ❧❛ s❡❝♦♥❞❡ ✐tér❛t✐♦♥ s♦♥t ❛♣♣❡❧é❡s ✈❛r✐❛❜❧❡s ♣❡rt✉r❜é❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❡t ❛✐♥s✐ ❞❡ s✉✐t❡✳
▲✬❛♣♣r♦❝❤❡ 1+3 rés♦✉t ❞♦♥❝ ❞❡ ♠❛♥✐èr❡ ♣❡rt✉r❜❛t✐✈❡ ❞❡s éq✉❛t✐♦♥s ❡①❛❝t❡s✱ t❛♥❞✐s q✉❡ ❧✬❛♣♣r♦❝❤❡
❜❛sé❡ s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝♦♦r❞♦♥♥é❡s rés♦✉t ❞❡ ❢❛❝♦♥s ❡①❛❝t❡ ❞❡s éq✉❛t✐♦♥s ❛♣♣r♦❝❤é❡s✳ ■❧ r❡st❡
à ♠♦♥tr❡r q✉❡ ❝❡s ❞❡✉① ❛♣♣r♦❝❤❡s s❡ r❡❥♦✐❣♥❡♥t q✉❛♥❞ ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✱
❝❡ q✉✐ ♥✬❛ ♣❛s été ❢❛✐t✳ ◆♦✉s ♥❡ ❞ét❛✐❧❧❡r♦♥s ♣❛s ♣❧✉s ❧❡ ❢♦r♠❛❧✐s♠❡ 1 + 3 ♠❛✐s ♥♦✉s ♣rés❡♥t❡r♦♥s
❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✸ ❝♦♠♠❡♥t ✐❧ ♣❡✉t êtr❡ ✉t✐❧✐sé ♣♦✉r ❞ét❡r♠✐♥❡r ❞❡ ❢❛ç♦♥ ❛❧❣♦r✐t❤♠✐q✉❡ ❧❡s
♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧✬❛♣♣r♦❝❤❡ ❡♥ ❝♦♦r❞♦♥♥é❡s ❞❛♥s ✉♥❡ ✉t✐❧✐s❛t✐♦♥ ❤②❜r✐❞❡✳
✷✳✸✳✷ ❯t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ❞ér✐✈é❡ ❞❡ ▲✐❡
❯♥❡ ❛♠é❧✐♦r❛t✐♦♥ ♣♦ss✐❜❧❡ ❞✉ ❢♦r♠❛❧✐s♠❡ 1 + 3 ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❧❛ ❞ér✐✈é❡ ❞❡ ▲✐❡ ❞❛♥s ❧❛
❞✐r❡❝t✐♦♥ uµ✱ ♥♦té❡ Lu✱ ♣❧✉tôt q✉❡ ❧❛ ❞ér✐✈é❡ ❝♦✈❛r✐❛♥t❡ ❞✐r❡❝t✐♦♥♥❡❧❧❡✳ ❊♥ ✉t✐❧✐s❛♥t LuXµ =
X˙µ +Xν∇µuν ✱ ♦♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ r❡♠❡ttr❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✶✶✷✮ s♦✉s ❧❛ ❢♦r♠❡
Dµ(ρ˙) = Lu(Dµρ)− aµρ˙. ✭✷✳✶✶✸✮
▲✬✐♥térêt ❞✬✉t✐❧✐s❡r ✉♥❡ ❞ér✐✈é❡ ❞❡ ▲✐❡ rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉❡ ❝❡tt❡ q✉❛♥t✐té s✬✐❞❡♥t✐✜❡ à ❧❛ ❞ér✐✈é❡
♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s ❝♦s♠✐q✉❡ t ❧♦rsq✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ✈❛r✐❛❜❧❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣r❡♠✐❡r
♦r❞r❡ s♣❛t✐❛❧❡ s✉r ✉♥ ❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❤♦♠♦❣è♥❡✱ ❡t ♣❛s s❡✉❧❡♠❡♥t ♣♦✉r ❧❡s s❝❛❧❛✐r❡s ❝♦♠♠❡ ❝✬❡st
❧❡ ❝❛s ♣♦✉r ❧❛ ❞ér✐✈é❡ ❞✐r❡❝t✐♦♥♥❡❧❧❡ uµ∇µ✳ ❊♥ ❡✛❡t✱ ❛✉ ♣r❡♠✐❡r ♦r❞r❡
LuXi = uν∂νXi +Xν∂iuν = uν∂νXi = ∂Xi
∂t
, ✭✷✳✶✶✹✮
♦ù ♦♥ ❛ ✉t✐❧✐sé q✉❡ ♥é❝❡ss❛✐r❡♠❡♥t ∂iuν = 0 ❞♦✐t êtr❡ ♣r✐s à ❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s ❡t ❡st ❞♦♥❝ ♥✉❧
♣♦✉r ✉♥ ❡s♣❛❝❡ ❤♦♠♦❣è♥❡✺✳ ❈❡tt❡ ❢♦r♠✉❧❛t✐♦♥ ♣❡r♠❡t ❞♦♥❝ ❞✬❡♥tr❡✈♦✐r ❧✬✉♥✐✜❝❛t✐♦♥ ❞❡s ❞❡✉①
✺P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ❞❛♥s ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡♠❡♥t ♦rt❤♦❣♦♥❛❧ ❡t ❛②❛♥t ✉♥❡ ❝♦♦r❞♦♥♥é❡ t❡♠♣♦r❡❧❧❡
❝♦rr❡s♣♦♥❞❛♥t ❛✉ t❡♠♣s ♣r♦♣r❡ ❞❡s ♦❜s❡r✈❛t❡✉rs ❞❡ q✉❛❞r✐✈✐t❡ss❡ uµ✱ ❧❛ ❞ér✐✈é❡ ❞❡ ▲✐❡ s✬✐❞❡♥t✐✜❡ à ❧❛ ❞ér✐✈é❡
♣❛rt✐❡❧❧❡ t❡♠♣♦r❡❧❧❡✳
▲❡ ❢♦r♠❛❧✐s♠❡ ✶✰✸ ✸✸
❢♦r♠❛❧✐s♠❡s✳ ❊♥ ❞é✜♥✐ss❛♥t ❧❡ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ♠♦②❡♥ S ♣❛r
S = ln
[
1
3
∫
dτΘ
]
≡ lnα, ✭✷✳✶✶✺✮
♦♥ ♣❡✉t ♠♦♥tr❡r ❬▲❛♥❣❧♦✐s ✫ ❱❡r♥✐③③✐ ✵✺❪ q✉✬❡♥ ✉t✐❧✐s❛♥t s❡✉❧❡♠❡♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
✭✷✳✶✶✶✮
LuRµ = − Θ
3(ρ+ P )
(
DµP − P˙
ρ˙
Dµρ
)
, ❛✈❡❝ Rµ ≡ Dµα− α˙
ρ˙
Dµρ . ✭✷✳✶✶✻✮
P♦✉r ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s DµP −
(
P˙ /ρ˙
)
Dµρ = 0✱ ❡t ❝❡tt❡ ❧♦✐ ❡st ✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛✲
t✐♦♥✳ ❖♥ ♠♦♥tr❡ ❛❧♦rs q✉✬✐❧ s✬❛❣✐t ❞✬✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ♥♦♥ ♣❡rt✉r❜❛t✐✈❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡✱ ❡t ♦♥ ♣❡✉t r❡tr♦✉✈❡r ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♣❡r✲
t✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ❞♦♥♥é❡ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✷✳✽✹✮✳
✷✳✸✳✸ ❈♦♠♣❛r❛✐s♦♥ ❞❡s ❛♣♣r♦❝❤❡s ❇❛r❞❡❡♥ ❡t ✶✰✸
❖♥ ♣❡✉t ❝♦♠♣❛r❡r ❧❡s ❞❡✉① ❛♣♣r♦❝❤❡s ♣❡rt✉r❜❛t✐✈❡s ❡♥ ❞é✈❡❧♦♣♣❛♥t ❧❡s q✉❛♥t✐tés 1 + 3 ❡♥
♣❡rt✉r❜❛t✐♦♥s ❛✉t♦✉r ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ à s②♠étr✐❡s ♠❛①✐♠❛❧❡s ❞❛♥s ❧✬❛♣♣r♦❝❤❡ ❡♥ ❝♦♦r❞♦♥♥é❡s✳
▲❡s q✉❛♥t✐tés 1 + 3 ♣❡✉✈❡♥t ❛✐♥s✐ êtr❡ ❡①♣r✐♠é❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥s✳
❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ❞é✈❡❧♦♣♣❡r ❡♥ ♣❡rt✉r❜❛t✐♦♥s ❧❡s éq✉❛t✐♦♥s s❛t✐s❢❛✐t❡s ♣❛r ❧❡s ✈❛r✐❛❜❧❡s 1 + 3✳
❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ✐♠♠é❞✐❛t❡ ❞❡s ❞❡✉① ❢♦r♠❛❧✐s♠❡s✱ ❝❡tt❡ ❝♦♠♣❛r❛✐s♦♥ ♣♦✉✈❛♥t
êtr❡ ét❡♥❞✉❡ à t♦✉t ♦r❞r❡✳ ❖♥ tr♦✉✈❡r❛ ❞❛♥s ❬❖s❛♥♦ ❡t ❛❧✳ ✵✼❪ ❛✐♥s✐ q✉❡ ❞❛♥s ❬❇r✉♥✐ ❡t ❛❧✳ ✾✷❪ ❧❡s
rés✉❧t❛ts ❞✬✉♥ t❡❧❧❡ ❞é♠❛r❝❤❡✳ ❖♥ r❡t✐❡♥❞r❛ q✉❡ ♣♦✉r ❝♦♠♣❛r❡r ❧✬❛♣♣♣r♦❝❤❡ 1+3 à ❧✬❛♣♣r♦❝❤❡ ❡♥
❝♦♦r❞♦♥♥é❡s✱ ✐❧ ❢❛✉t ❡①♣r✐♠❡r ❝❡tt❡ ♣r❡♠✐èr❡ ❞❛♥s ❝❡tt❡ ❞❡r♥✐èr❡✱ ♠❛✐s q✉❡ ❧❛ ❞é♠❛r❝❤❡ ✐♥✈❡rs❡ ♥✬❛
♣❛s été ét❛❜❧✐❡ ❡t r❡st❡ à ❡①♣❧♦r❡r✳ ❯♥❡ ❞✐✛ér❡♥❝❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❡♥tr❡ ❧❡s ❞❡✉① ❢♦r♠❛❧✐s♠❡s rés✐❞❡
❞❛♥s ❧❡ ❢❛✐t q✉❡ ❧✬❛♣♣r♦❝❤❡ 1+3 ❞é✜♥✐t ❧❡s ❣r❛❞✐❡♥ts ❞✐ts s♣❛t✐❛✉① s✉r ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡✱ ❛✈❡❝ ❧❡s
♥♦t✐♦♥s ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ SV T ❡t ❞❡ ❧❛♣❧❛❝✐❡♥ ❛ss♦❝✐é❡s✱ t❛♥❞✐s q✉❡ ❧✬❛♣♣r♦❝❤❡ ❡♥ ❝♦♦r❞♦♥♥é❡s
❢❛✐t ré❢ér❡♥❝❡ ♣♦✉r t♦✉t ♦r❞r❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ à ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ♣♦✉r ❞é✜♥✐r ❧❛ ♥♦t✐♦♥ ❞❡ ❣r❛❞✐❡♥t
s♣❛t✐❛❧✳ ❯♥❡ ❝♦♥séq✉❡♥❝❡ ♣r❛t✐q✉❡ ✐♠♣♦rt❛♥t❡ ❡st q✉✬✐❧ s❡♠❜❧❡ ❞✐✣❝✐❧❡ ❞❡ ❝♦♥str✉✐r❡ ❢❛❝✐❧❡♠❡♥t
✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ♠♦❞❡s ❞❛♥s ❧✬❛♣♣r♦❝❤❡ 1 + 3✱ ❝❡ q✉✐ ❡st ✉t✐❧❡ s✐ ❧✬♦♥ s♦✉❤❛✐t❡ ❛✈♦✐r ❞❡s
éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❡ t❡♠♣s✱ t❛♥❞✐s q✉✬❡❧❧❡ ❡st ❛✉t♦♠❛t✐q✉❡ ❞❛♥s ❧✬❛♣♣r♦❝❤❡
❡♥ ❝♦♦r❞♦♥♥é❡s✳ ❇✐❡♥ q✉❡ ❧✬♦♥ ♣✉✐ss❡ ❡s♣ér❡r q✉❡ ❧❡s ❞❡✉① ❞é♠❛r❝❤❡s ♠è♥❡♥t ❛✉① ♠ê♠❡s rés✉❧t❛ts
❡t ♠ê♠❡ ♣ré❞✐❝t✐♦♥s✱ ✐❧ ❛♣♣❛r❛ît ❞♦♥❝ ❡♥❝♦r❡ ✐♥❝❡rt❛✐♥ ❧♦rsq✉❡ ❧✬♦♥ ❞é♣❛ss❡ ❧❛ t❤é♦r✐❡ ❧✐♥é❛✐r❡ q✉❡
❧❡s ❢♦r♠❛❧✐s♠❡s s♦✐❡♥t éq✉✐✈❛❧❡♥ts✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ♣r♦❝é❞✉r❡ ❞❡ ♠♦②❡♥♥❛❣❡ q✉✐ ❡st ❡ss❡♥t✐❡❧❧❡
❞❛♥s ❧✬❛♣♣r♦❝❤❡ ❡♥ ❝♦♦r❞♦♥♥é❡s ♥✬❡st ♣❛s ❡①♣❧✐❝✐t❡♠❡♥t ❝♦♥str✉✐t❡✱ ❡t ♠ê♠❡ s✐ ❧❛ ❧✐❜❡rté ❞❡ ❥❛✉❣❡
♣❡✉t êtr❡ ✐♥t❡r♣rété❡ ❝♦♠♠❡ ✉♥ ❝❤❛♥❣❡♠❡♥t ♣r♦❝é❞✉r❡ ❞❡ ♠♦②❡♥♥❛❣❡✱ ❝❡❧❧❡ ❝✐ ♥✬❡st ♣❛s ❛❝q✉✐s❡
❞❡ ❢❛ç♦♥ s②sté♠❛t✐q✉❡✳
✸✹ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s
✸✺
Chapitre 3
❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s
❝♦s♠♦❧♦❣✐q✉❡
✸✳✶ ❊✛❡t ❙❛❝❤s✲❲♦❧❢❡
❙✐ ❧♦rsq✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ❝♦✉♣❧❛❣❡ ❢♦rt ❡st ✈ér✐✜é❡ ♦♥ ♣❡✉t ❞é❝r✐r❡ ❧❛ r❛❞✐❛t✐♦♥ ♣❛r ✉♥ ✢✉✐❞❡
♣❛r❢❛✐t ♣✉✐sq✉❡ ❧❡ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡ ② ❡st ❡✛❛❝é ♣❛r ❧❡s ❞✐✛✉s✐♦♥s ♠✉❧t✐♣❧❡s✱ ❝❡❧❛
♥✬❡st ❡♥ r❡✈❛♥❝❤❡ ♣❧✉s ❧❡ ❝❛s ❛♣rès ❧❛ r❡❝♦♠❜✐♥❛✐s♦♥ ❧♦rsq✉❡ ❧❡s ♣❤♦t♦♥s ♥✬✐♥tér❛❣✐ss❡♥t ♣❧✉s
❛✈❡❝ ❧❛ ♠❛t✐èr❡ ❡t s✉✐✈❡♥t ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧✬♦♣t✐q✉❡ ❣é♦♠étr✐q✉❡ ❞❡s ❣é♦❞és✐q✉❡s ♥✉❧❧❡s✳
❚♦✉t ❞✬❛❜♦r❞ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ❡st ✐♥✜♥✐♠❡♥t ✜♥❡ ❡t q✉❡
❧✬♦♥ ♣❛ss❡ ✐♥st❛♥t❛♥é♠❡♥t ❞✉ ❝♦✉♣❧❛❣❡ ❢♦rt à ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❧✐❜r❡✶ ❞❡s ♣❤♦t♦♥s✳ ❊♥ ét✉❞✐❛♥t
❧❛ ♣r♦♣❛❣❛t✐♦♥ ❧❡ ❧♦♥❣ ❞✬✉♥❡ ❣é♦❞és✐q✉❡ ♥✉❧❧❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ ♣❡rt✉r❜é✱ ♥♦✉s ♣♦✉✈♦♥s r❡❧✐❡r
❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ♠étr✐q✉❡ ❡t ❞✉ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥ ❛✈❛♥t ❧❡ ❞é❝♦✉♣❧❛❣❡ ❛✈❡❝ ❝❡❧❧❡s ❞✉
❈▼❇ ♦❜s❡r✈é ❛✉❥♦✉r❞✬❤✉✐✳ ❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧✬♦♣t✐q✉❡ ❣é♦♠étr✐q✉❡✱ ♥♦✉s ♣♦✉✈♦♥s ❞é✜♥✐r
♣♦✉r ✉♥ ♣❤♦t♦♥ ✉♥❡ tr❛❥❡❝t♦✐r❡ ♣❛r❛♠étré❡ xµ(λ)✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❧❡ ✈❡❝t❡✉r t❛♥❣❡♥t à ❝❡tt❡
tr❛❥❡❝t♦✐r❡ ♣❛r kµ = dx
µ
dλ q✉✐ s❛t✐s❢❛✐t ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ♥♦r♠❡ ♥✉❧❧❡ ❡t ❧✬éq✉❛t✐♦♥ ❣é♦❞és✐q✉❡
kµk
µ = 0, kµ∇µkν = kµ
(
∂kν
∂xµ
+ Γνµρk
ρ
)
= 0. ✭✸✳✶✮
❖♥ ❞é❝♦♠♣♦s❡ ❧❡ ✈❡❝t❡✉r t❛♥❣❡♥t s❡❧♦♥ kµ = k¯µ+ δkµ✱ ❡t ❝❡s ❝♦♥❞✐t✐♦♥s ❞♦✐✈❡♥t êtr❡ s❛t✐s❢❛✐t❡s à
❧❛ ❢♦✐s ♣♦✉r ❧❡ ✈❡❝t❡✉r ❞❡ ❢♦♥❞ ❡t ❧❡ ✈❡❝t❡✉r ♣❡rt✉r❜é✳ ❈♦♠♠❡ k¯µk¯µ = 0 ♥♦✉s ♣♦✉✈♦♥s ❞é❝♦♠♣♦s❡r
❝❡ ✈❡❝t❡✉r ❞❡ t②♣❡ ❧✉♠✐èr❡ s❡❧♦♥
k¯µ = E¯ [u¯µ + e¯µ] , ❛✈❡❝ E¯ = −k¯ν u¯ν , e¯µ = 1
E¯
h¯µν k¯
ν . ✭✸✳✷✮
❉❡ ♠ê♠❡ ♥♦✉s ❞é❝♦♠♣♦s♦♥s ❧❛ ♣❡rt✉r❜❛t✐♦♥ δkµ s❡❧♦♥
δkµ = E¯ [δE u¯
µ + δeµ] , ❛✈❡❝ δE = − 1
E¯
δkν u¯ν , δe
µ =
1
E¯
h¯µνδk
ν , ✭✸✳✸✮
❝✬❡st✲à✲❞✐r❡ kµ = E¯ [(1 + δE) u¯µ + (e¯µ + δeµ)]✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ✐♠♣❧✐q✉❡ γij e¯ie¯j = 1
❡t ❧✬éq✉❛t✐♦♥ ❣é♦❞és✐q✉❡ s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ✭✶✳✾✮ ♥♦✉s ❞♦♥♥❡ E¯ ∼ 1/a✳ ❚♦✉❥♦✉rs ❡♥ ♥é❣❧✐❣❡❛♥t
✶❢r❡❡✲str❡❛♠✐♥❣ ❡♥ ❛♥❣❧❛✐s✳
✸✻ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
❧❡s ♠♦❞❡s ✈❡❝t♦r✐❡❧s✱ ♥♦✉s ❞é❞✉✐s♦♥s ✜♥❛❧❡♠❡♥t ❞❡ ❧✬éq✉❛t✐♦♥ ❣é♦❞és✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ♣♦✉r
❧❛ ❝♦♠♣♦s❛♥t❡ ❞✬✐♥❞✐❝❡ ν = 0
dδE
dλ
= −Φ′ − 2e¯i∂iΦ+Ψ′ − E′ij e¯ie¯j . ✭✸✳✹✮
▲✬é♥❡r❣✐❡ ❞✬✉♥ ♣❤♦t♦♥ ♠❡s✉ré❡ ♣❛r ✉♥ ♦❜s❡r✈❛t❡✉r ❝♦♠♦❜✐❧❡ ❛✈❡❝ ✉♥ ✢✉✐❞❡ ❞❡ q✉❛❞r✐✈❡❝t❡✉r
✈✐t❡ss❡ uµ ❡st ❞♦♥♥é❡ ♣❛r E = −kµuµ✳ ■❧ ❢❛✉t ❜✐❡♥ ré❛❧✐s❡r q✉❡ δE ❡st ❧❡ ❝♦♥tr❛st❡ ❞✬é♥❡r❣✐❡ t❡❧
q✉❡ ♠❡s✉ré ♣❛r ✉♥ ♦❜s❡r✈❛t❡✉r ❞❡ q✉❛❞r✐✈✐t❡ss❡ u¯µ = (dt)µ q✉✐ ♥✬❡st ♣❛s ♥♦r♠❛❧✐sé à −1 s✉r
❧✬❡s♣❛❝❡ ♣❡rt✉r❜é✳ ❙✐ ❧✬♦♥ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧❡ ❢❛✐t q✉❡ ❧✬♦❜s❡r✈❛t❡✉r ❞♦✐t s❛t✐s❢❛✐r❡ uµuµ = −1 s✉r
❧✬❡s♣❛❝❡ ♣❡rt✉r❜é ❡t q✉❡ ❞❡ ♣❧✉s ♦♥ s♦✉❤❛✐t❡ q✉❡ ❝❡❧✉✐ ❝✐ s♦✐t ❝♦♠♦❜✐❧❡ ❛✈❡❝ ❧❡s ❜❛r②♦♥s✱ uµ = uµb ✱
❛❧♦rs ♦♥ ♦❜t✐❡♥t ✭t♦✉❥♦✉rs ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❛♥s ❧❡s ♣❡rt✉r❜❛t✐♦♥s✮ ❡♥ ❞é✜♥✐ss❛♥t E ≡ E¯ (1 + δE)
δE =
[
δE +Φ− e¯ivib
]
. ✭✸✳✺✮
❖♥ ♣❡✉t ❞♦♥❝ r❡❧✐❡r ❧❡ ❝♦♥tr❛st❡ ❞✬é♥❡r❣✐❡ δEe ♠❡s✉ré❡ à ❧✬é♠✐ss✐♦♥ ❞✉ ♣❤♦t♦♥ ❡♥ xie à ηe à ❝❡❧✉✐
δE0 ♠❡s✉ré❡ ❛✉❥♦✉r❞✬❤✉✐ ❡♥ xi0 à η0✳ ❆ ❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s✱ ❝❡s ♣♦✐♥ts ❞❡ ❧✬❡s♣❛❝❡✲t❡♠♣s s♦♥t r❡❧✐és
♣❛r
xi0 − xie = e¯i(η0 − ηe) ✭✸✳✻✮
❡t ♦♥ ❛ ❞♦♥❝ ❛✉ ♣r❡♠✐❡r ♦r❞r❡
δE0 = δEe +
[
δE +Φ− e¯i(vib)
]0
e
. ✭✸✳✼✮
■❧ ♥♦✉s ❢❛✉t ❞♦♥❝ ✐♥té❣r❡r ❧✬éq✉❛t✐♦♥ ✭✸✳✹✮ ❛✜♥ ❞❡ ♣♦✉✈♦✐r ❡①♣❧✐❝✐t❡r ❝❡tt❡ ❡①♣r❡ss✐♦♥✳ ❖♥ ♦❜t✐❡♥t
✜♥❛❧❡♠❡♥t ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡s ♠♦❞❡s ✈❡❝t♦r✐❡❧s
δE0 = δEe +
[
Φ+ e¯iv
i
b
]e
0
+
∫ 0
e
(
Φ′ +Ψ′ − E′ij e¯ie¯j
)
dη. ✭✸✳✽✮
❖♥ ♣❡✉t ♠♦♥tr❡r ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣❤②s✐q✉❡ ❞❡ ❧❛ r❡❝♦♠❜✐♥❛✐s♦♥ q✉❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥
❝♦rr❡s♣♦♥❞ à ✉♥❡ s✉r❢❛❝❡ ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❞❡ r❛❞✐❛t✐♦♥ ❝♦♥st❛♥t❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡s ♣♦✐♥ts
(η,x) ❞❡ ❝❡tt❡ s✉r❢❛❝❡ s❛t✐s❢♦♥t ρr(η▲❙❙,x) = ρ¯r(η¯▲❙❙)✳ ❙✐ ♦♥ s✉♣♣♦s❡ q✉✬❛✈❛♥t ❝❡tt❡ s✉r❢❛❝❡
❧❡s ✐♥tér❛❝t✐♦♥s ❡♥tr❡ ❜❛r②♦♥s ❡t ♣❤♦t♦♥s s♦♥t très ❢♦rt❡s✱ ❛❧♦rs ❧❛ r❛❞✐❛t✐♦♥ ❡st ❝♦♥st❛♠♠❡♥t
t❤❡r♠❛❧✐sé❡ ❡t s❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ ❡st ❝❡❧❧❡ ❞✬✉♥ ❝♦r♣s ♥♦✐r✳ ❊❧❧❡ ❡st ❞♦♥❝ ❡♥t✐èr❡♠❡♥t
❝❛r❛❝tér✐sé❡ ♣❛r s❛ t❡♠♣ér❛t✉r❡ T (η,x) q✉✐ ❡st r❡❧✐é❡ à ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ s❡❧♦♥
ρ = 4σBT
4, ✭✸✳✾✮
❛✈❡❝ σB ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❙t❡❢❛♥✲❇♦❧t③♠❛♥♥ ❞♦♥t ❧❛ ✈❛❧❡✉r ❞❛♥s ❧❡s ✉♥✐tés c = 1✱ ~ = 1 ❡t
kB = 1✱ ❡st s❛♥s ❞✐♠❡♥s✐♦♥ ❡t ✈❛✉t π2/60✳ ❖♥ ♣❡✉t ❛✐♥s✐ ❞é✜♥✐r ✉♥ ❝♦♥tr❛st❡ ❞❡ t❡♠♣ér❛t✉r❡ ♣❛r
T (η,x) ≡ T¯ (η) [1 + Θ(η,x)]✳ ❖♥ s♦✉❤❛✐t❡ ❡①♣r✐♠❡r ❧❡s q✉❛♥t✐tés ♣❡rt✉r❜é❡s ❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✽✮
q✉✐ s♦♥t é✈❛❧✉é❡s s✉r ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs ✈❛❧❡✉rs ♣r✐s❡s s✉r ❧❛
s✉r❢❛❝❡ ♠♦②❡♥♥❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ❞é✜♥✐❡ ♣❛r η¯▲❙❙✳ ❉❛♥s ❝❡tt❡ ❤②♣♦t❤ès❡ ❞❡ ❝♦✉♣❧❛❣❡ ❢♦rt
❛✈❛♥t ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥✱ ♦♥ ✉t✐❧✐s❡ ❧❡ ❢❛✐t q✉❡ ❧❛ q✉❛♥t✐té q✉✐ ✐♥t❡r✈✐❡♥t ❞❛♥s ✉♥
s♣❡❝tr❡ ❞❡ ❝♦r♣s ♥♦✐r ❡st E/T ✱ ❡t q✉❡ ♣❛r ❝♦♥séq✉❡♥t✱ ✉♥❡ ❢♦✐s ✐♥té❣ré s✉r t♦✉t❡s ❧❡s é♥❡r❣✐❡s✱ ❧❡s
❝♦♥❝❧✉s✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✽✮ t✐ré❡s ♣♦✉r δE s❡r♦♥t ✈❛❧❛❜❧❡s ♣♦✉r Θ✱ ❡t ♦♥ r❡❧✐❡ ❧❡ ❝♦♥tr❛st❡ ❞❡
t❡♠♣ér❛t✉r❡ à ❝❡❧✉✐ ❞❡ ❞❡♥s✐té ❞❡ r❛❞✐❛t✐♦♥ ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ✭✸✳✾✮ ♣❛r (1 + Θ)4 = 1 + δr✳
▼✉❧t✐♣ô❧❡s ✸✼
❆✉ ♣r❡♠✐❡r ♦r❞r❡ ♦♥ ❛✉r❛ Θ(1)[η▲❙❙,x(η▲❙❙)] = δ
(1)
r [η▲❙❙,x(η▲❙❙)]/4 ≃ δ(1)r [η¯▲❙❙,x(η¯▲❙❙)]/4✳ ❖♥
♦❜t✐❡♥t ❞♦♥❝ q✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ♦❜s❡r✈é❡ ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ −e¯i ❡st ❞♦♥♥é❡ ♣❛r
Θ(η0,x0,−e¯i) = 1
4
δr +
[
Φ+ e¯iv
i
b
]
(η¯▲❙❙,xe) +
∫ 0
e
(
Φ′ +Ψ′ − E′ij e¯ie¯j
)
dη + F (0), ✭✸✳✶✵✮
♦ù F (0) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥s ✐❝✐ ❡t ❛✉❥♦✉r❞✬❤✉✐ q✉✐ ♥✬✐♥t❡r✈✐❡♥t ♣❛s
❞❛♥s ❧❡s ❞✐✛ér❡♥❝❡s ❞✐r❡❝t✐♦♥♥❡❧❧❡s✳ ▲❡ t❡r♠❡ Θ❙❲(k, η) ≡ [δr(k, η)/4 + Φ(k, η)] ❡st ❛♣♣❡❧é ❡✛❡t
❙❛❝❤s✲❲♦❧❢❡ ♣r♦♣r❡✱ ❧❡ t❡r♠❡ ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ❧❛ ✈✐t❡ss❡ ❞❡s ❜❛r②♦♥s à ❧❛ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ❡st ✉♥
❡✛❡t ❉♦♣♣❧❡r Θ❉♦♣(k, η) ≡
[
e¯iv
i
b(k, η)
]
✱ ❡t ❧❡ t❡r♠❡ ✐♥té❣ré ❡st ❛♣♣❡❧é ❡✛❡t ❙❛❝❤s✲❲♦❧❢❡ ✐♥té❣ré✳
✸✳✷ ▼✉❧t✐♣ô❧❡s
✸✳✷✳✶ Pré❞✐❝t✐♦♥s st❛t✐st✐q✉❡s ♠✉❧t✐♣ô❧❛✐r❡s
▲♦rsq✉❡ ❧✬♦♥ ét❛❜❧✐t ❞❡s ♣ré❞✐❝t✐♦♥s ♣♦✉r ❧✬✉♥✐✈❡rs✱ ♥♦✉s ♥✬❛✈♦♥s ❛❝❝ès q✉✬à ❞❡s ♣ré❞✐❝t✐♦♥s
st❛t✐st✐q✉❡s s✉r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ré❛❧✐s❛t✐♦♥s ❞✬✉♥✐✈❡rs✳ ◆♦✉s ❞ét❛✐❧❧❡r♦♥s ❝❡ ♣♦✐♥t ♣❧✉s ♣❛rt✐❝✉✲
❧✐èr❡♠❡♥t ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ❞é❞✐é à ❧✬✐♥✢❛t✐♦♥✳ ▲❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞❡ Φ(1)(k) ❬❊q✳ ✭✷✳✸✼✮❪
❛✉ ❞é❜✉t ❞❡ ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥ s♦♥t ❞♦♥♥é❡s ♣❛r ❝❡❧❧❡s ❞❡ A(k) ✭✈♦✐r ❧✬éq✉❛t✐♦♥ ✷✳✸✼ ♣♦✉r ❧❛
❞é✜♥✐t✐♦♥✮✳ ▲❡ ❝♦rré❧❛t❡✉r à ❞❡✉① ♣♦✐♥ts ❞❡ ❝❡tt❡ q✉❛♥t✐té ❡st ❞♦♥♥é ❡♥ ❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r ♣❛r
〈A(k)A(k′)〉 = δ3❉(k+ k′)PΦ(k). ✭✸✳✶✶✮
PΦ ❡st ❧❡ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❡t ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ ❧❛ ♥♦r♠❡ ❞❡ k ❝❡ q✉✐ tr❛❞✉✐t
❧✬✐s♦tr♦♣✐❡ st❛t✐st✐q✉❡✳ ◗✉❛♥t à ❧❛ ❢♦♥❝t✐♦♥ δ3❉✱ ❡❧❧❡ tr❛❞✉✐t ❧✬❤②♣♦t❤ès❡ ❞✬❤♦♠♦❣é♥é✐té ❞❡s ♣r♦♣r✐é✲
tés st❛t✐st✐q✉❡s ❞❡s ✢✉❝t✉❛t✐♦♥s✳ ▲❡ ❝♦rré❧❛t❡✉r à ❞❡✉① ♣♦✐♥ts ❝♦♥t✐❡♥t t♦✉t❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❛
st❛t✐st✐q✉❡ ❞✬✉♥ ❝❤❛♠♣ ❣❛✉ss✐❡♥ ❝❛r t♦✉t ❝♦rré❧❛t❡✉r à n ♣♦✐♥ts ♣❡✉t êtr❡ ❡①♣r✐♠é ❡♥ ❢♦♥❝t✐♦♥ ❞✉
❝♦rré❧❛t❡✉r à ❞❡✉① ♣♦✐♥ts ✭✈♦✐r ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❧❛ ♣❛rt✐❡ ■■✮✳ ●râ❝❡ à ❧✬✐s♦tr♦♣✐❡ st❛t✐st✐q✉❡✱ ♦♥
❞é❞✉✐t q✉❡ ❧❛ ❝♦rré❧❛t✐♦♥ ❞❡ t❡♠♣ér❛t✉r❡ ❞✉ ❈▼❇ ✈❡♥❛♥t ❞❡ ré❣✐♦♥ ❞✐✛ér❡♥t❡s ❞✉ ❝✐❡❧ ♥❡ ❞é♣❡♥❞
q✉❡ ❞❡ ❧❡✉r sé♣❛r❛t✐♦♥ ❛♥❣✉❧❛✐r❡ ❡t ♣❡✉t ❞♦♥❝ êtr❡ ❞é❝♦♠♣♦sé❡ s✉r ❧❛ ❜❛s❡ ❞❡s ♣♦❧②♥ô♠❡s ❞❡
▲❡❣❡♥❞r❡ s❡❧♦♥
〈Θ(e1)Θ(e2)〉 =
∞∑
ℓ=0
2ℓ+ 1
4π
CℓPℓ(e1.e2). ✭✸✳✶✷✮
❈❡❧❛ r❡✈✐❡♥t à ré❛❧✐s❡r ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ♠❡s✉ré❡ ❡♥ ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s
s❡❧♦♥
Θ(e) =
∑
ℓm
aℓmYℓm(e) , ✭✸✳✶✸✮
❡t à ❝♦♥s✐❞ér❡r ❧❡s ❝♦rré❧❛t✐♦♥s ❞❡s aℓm q✉✐✱ à ❝❛✉s❡ ❞❡ ❧✬✐s♦tr♦♣✐❡ st❛t✐st✐q✉❡✱ s❛t✐s❢♦♥t
〈aℓ1m1a∗ℓ2m2〉 = Cℓ1δℓ1ℓ2δm1m2 . ✭✸✳✶✹✮
❊♥ ✉t✐❧✐s❛♥t ❝❡s ♣r♦♣r✐étés ❡t ❡♥ ♥é❣❧✐❣❡❛♥t ❧✬❡✛❡t ❙❛❝❤s✲❲♦❧❢❡ ✐♥té❣ré✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡
aℓm = 4πi
ℓ
∫
d3k
(2π)3/2
[
ΘSW jℓ(k∆ηE) + vb(k)
j′ℓ(k∆ηE)
k
]
Y ∗ℓm(kˆ)
≡ 4πiℓ
∫
d3k
(2π)3/2
gℓ(k, η▲❙❙)Φ
(1)(k)Y ∗ℓm(kˆ) ❛✈❡❝ ∆ηE ≡ η0 − η▲❙❙ ✭✸✳✶✺✮
✸✽ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
▲❛ ❢♦♥❝t✐♦♥ gℓ(k, η) ❝♦♥t✐❡♥t à ❧❛ ❢♦✐s ❧❡ tr❛♥s❢❡rt ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ♠étr✐q✉❡ ❡t ❞❡ ♠❛t✐èr❡ ❡♥
♣❡rt✉r❜❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡✱ ❛✐♥s✐ q✉❡ ❧❡s ❡✛❡ts ❞❡ ♣r♦❥❡❝t✐♦♥s s✉r ❧❛ s♣❤èr❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s✳
❊♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦♣r✐été ✭✸✳✶✶✮✱ ♦♥ ❞é❞✉✐t q✉❡ ❧❡ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛♥❣✉❧❛✐r❡ Cℓ ❡st ❞♦♥♥é ❛✉
♣r❡♠✐❡r ♦r❞r❡ ❞❛♥s ❧❡s ♣❡rt✉r❜❛t✐♦♥s ♣❛r
Cℓ =
2
π
∫
|gℓ(k, η▲❙❙)|2 PΦ(k)k2dk . ✭✸✳✶✻✮
Cℓ ❡st ❧❛ ✈❛r✐❛♥❝❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡ s✉r ✉♥❡ é❝❤❡❧❧❡ ❛♥❣✉❧❛✐r❡ ❞❡ ❧✬♦r❞r❡ ❞❡ θ ∼ π/ℓ✳
✸✳✷✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ❞✉ ❝✐❡❧ ♣❧❛t
▲❡ rés✉❧t❛t ♣ré❝é❞❡♥t ♣❡✉t êtr❡ s✐♠♣❧✐✜é s✐ ❧✬♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ❝✐❡❧ ♣❧❛t✳
❙✐ ❧✬♦♥ r❡❣❛r❞❡ ✉♥❡ ❞✐r❡❝t✐♦♥ ❞✉ ❝✐❡❧ e✱ ❝✬❡st✲à✲❞✐r❡ t❡❧❧❡ q✉❡ ❧❡s ♣❤♦t♦♥s ♥♦✉s ♣❛r✈❡♥❛♥t ❞❡ ❝❡tt❡
③♦♥❡ s♦✐❡♥t ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ♣❛r❛❧❧è❧❡s ❡♥tr❡ ❡✉① ❡t ❞❡ ❞✐r❡❝t✐♦♥ −e✱ ❛❧♦rs ♦♥ ♣❡✉t ❞é❝♦♠♣♦s❡r
✉♥ ♠♦❞❡ k ❡♥ ✉♥❡ ♣❛rt✐❡ ♣❛r❛❧❧è❧❡ à e ❡t ✉♥❡ ♣❛rt✐❡ ♦rt❤♦❣♦♥❛❧❡ s❡❧♦♥
k = k⊥ + kr, ❛✈❡❝ kr = k.e . ✭✸✳✶✼✮
❉❛♥s ❝❡ ❝❛❞r❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ❧✬❡✛❡t ❙❛❝❤s✲❲♦❧❢❡ ♣r♦♣r❡ ❡t ❧✬❡✛❡t ❉♦♣♣❧❡r s✬é❝r✐✈❡♥t r❡s♣❡❝t✐✲
✈❡♠❡♥t
Θ
(1)
❙❲(k, η) =
[
δ
(1)
r
4
(k, η) + Φ(1)(k, η)
]
, Θ
(1)
❉♦♣(k, η) =
[
−✐krv(1)b (k, η)
]
, ✭✸✳✶✽✮
❡t ♦♥ ❞é✜♥✐t g(1)(k, η) ≡ 1A(k)
[
Θ
(1)
❙❲(k, η) + Θ
(1)
❉♦♣(k, η)
]
✳ ❖♥ ♣❡✉t ❛❧♦rs ♠♦♥tr❡r q✉❡ ❧❡ s♣❡❝tr❡
❛♥❣✉❧❛✐r❡ s✬é❝r✐t ❛❧♦rs ♣♦✉r ℓ≫ 1
Cℓ ≃ 1
2π (∆ηE)
2
∫ ∞
−∞
dkrPΦ(k)|g(k, η▲❙❙)|2, ✭✸✳✶✾✮
♦ù ∆ηE k⊥ = ℓ✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ❝✐❡❧ ♣❧❛t ♥✬❡st ✈❛❧❛❜❧❡ q✉❡ ♣♦✉r ℓ ≫ 1✳ ❉❛♥s ❧❛ ❧✐♠✐t❡ ❞❡s
❣r❛♥❞❡s é❝❤❡❧❧❡s✱ ❝✬❡st✲à✲❞✐r❡ ♣♦✉r ℓ≪ 1✱ ♦♥ ♦❜t✐❡♥t ♣♦✉r ✉♥ s♣❡❝tr❡ ✐♥✈❛r✐❛♥t ❞✬é❝❤❡❧❧❡✱ ❝✬❡st✲à✲
❞✐r❡ ❛②❛♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧ à k−3✱ ✉♥❡ s♦❧✉t✐♦♥ ❛♣♣r♦❝❤é❡ ❞✉ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡
❛♥❣✉❧❛✐r❡ ✭✸✳✶✻✮ ❞♦♥♥é❡ ♣❛r
ℓ(ℓ+ 1)Cℓ ≃ 9
100π
PΦk
3 . ✭✸✳✷✵✮
❈❡tt❡ ❡①♣r❡ss✐♦♥ ❡st ❡♥s✉✐t❡ ✉t✐❧✐sé❡ ♣♦✉r ♥♦r♠❛❧✐s❡r ❧❡ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ♣❛r ❝♦♠♣❛r❛✐s♦♥ ❛✉①
♦❜s❡r✈❛t✐♦♥s✳
✸✳✷✳✸ ❊♣❛✐ss❡✉r ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥
❊♥ ♣r❛t✐q✉❡✱ ❧❛ r❡❝♦♠❜✐♥❛✐s♦♥ ♥✬❡st ♣❛s ✐♥st❛♥t❛♥é❡ ❡t ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ❡st ❡♥
❢❛✐t ✉♥ ✈♦❧✉♠❡✳ ❙✐ ❧✬♦♥ ❞és✐❣♥❡ ♣❛r r = (η0 − η) ❧❛ ❞✐st❛♥❝❡ ❝♦♠♦❜✐❧❡ à ❧❛q✉❡❧❧❡ ✉♥ ♣❤♦t♦♥ ❛ été
❞✐✛✉sé ♣♦✉r ❧❛ ❞❡r♥✐èr❡ ❢♦✐s ❛✈❛♥t ❞✬êtr❡ ♦❜s❡r✈é ❛✉❥♦✉r❞✬❤✉✐✱ ❛❧♦rs ♦♥ ♣❡✉t r❡❧✐❡r ❧❡ ♥♦♠❜r❡ ❞❡
♣❤♦t♦♥s N(r) q✉✐ ♦♥t ♣❛r❝♦✉r✉ ❛✉ ♠♦✐♥s ✉♥❡ ❞✐st❛♥❝❡ r ❛✉ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s N(r + dr) q✉✐
♦♥t ♣❛r❝♦✉r✉ ❛✉ ♠♦✐♥s ✉♥❡ ❞✐st❛♥❝❡ r + dr ♣❛r
N(r + dr) = N(r)− σ˜drN(r), ⇒ dN(r)
dr
= −σ˜N(r) ✭✸✳✷✶✮
▼✉❧t✐♣ô❧❡s ✸✾
♦ù ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ♥♦t❛t✐♦♥ σ˜ ≡ aneσT ✳ ❖♥ ❡♥ ❞é❞✉✐t q✉❡ N(r) = Ntot exp[−
∫ r
0 σ˜(r
′)dr′]✳ ❖♥
❞é✜♥✐t ❡♥s✉✐t❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈✐s✐❜✐❧✐té v(r) ❝♦♠♠❡ ❧❛ ♣r♦❜❛❜✐❧✐té ♣♦✉r q✉✬✉♥ ♣❤♦t♦♥ q✉✐ ♥♦✉s
❛rr✐✈❡ ❛✐t été ❞✐✛✉sé ♣♦✉r ❧❛ ❞❡r♥✐èr❡ ❢♦✐s ❡♥tr❡ r ❡t r + dr✳ ❊♥ t❡r♠❡s ❞✐✛ér❡♥t✐❡❧s ♦♥ ♦❜t✐❡♥t
v(r) = − 1
Ntot
dN
dr
, ⇒ v(r) = σ˜(r) exp
[
−
∫ r
0
σ˜(r′)dr′
]
. ✭✸✳✷✷✮
❊♥ ♣♦s❛♥t dτdr ≡ σ˜✱ ❝✬❡st✲à✲❞✐r❡ τ =
∫ r
0 σ˜(r
′)dr′✷✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈✐s✐❜✐❧✐té s❡ ré❝r✐t
v(r) =
dτ
dr
e−τ . ✭✸✳✷✸✮
◆é❛♥♠♦✐♥s ♥♦✉s ❛✈♦♥s ❞é❥à ✉t✐❧✐sé ❧❛ ♥♦t❛t✐♦♥ τ ′ ≡ dτdr ❝❡ q✉✐ ✐♠♣❧✐q✉❡ τ ′ = dτd(η0−η) = −dτdη ✱ ❧❡
s✐❣♥❡ rés✉❧t❛♥t ❞✬✉♥❡ ❝♦♥✈❡♥t✐♦♥ ❤✐st♦r✐q✉❡✳
❆✜♥ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡ ❝❡tt❡ é♣❛✐ss❡✉r ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ❝✐❡❧ ♣❧❛t✱ ✐❧ ❢❛✉t r❡♠♣❧❛❝❡r
g(k, η▲❙❙) ♣❛r
gˆ(k, η▲❙❙) ≡
∫
v(η)g(k, η)e(✐krη)dη. ✭✸✳✷✹✮
❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ♣♦✉r ✉♥ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ PΦ ✐♥✈❛r✐❛♥t ❞✬é❝❤❡❧❧❡✱ ❧❡s ♣ré❞✐❝✲
t✐♦♥s ❞✉ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛♥❣✉❧❛✐r❡ ❛♣♣❛r❛✐ss❛♥t s✉r ❧❛ ✜❣✉r❡ ✸✳✶✱ ♦ù ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ s✉r❢❛❝❡
❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ❛✐♥s✐ q✉❡ ❧✬❛♠♦rt✐ss❡♠❡♥t ❙✐❧❦ ♦♥t été ♣r✐s ❡♥ ❝♦♠♣t❡ ❬❙❡❧❥❛❦ ✾✹❪✳
500 1000 1500 2000
0
1000
2000
3000
4000
5000
T02lHl+1LClH2ΠL HΜK2L
❋✐❣✳ ✸✳✶✿ ❙♣❡❝tr❡ ❛♥❣✉❧❛✐r❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ❡♥ ❝✐❡❧ ♣❧❛t✱ ♦❜t❡♥✉ ♣❛r ✐♥té❣r❛t✐♦♥ ❞❛♥s
✉♥ ❝♦❞❡ ▼❛t❤❡♠❛t✐❝❛ ❞❡s éq✉❛t✐♦♥s ✭✷✳✽✽✱✷✳✽✾✮✱ ❛✈❡❝ ❧❡ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ❞ét❡r♠✐♥é ♣❛r
❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ✭✷✳✷✶✮ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ♠❛t✐èr❡ ♥♦✐r❡ ❢r♦✐❞❡✳
◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸ q✉✬✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞✬❛❧❧❡r ❛✉ ❞❡❧à ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡
❛✜♥ ❞✬♦❜t❡♥✐r ❞❡s ♣ré❞✐❝t✐♦♥s ♣ré❝✐s❡s ♣♦✉r ❧❡ s♣❡❝tr❡ ❛♥❣✉❧❛✐r❡✳ ■❧ ❢❛✉t ❛❧♦rs rés♦✉❞r❡ ❧✬éq✉❛t✐♦♥
❞❡ ❇♦❧t③♠❛♥♥ ❡t ❧❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ❞❡ ❢❛ç♦♥ ♥✉♠ér✐q✉❡ ❛✜♥ ❞❡ ❣é♥ér❡r ❧❡s ♣ré❞✐❝t✐♦♥s
♣♦✉r t♦✉s ❧❡s ♠♦❞è❧❡s ❞✬✉♥✐✈❡rs ❡♥✈✐s❛❣❡❛❜❧❡s ❡t sé❧❡❝t✐♦♥♥❡r ❝❡❧✉✐ q✉✐ ❡st ❧❡ ♣❧✉s ❝♦♠♣❛t✐❜❧❡
✷τ ❡st ❛♣♣❡❧é ♣r♦❢♦♥❞❡✉r ♦♣t✐q✉❡
✹✵ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❬❙♣❡r❣❡❧ ❡t ❛❧✳ ✵✼❪✳ ▲❡ ♠❡✐❧❧❡✉r ❛❥✉st❡♠❡♥t✸ ❛✉① ❞♦♥♥é❡s ré❝♦❧té❡s ♣❛r ❧❡
s❛t❡❧❧✐t❡ ❝♦♥s❛❝ré à ❧❛ ♠❡s✉r❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❲▼❆P ❡st ♣rés❡♥té s✉r ❧❛ ✜❣✉r❡ ✸✳✷✳ P❧✉s✐❡✉rs
❝♦❞❡s s♦♥t ❞✐s♣♦♥✐❜❧❡s ❡♥ ❧✐❜r❡ ❛❝❝ès ❛✜♥ ❞❡ ré❛❧✐s❡r ❝❡s ✐♥té❣r❛t✐♦♥s ♥✉♠ér✐q✉❡s✱ ❧❡s ♣❧✉s ✉t✐❧✐sés
ét❛♥t ❈▼❇❋❆❙❚ ❬❙❡❧❥❛❦ ✫ ❩❛❧❞❛rr✐❛❣❛ ❪ ❡t ❈❆▼❇ ❬▲❡✇✐s ✫ ❈❤❛❧❧✐♥♦r ❪✳ ❯♥❡ ét✉❞❡ ❞ét❛✐❧❧é❡ ❞❡
❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ s♣❡❝tr❡ ❛♥❣✉❧❛✐r❡ ❞❛♥s ❧❡s ♣❛r❛♠ètr❡s ❝♦s♠♦❧♦❣✐q✉❡s ❡st
❡①♣♦sé❡ ❞❛♥s ❬❘✐❛③✉❡❧♦ ✵✵❪✳
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❋✐❣✳ ✸✳✷✿ ❘és✉❧t❛ts ❞❡ ❲▼❆P ✿ ❙♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛♥❣✉❧❛✐r❡ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡✳ ❊♥ ♥♦✐r
s♦♥t r❡♣♦rtés ❧❡s ♣♦✐♥ts ♠❡s✉rés ❡t ❡♥ r♦✉❣❡ ❧❡ ♠❡✐❧❧❡✉r ❛❥✉st❡♠❡♥t ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♠♦❞è❧❡
❝♦♥❝♦r❞❛♥t ❡st tr❛❝é✳ ❋✐❣✉r❡ t✐ré❡ ❞❡ ❬❙♣❡r❣❡❧ ❡t ❛❧✳ ✵✼❪✳
✸✳✸ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡
✸✳✸✳✶ ❉❡s❝r✐♣t✐♦♥ st❛t✐st✐q✉❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❛rt✐❝✉❧❡s
❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❡t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♣♦✉r ❧❛ r❛❞✐❛t✐♦♥✱ ❧❡ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ❞❡ ❧✬✉♥✐✈❡rs
♥❡ ♣❡✉t ♣❛s êtr❡ ❞é❝r✐t ♣❛r ✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t✱ ❡t ✐❧ ❢❛✉t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ♣rés❡♥❝❡ ❞✉ t❡♥✲
s❡✉r ❞❡ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡✳ ▲✬é✈♦❧✉t✐♦♥ ❞❡ ❝❡ t❡♥s❡✉r ♥❡ ♣❡✉t ♣❛s êtr❡ ❞ét❡r♠✐♥é❡ s❡✉❧❡♠❡♥t à
✸❜❡st ✜t ❡♥ ❛♥❣❧❛✐s✳
❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ✹✶
♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞✉ t❡♥s❡✉r é♥❡r❣✐❡ ✐♠♣✉❧s✐♦♥✳ ❉❡ ♣❧✉s ❧❡s ❢♦r❝❡s ❡♥tr❡ ❧❡s
❞✐✛ér❡♥ts ✢✉✐❞❡s ❞♦✐✈❡♥t êtr❡s ❞ét❡r♠✐♥é❡s ❛✜♥ ❞❡ ♣♦✉✈♦✐r é❝r✐r❡ ❧❡s éq✉❛t✐♦♥s ❞❡ ❝♦♥s❡r✈❛t✐♦♥
❝♦✉♣❧é❡s ✭✷✳✷✵✮✳ ❈❡s ✐♥tér❛❝t✐♦♥s rés✉❧t❡♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❡ ❞✐✛✉s✐♦♥s ❡♥tr❡ ♣❛rt✐❝✉❧❡s ❞♦♥t ❧❡s
s❡❝t✐♦♥s ❡✣❝❛❝❡s ♥♦✉s s♦♥t ❝♦♥♥✉❡s ❞✬❛♣rès ❧❛ ♠✐❝r♦♣❤②s✐q✉❡✳ ❖♥ ❛❞♦♣t❡ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ st❛✲
t✐st✐q✉❡ q✉✐ ✈❛ êtr❡ ❝❛r❛❝tér✐sé❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s f(x,p)
❬❍✐❧❧❡r② ❡t ❛❧✳ ✽✹❪✳ ◆♦✉s ♣♦✉rr♦♥s ❡♥s✉✐t❡ r❡♠♦♥t❡r à ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r
❧❡s ❢♦r❝❡s ❡♥tr❡ ❧❡s ❞✐✛ér❡♥ts ✢✉✐❞❡s✳ ❉❡ ♣❧✉s✱ ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡ ❝♦✉♣❧❛❣❡ ❢♦rt✱ ❧❡ t❡♥s❡✉r ❞❡ ♣r❡s✲
s✐♦♥ ❛♥✐s♦tr♦♣❡ ♣❡✉t êtr❡ ❞ét❡r♠✐♥é ❝❡ q✉✐ ❥✉st✐✜❡ ❛❧♦rs ❞❡ s❡ r❡str❡✐♥❞r❡ à ❧❛ ❞❡s❝r✐♣t✐♦♥ ✢✉✐❞❡✳
▲♦rsq✉❡ ❧✬♦♥ ♣❛ss❡ à ❧❛ ❧✐♠✐t❡ ✢✉✐❞❡✱ ❧❡ ♣❛r❛♠ètr❡ ❞✬éq✉❛t✐♦♥ ❞✬ét❛t w ♣❡✉t êtr❡ ❞ét❡r♠✐♥é à
♣❛rt✐r ❞❡ ❧❛ ✈✐t❡ss❡ q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❞❡s ♣❛rt✐❝✉❧❡s ❡t ❞❡ ❧❡✉r ♠❛ss❡✳ ❆✈❛♥t ❞❡ ❞ér✐✈❡r ❝❡
❧✐❡♥✱ ✐❧ ♥♦✉s ❢❛✉t ♣♦✉✈♦✐r ✉t✐❧✐s❡r ❧❡s rés✉❧t❛ts ❞❡ ❧❛ ♣❤②s✐q✉❡ ❧♦❝❛❧❡ ❞ér✐✈és ❞❛♥s ✉♥ ❡s♣❛❝❡✲t❡♠♣s
▼✐♥❦♦✇s❦✐❡♥✳ ❖♥ ✈❛ ❞♦♥❝ s❡ r❛♠❡♥❡r ❧♦❝❛❧❡♠❡♥t à ✉♥ ❡s♣❛❝❡ t❡♠♣s ▼✐♥❦♦✇s❦✐❡♥ ❡♥ ✉t✐❧✐s❛♥t
✉♥❡ ❜❛s❡ ❞❡ ✈❡❝t❡✉rs ♦rt❤♦♥♦r♠és ea, a = 0, 1, 2, 3✱ ❛♣♣❡❧é❡ tétr❛❞❡ ♦✉ ❝❤❛♠♣ ❞❡ tétr❛❞❡✱ q✉✐
s❛t✐s❢♦♥t
gµνe
µ
a e
ν
b = ηab , η
abe µa e
ν
b = g
µν , ✭✸✳✷✺✮
♦ù ηab ❡st ❧❛ ♠étr✐q✉❡ ❞❡ ▼✐♥❦♦✇s❦✐✳ ❖♥ ❞é✜♥✐t é❣❛❧❡♠❡♥t ✉♥❡ ❜❛s❡ ❞❡ ❢♦r♠❡s ❛ss♦❝✐é❡s ea, a =
0, 1, 2, 3 s❛t✐s❢❛✐s❛♥t
gµνeaµe
b
ν = η
ab , ηabe
a
µe
b
ν = gµν . ✭✸✳✷✻✮
▲❡s ✐♠♣✉❧s✐♦♥s P ❞❡s ♣❛rt✐❝✉❧❡s ♣❡✉✈❡♥t ❞♦♥❝ êtr❡ é❝r✐t❡s s♦✐t ❞❛♥s ❧❛ ❜❛s❡ ❛ss♦❝✐é❡ ❛✉ s②stè♠❡
❞❡ ❝♦♦r❞♦♥♥é❡s ∂µ s♦✐t ❞❛♥s ❧❛ ❜❛s❡ ❞❡ ❧❛ tétr❛❞❡ ❡t ♦♥ ❛✉r❛ ❞♦♥❝
P = pµ∂µ = π
aea. ✭✸✳✷✼✮
❆✜♥ ❞❡ ♣♦✉✈♦✐r ✉t✐❧✐s❡r ❧❡s rés✉❧t❛ts ❞❡ ❧❛ ♣❤②s✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s✱ ♦♥ ♣ré❢èr❡r❛ ❞♦♥❝ é❝r✐r❡ ❧❛
❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ s♦✉s ❧❛ ❢♦r♠❡ f(x, πa)✱ ❡♥ s♦✉s ❡♥t❡♥❞❛♥t ❧❡ ❝❤❛♠♣ ❞❡ tétr❛❞❡ ✉t✐❧✐sé
❞❛♥s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡s ✐♠♣✉❧s✐♦♥s✳ ❖♥ ✉t✐❧✐s❡ ❛❧♦rs ❧❡s ♥♦t❛t✐♦♥s st❛♥❞❛r❞ ❞❡ ❧❛ r❡❧❛t✐✈✐té
r❡str❡✐♥t❡
ni ≡ π
i
π0
, β =
√
nini, nˆ
i = ni/β, γ =
(
1− β2)−1/2 . ✭✸✳✷✽✮
P♦✉r ✉♥❡ ♣❛rt✐❝✉❧❡ ♠❛ss✐✈❡ πaπa = −m2 ❡t ❞♦♥❝ π0 = γm✱ s✐ ❜✐❡♥ q✉❡ ni ❡st ❧❛ ✈✐t❡ss❡✱ nˆi s♦♥
✈❡❝t❡✉r ✉♥✐t❛✐r❡ ❞✐r❡❝t✐♦♥✱ ❡t β ❧❛ ♥♦r♠❡ ❞❡ ❝❡tt❡ ✈✐t❡ss❡ q✉✐ s❛t✐s❢❛✐t ♥é❝❡ss❛✐r❡♠❡♥t β < 1✳ P♦✉r
✉♥❡ ♣❛rt✐❝✉❧❡ ♥♦♥ ♠❛ss✐✈❡✱ β = 1 ❡t nˆi = ni ❡st ❧❡ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ❞✐r❡❝t✐♦♥ ❞❡ ❝❡tt❡ ♣❛rt✐❝✉❧❡✳
P♦✉r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❛rt✐❝✉❧❡s ❞❡ ♠❛ss❡ m ♥✬❛②❛♥t ♣❛s ❞❡ ♠♦✉✈❡♠❡♥t ❞✬❡♥s❡♠❜❧❡ ✭〈πi〉 = 0✮✱
❧❛ ♣r❡ss✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r
P ≡ 2N〈π
ini〉
6
=
1
3
mN〈γβ2〉. ✭✸✳✷✾✮
❈❡tt❡ ❢♦r♠✉❧❡ ❛ ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ✐♥t✉✐t✐✈❡✳ ❙✐ ♦♥ ❡✛❡❝t✉❡ ✉♥❡ ✐♥té❣r❛❧❡ s✉r t♦✉t❡s ❧❡s ✐♠♣✉❧s✐♦♥s q✉✐
tr❛✈❡rs❡♥t ✉♥❡ s✉r❢❛❝❡ ❞♦♥♥é❡✱ ♦♥ ♠♦♥tr❡ q✉❡ ❝❡❧❛ r❡✈✐❡♥t à ❝♦♥s✐❞ér❡r q✉❡ s❡✉❧❡♠❡♥t ✉♥ s✐①✐è♠❡
❞❡s ♣❛rt✐❝✉❧❡s tr❛✈❡rs❡r❛ ❧❛ s✉r❢❛❝❡ ❡♥ ❛②❛♥t ✉♥❡ ✐♥❝✐❞❡♥❝❡ ♥♦r♠❛❧❡✱ ❝❡ q✉✐ ❡①♣❧✐q✉❡ ❧❡ ❢❛❝t❡✉r 1/6✳
❊♥s✉✐t❡ ❧❡s ♣❛rt✐❝✉❧❡s q✉✐ t♦✉❝❤❡♥t ❧❛ s✉r❢❛❝❡ r❡❜♦♥❞✐ss❡♥t ❡♥ ② ❧❛✐ss❛♥t ❞❡✉① ❢♦✐s ❧❡✉r ✐♠♣✉❧s✐♦♥
q✉✐ ❡st πi✳ ❈❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s q✉✐ t♦✉❝❤❡ ❧❛ s✉r❢❛❝❡ ♣❛r ✉♥✐té ❞❡ t❡♠♣s ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à
❧❛ ✈✐t❡ss❡ ni = βnˆi ❡t à ❧❛ ❞❡♥s✐té ❞❡ ♣❛rt✐❝✉❧❡s N ✳ ▲✬é♥❡r❣✐❡ ❞❡ ❝❡t ❡♥s❡♠❜❧❡ ❞❡ ♣❛rt✐❝✉❧❡s ❡st ❧❛
♠♦②❡♥♥❡ ❞❡s é♥❡r❣✐❡s ρ = N〈π0〉 = mN〈γ〉✳ ❖♥ ❡♥ ❝♦♥❝❧✉t ❞♦♥❝ q✉❡ ❧❡ ♣❛r❛♠ètr❡ ❞✬ét❛t s✬é❝r✐t
w =
〈γβ2〉
3〈γ〉 . ✭✸✳✸✵✮
✹✷ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
❖♥ ❡♥ ❝♦♥❝❧✉t ❞♦♥❝ q✉❡ ♣♦✉r ♣♦✉✈♦✐r ❞é❝r✐r❡ ❧❛ ♠❛t✐èr❡ ❛✈❡❝ ✉♥ ♣❛r❛♠ètr❡ ❞✬ét❛t ♥✉❧ ✐❧ ❢❛✉t
q✉❡ t♦✉t❡s ❧❡s ♣❛rt✐❝✉❧❡s ❛✐❡♥t ✉♥❡ ✈✐t❡ss❡ ♥✉❧❧❡✳ ❊♥ ❝♦s♠♦❧♦❣✐❡✱ ❧♦rsq✉❡ ❧✬♦♥ ♣❛r❧❡ ❞✬✉♥ ✢✉✐❞❡
❞❡ ♣r❡ss✐♦♥ ♥✉❧❧❡ ✭w = 0✮ ♣♦✉r ❧❡q✉❡❧ ✐❧ ❡①✐st❡ ❣é♥ér❛❧❡♠❡♥t ✉♥❡ ✈✐t❡ss❡ ❞✬❡♥s❡♠❜❧❡✱ ♦♥ ❞♦✐t
❞♦♥❝ ❝♦♠♣r❡♥❞r❡ q✉✬✐❧ s✬❛❣✐t ❞✬✉♥ ✢✉✐❞❡ ♣♦✉r ❧❡q✉❡❧ P ≪ ρc2✳ P♦✉r ❧❛ r❛❞✐❛t✐♦♥ ♦♥ tr♦✉✈❡
P = 13N〈πini〉 = 13N〈π0〉 = ρ/3✳
❯♥❡ ❛♣♣r♦❝❤❡ ♣❧✉s r✐❣♦✉r❡✉s❡ ❝♦♥s✐st❡ à ❞é✜♥✐r ✉♥ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ à ♣❛rt✐r ❞❡ ❧❛
❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ s❡❧♦♥✹
T ab(xµ) ≡
∫
δ❉(π
cπc −m2)f(xµ, πd)πaπbdπ0d3πi ,
=
∫
f(xµ, πi)π0(βπ0)2nanbd(βπ0)dΩ , ✭✸✳✸✶✮
♦ù ♦♥ ♥♦t❡ na = (1, ni) = (1, βnˆi) ❡t dΩ = d2nˆi✳ ◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ✉t✐❧✐sé ❧✬❛❜✉s ❞❡ ♥♦t❛t✐♦♥
f(xµ, πi) ♣♦✉r s✐❣♥✐✜❡r f(xµ, πa) ♦ù ❧❛ ❝♦♠♣♦s❛♥t❡ π0 ❡st ❞ét❡r♠✐♥é❡ ❡♥ rés♦❧✈❛♥t ❧❛ ❝♦♥tr❛✐♥t❡
❞✉ ❉✐r❛❝ q✉✐ ❛ss✉r❡ q✉❡ ❧❡s ♣❛rt✐❝✉❧❡s s♦♥t s✉r ❧❡✉r ❝♦✉❝❤❡ ❞❡ ♠❛ss❡✳ ❖♥ ✉t✐❧✐s❡r❛ é❣❛❧❡♠❡♥t
❧❛ ♥♦t❛t✐♦♥ f(xµ, π0, nˆi) q✉✐ ❝♦rr❡s♣♦♥❞ à ❞❡s ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s ♣♦✉r πi ❞❛♥s ❧❡ ❝❛s ❞❡
❧❛ r❛❞✐❛t✐♦♥✳ ❊♥ r❡✈❛♥❝❤❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ♠❛t✐èr❡ ❞❡ ♠❛ss❡ ♥♦♥ ♥✉❧❧❡✱ ✐❧ ❢❛✉t ❝♦♠♣r❡♥❞r❡ ❝❡tt❡
♥♦t❛t✐♦♥ ❝♦♠♠❡ s✐❣♥✐✜❛♥t f
[
xµ, π0(πi), nˆi(πi)
]
✳ P♦✉r ♣❛ss❡r ❞✬✉♥❡ ✐♥té❣r❛❧❡ s✉r πa à ✉♥❡ ✐♥té❣r❛❧❡
s✉r πi ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ✭✸✳✸✶✮ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é ❧✬✐♥té❣r❛❧❡ s✉r π0✱ ♣✉✐s ♥♦✉s ❛✈♦♥s r❡♠❛rq✉é
q✉❡ ❧❛ ♥♦r♠❡ ❞❡ πi✱ ❝✬❡st✲à✲❞✐r❡
√
πiπi✱ ✈ér✐✜❡
√
πiπi = βπ
0 =
√
(π0)2 −m2✱ ❡t ♥♦✉s ❛✈♦♥s
❞♦♥❝ ✉t✐❧✐sé ❞❡s ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s✳ ◆♦✉s ♣♦✉✈♦♥s ❡✛❡❝t✉❡r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❞❛♥s
❧✬✐♥té❣r❛❧❡ ❡♥ ✉t✐❧✐s❛♥t d(βπ0) = dπ0/β✱ ♣♦✉r r❡tr♦✉✈❡r ❧❛ ❢♦r♠❡ st❛♥❞❛r❞ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡
T ab(xµ) =
∫
f(xµ, πi)(π0)3βnanbdπ0dΩ. ✭✸✳✸✷✮
❈❡tt❡ ❢♦r♠✉❧❛t✐♦♥✱ ♣❧✉s ♣r❛t✐q✉❡ ♣♦✉r ❧❡s ❝❛❧❝✉❧s✱ ❛ ♥é❛♥♠♦✐♥s ❧✬✐♥❝♦♥✈é♥✐❡♥t ❞✬♦❜s❝✉r❝✐r ❧❛ s✐✲
❣♥✐✜❝❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥✱ ♣✉✐sq✉✬✐❧ s✬❛❣✐t ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡ tr♦✉✈❡r
❡♥ ✉♥ ♣♦✐♥t ❞❡ ❧✬❡s♣❛❝❡✲t❡♠♣s ❞♦♥♥é ✉♥❡ ♣❛rt✐❝✉❧❡ ❞✬✐♠♣✉❧s✐♦♥ πi✳ ❖♥ ❞é✜♥✐t ❛❧♦rs ❧❛ ♠♦②❡♥♥❡
❞✬✉♥❡ q✉❛♥t✐té ♣❤②s✐q✉❡ t❡♥s♦r✐❡❧❧❡ ♣❛r
〈X〉 ≡
∫
f(xµ, πi)X(πi)d3πi =
∫
f(xµ, π0, nˆi)X(π0, nˆi)(βπ0)2d(βπ0)dΩ. ✭✸✳✸✸✮
■❧ s✬❛❣✐t ✐❝✐ ❞✬✉♥❡ ♠♦②❡♥♥❡ s✉r t♦✉t❡s ❧❡s ♣❛rt✐❝✉❧❡s s❡ s✐t✉❛♥t ❡♥ ✉♥ ♣♦✐♥t (t,x) ❞❡ ❧✬❡s♣❛❝❡ à ♥❡
♣❛s ❝♦♥❢♦♥❞r❡ ❛✈❡❝ ❧❡s ♠♦②❡♥♥❡s st♦❝❤❛st✐q✉❡s ✐♥tr♦❞✉✐t❡s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✷✳✶✳ P❛r ❞é✜♥✐t✐♦♥✱
❧❡ ❝❤❛♠♣ ❞❡ tétr❛❞❡ e˜a ❝♦rr❡s♣♦♥❞ à ✉♥ ♦❜s❡r✈❛t❡✉r ❝♦♠♦❜✐❧❡ ❛✈❡❝ ❧❡ ✢✉✐❞❡ s✐ ❧❡s ❝♦♠♣♦s❛♥t❡s ❞✉
t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ ❞❛♥s ❝❡tt❡ tétr❛❞❡ s❛t✐s❢♦♥t T 0i = 0✳ ▲❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡✱ ❧❛ ♣r❡ss✐♦♥
✹◆♦✉s ✉t✐❧✐s♦♥s ❧❛ ❝♦♥✈❡♥t✐♦♥ q✉✐ ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❧❡s ❞❡✉① ❤②♣❡r❜♦❧♦ï❞❡s ❞❡ ♠❛ss❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡
f(xµ,−pi0, pii) = f(xµ, pi0, pii)✱ ❝❡ q✉✐ r❡✈✐❡♥t à ❝♦♥s✐❞ér❡r ❧❛ ♠♦✐t✐é ❞❡s ♣❤♦t♦♥s ♥♦r♠❛❧❡♠❡♥t ♦r✐❡♥tés ✈❡rs ❧❡
❢✉t✉r ❝♦♠♠❡ ét❛♥t ♦r✐❡♥tés ✈❡rs ❧❡ ♣❛ssé✱ ❛✜♥ ❞✬❛✈♦✐r ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ ♣❧✉s ✏s②♠étr✐q✉❡✑✳
❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ✹✸
❡t ❧❛ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡ ♠❡s✉ré❡s ♣❛r ✉♥ t❡❧ ♦❜s❡r✈❛t❡✉r s♦♥t ❛❧♦rs ❞♦♥♥é❡s ♣❛r
ρ = T 00 =
∫
f(xµ, π0, nˆi)π0(βπ0)2d(βπ0)dΩ = 〈π0〉
P =
1
3
T ii =
1
3
∫
f(xµ, π0, nˆi)β2π0(βπ0)2d(βπ0)dΩ =
1
3
〈β2π0〉
Π˜ij = T ij − Pδij =
∫
f(xµ, π0, nˆi)β2π0nˆ〈ij〉(βπ0)2d(βπ0)dΩ
= 〈β2π0nˆ〈ij〉〉, ✭✸✳✸✹✮
❛✈❡❝ nˆ〈ij〉 ≡ (nˆinˆj − 13δij)✳ ❖♥ r❡tr♦✉✈❡ ❜✐❡♥ ❧❛ r❡❧❛t✐♦♥ ✭✸✳✸✵✮✳ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡ t❡♥s❡✉r é♥❡r❣✐❡✲
✐♠♣✉❧s✐♦♥ s❡ ❞é❝♦♠♣♦s❡ ❡♥ t♦✉t❡ ❣é♥ér❛❧✐té s❡❧♦♥
T =
[
(P + ρ)δa0δ
b
0 + Pη
ab + δai δ
b
jΠ˜
ij
]
e˜ae˜b . ✭✸✳✸✺✮
❉❛♥s ✉♥❡ tétr❛❞❡ q✉❡❧❝♦♥q✉❡ ea q✉✐ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ à ♣❛rt✐r ❞✬✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ▲♦r❡♥t③
ea = e˜bΛ
b
a ✱ ❡♥ ❞é✜♥✐ss❛♥t U
a = Λa0✱ ❧❡ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ s✬é❝r✐t ❣râ❝❡ à ❧❛ ♣r♦♣r✐été
ΛacΛ
b
dη
cd = ηab
T =
[
(ρ+ P )UaU b + Pηab +Πab
]
eaeb ❛✈❡❝ Π
ab ≡ ΛaiΛbjΠ˜ij . ✭✸✳✸✻✮
❊♥ ♣r❛t✐q✉❡ ♦♥ ❝❤♦✐s✐t ❝❡tt❡ tétr❛❞❡ t❡❧❧❡ q✉❡ e0 ∼ dη✳ ◆♦✉s ❞ét❛✐❧❧❡r♦♥s ❝❡tt❡ ❝♦♥str✉❝t✐♦♥ ❞❛♥s
❧❛ s❡❝t✐♦♥ ✺✳✷✳
✸✳✸✳✷ P❡rt✉r❜❛t✐♦♥s ❞❡ tétr❛❞❡s
▲♦rsq✉❡ ❧✬♦♥ s✬✐♥tér❡ss❡ à ✉♥ ❡s♣❛❝❡ ♣❡rt✉r❜é✱ ♦♥ ❞é❝♦♠♣♦s❡ ❧❡s tétr❛❞❡s ❡♥ ♣❡rt✉r❜❛t✐♦♥s
s❡❧♦♥
ea = e¯a + δea , ✭✸✳✸✼✮
❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ✭✸✳✷✺✮ s♦✐t s❛t✐s❢❛✐t❡✳ ▲❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ tétr❛❞❡
♣❡✉✈❡♥t êtr❡ ❡①♣r✐♠é❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ tétr❛❞❡ ❞❡ ❢♦♥❞ s❡❧♦♥
ea = R ba e¯b, eb = e¯aS ba , R ca S bc = S ca R bc = δba , ✭✸✳✸✽✮
❝✬❡st✲à✲❞✐r❡ ❡♥ ♥♦t❛♥t R ba = R¯ ba +R(1)ba
δea = R(1)ba e¯b, δeb = e¯aS(1)ba . ✭✸✳✸✾✮
R ❡t s♦♥ ✐♥✈❡rs❡ S r❡♣rés❡♥t❡♥t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ♥é❝❡ss❛✐r❡s ♣♦✉r ♣❛ss❡r ❞❡ ❧❛ tétr❛❞❡ ♣❡rt✉r❜é❡✱
à ❧❛ tétr❛❞❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ✜①❡ ♥é❝❡ss❛✐r❡♠❡♥t R(ab) ❡t S(ab)✳
▲❛ ♣❛rt✐❡ ❛♥t✐s②♠étr✐q✉❡ ♣❡✉t êtr❡ ❝❤♦✐s✐❡ s✐ ❧✬♦♥ s❡ ❞♦♥♥❡ ✉♥❡ ♣r❡s❝r✐♣t✐♦♥✱ ❝❛r ❡❧❧❡ ❝♦rr❡s♣♦♥❞ à
❧❛ ❧✐❜❡rté ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ▲♦r❡♥t③ ❞❛♥s ❧❡ ❝❤♦✐① ❞✉ ❝❤❛♠♣ ❞❡ tétr❛❞❡s✳ ▲❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡
▲♦r❡♥t③ ♣❡✉t êtr❡ ❝❤♦✐s✐❡ s✐ ♥♦✉s ✜①♦♥s s②sté♠❛t✐q✉❡♠❡♥t ❧❡ ❝❤♦✐① ❞❡ ❧❛ tétr❛❞❡ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡
e0 ∼ dη✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ R(1)i0 = S(1)i0 = 0✳ ◗✉❛♥t à ❧❛ ❧✐❜❡rté ❞❡ r♦t❛t✐♦♥✱ ♦♥ ❧❛ ✜①❡ ❡♥ ❝❤♦✐s✐ss❛♥t
R(1)[ij] = S
(1)
[ij] = 0✳ P❧✉s ❞❡ ❞ét❛✐❧s ♣❡✉✈❡♥t êtr❡ tr♦✉✈és ❞❛♥s ❬❉✉rr❡r ✫ ❙tr❛✉♠❛♥♥ ✽✽✱ ❉✉rr❡r ✾✹✱
P✐tr♦✉ ✵✼❪✳
✹✹ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
✸✳✸✳✸ ❊q✉❛t✐♦♥ ❞❡s ❣é♦❞és✐q✉❡s
❯♥❡ ♣❛rt✐❝✉❧❡ ❞✬✐♠♣✉❧s✐♦♥ pµ∂µ = πaea ✭✉♥ ♣❤♦t♦♥ s✐ ❧✬♦♥ s✬✐♥tér❡ss❡ à ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐✲
❜✉t✐♦♥ ❞❡ ❧❛ r❛❞✐❛t✐♦♥✮ s✉✐t ✉♥❡ ❣é♦❞és✐q✉❡✳ ❙❛ tr❛❥❡❝t♦✐r❡ ❡st ❞♦♥♥é❡ ♣❛r dx
µ
ds = p
µ✱ ♦ù s ❡st ✉♥
♣❛r❛♠ètr❡ ❛✣♥❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡✳ ❉❡ ♣❧✉s✱ ❧❡ ❧♦♥❣ ❞✬✉♥❡ tr❛❥❡❝t♦✐r❡ ❣é♦❞és✐q✉❡✱ ❧❡ ✈❡❝t❡✉r
t❛♥❣❡♥t ❡st tr❛♥s♣♦rté ♣❛r❛❧❧è❧❡♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡
pµ∇µpν = dp
ν
ds
+ Γναβp
αpβ = 0, ❛✈❡❝
dpν
ds
≡ pµ ∂p
ν
∂xµ
. ✭✸✳✹✵✮
❊t❛♥t ❞♦♥♥é q✉❡ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞✬✉t✐❧✐s❡r ❧❡s ✐♠♣✉❧s✐♦♥s ❞❛♥s ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡✱ ✐❧ ♥♦✉s
❢❛✉t tr❛♥s♣♦s❡r ❝❡tt❡ éq✉❛t✐♦♥ ❣é♦❞és✐q✉❡ ❞❛♥s ❧❛ ❜❛s❡ ♦rt❤♦♥♦r♠é❡✳ ❖♥ ♣❡✉t ♠♦♥tr❡r q✉✬❡❧❧❡ s❡
ré❝r✐t ❛❧♦rs
dπa
ds
+ ωbacπ
cπb = 0, ❛✈❡❝
dπa
ds
≡ πb∂ebπa , ✭✸✳✹✶✮
♦ù ❧❡s ωabc s♦♥t ❧❡s ❝♦♥♥❡❝t✐♦♥s ❛✣♥❡s ❞♦♥t ❧❡s ❡①♣r❡ss✐♦♥s s♦♥t ❞ét❛✐❧❧é❡s ❞❛♥s ❧✬❛♣♣❡♥❞✐❝❡ ❇✳✷✳ ❖♥
♣❡✉t ❞♦♥❝ ❡①tr❛✐r❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ♦r❞r❡ ♣❛r ♦r❞r❡ ❞❡ ❝❡tt❡ éq✉❛t✐♦♥ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❡①♣r❡ss✐♦♥s
❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡s ❝♦♥♥❡❝t✐♦♥s✳ ❖♥ ❛ ❞♦♥❝ ♣♦✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ π0 à ❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s(
dπ0
ds
)(0)
= ω¯00iπ
0πi + ω¯i0jπ
iπj . ✭✸✳✹✷✮
❈❡♣❡♥❞❛♥t ♥♦✉s s♦✉❤❛✐t♦♥s ❝♦♥♥❛îtr❡ ❧✬é✈♦❧✉t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ η✳ ◆♦✉s ✉t✐❧✐s♦♥s ❞♦♥❝
dη
ds
= p0 = πae 0a ✭✸✳✹✸✮
q✉✐ à ❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s ✐♠♣❧✐q✉❡ dsdη =
a
π0
✳ ❆✈❡❝ ❧❡s ✈❛❧❡✉rs ❞♦♥♥é❡s ❞❛♥s ❧✬❛♣♣❡♥❞✐❝❡ ❇✳✷✱ ♦♥
♦❜t✐❡♥t ❞♦♥❝ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♠❛ss❡ ❞❡ ❧❛ ♣❛rt✐❝✉❧❡(
dπ0
dη
)(0)
= −Hπ0nini . ✭✸✳✹✹✮
▲✬❡①♣r❡ss✐♦♥ ❣é♥ér❛❧❡ ♣♦✉r ✉♥❡ ♣❛rt✐❝✉❧❡ ❞❡ ♠❛ss❡ m s✬é❝r✐t ❞❛♥s ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞❡ ❧❛ r❡❧❛t✐✈✐té
r❡str❡✐♥t❡ (
dπ0
dη
)(0)
= −Hπ0β2 ⇔ dβ
dη
= −H β
γ2
⇔ dγ
dη
= −Hβ2γ. ✭✸✳✹✺✮
❖♥ r❡tr♦✉✈❡ ❞♦♥❝ q✉❡ ❧✬é♥❡r❣✐❡ π0 = γm ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ ♠❛ss✐✈❡ ♥♦♥ r❡❧❛t✐✈✐st❡✱ ❝✬❡st✲à✲❞✐r❡ t❡❧❧❡
q✉❡ β ≪ 1 ♥❡ ✈❛r✐❡ ♣❛s ❛✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ P♦✉r ✉♥❡ ♣❛rt✐❝✉❧❡ ♠❛ss✐✈❡ ♦♥ ♣❡✉t ❡①♣r✐♠❡r
❧❡s ❞ér✐✈é❡s ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ❝♦♥❢♦r♠❡ η ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ♣r♦♣r❡ ❞❡ ❧❛ ♣❛rt✐❝✉❧❡ τ ❡♥
✉t✐❧✐s❛♥t ddτ = γ
d
dη ✳ P♦✉r ❧❛ r❛❞✐❛t✐♦♥✱ β = 1 ❡t ♦♥ r❡tr♦✉✈❡ ❧❛ ❧♦✐ ❞✉ ❞é❝❛❧❛❣❡ ✈❡rs ❧❡ r♦✉❣❡
d(aπ0)
dη = 0✳ ❖♥ ♠♦♥tr❡ ❛✉ss✐ q✉❡(
dπk
ds
)(0)
= −ω¯0kiπ0πi − ω¯ikjπiπj = −Hπ
0πk
a
⇒
(
dnk
dη
)(0)
= −H
γ2
nk . ✭✸✳✹✻✮
❈❡tt❡ r❡❧❛t✐♦♥✱ ✉♥❡ ❢♦✐s ♣r♦❥❡té❡ s✉r nk r❡❞♦♥♥❡
dβ
dη = −Hβ/γ2✱ ❡t ♦♥ ❡♥ ❞é❞✉✐t é❣❛❧❡♠❡♥t q✉✬✐❧
♥✬② ❛ ♣❛s ❞❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❞✐r❡❝t✐♦♥ à ❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s ♣✉✐sq✉✬❡❧❧❡ ✐♠♣❧✐q✉❡ é❣❛❧❡♠❡♥t(
dnˆk
dη
)(0)
= 0. ✭✸✳✹✼✮
❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ✹✺
P♦✉r ❧❡s ♣❛rt✐❝✉❧❡s ♠❛ss✐✈❡s✱ ❧✬✐♠♣✉❧s✐♦♥ s✬❛❧✐❣♥❡ ❛✈❡❝ ❧❡ ✢♦t ❞❡ ❍✉❜❜❧❡✱ t❛♥❞✐s q✉❡ ni ❡st ❝♦♥st❛♥t
♣♦✉r ❧❡s ♣❛rt✐❝✉❧❡s s❛♥s ♠❛ss❡ ♣✉✐sq✉❡ γ =∞✱ ❝❡ q✉✐ s❡ ❝♦♠♣r❡♥❞✱ ♣✉✐sq✉❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ♣❤♦t♦♥s
❝❡ ✈❡❝t❡✉r ❡st s♦✉♠✐s à ❧❛ ❝♦♥tr❛✐♥t❡ nini = 1✳ ❊♥ ré♣ét❛♥t ❝❡tt❡ ♣r♦❝❡❞✉r❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡✱
❝✬❡st✲à✲❞✐r❡ ❡♥ ✉t✐❧✐s❛♥t (
dπ0
ds
)(1)
= +ω
(1)
00iπ
0πi + ω
(1)
i0jπ
iπj , ✭✸✳✹✽✮
❛✐♥s✐ q✉❡ ❧❛ r❡❧❛t✐♦♥ ✈❛❧❛❜❧❡ ❥✉sq✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥tr❡ η ❡t ❧❡ ♣❛r❛♠ètr❡ ❛✣♥❡ s(
ds
dη
)
=
a
π0
(1 + Φ), ✭✸✳✹✾✮
♦♥ ♦❜t✐❡♥t (
dπ0
dη
)(1)
= π0
[−ni∂iΦ+Ψ′nini − E′ijninj] . ✭✸✳✺✵✮
❖♥ ♣❡✉t ré❝r✐r❡ ❝❡tt❡ éq✉❛t✐♦♥ s♦✉s ❧❛ ❢♦r♠❡(
dπ0
dη
)(1)
= π0
[−βnˆi∂iΦ+ β2 (Ψ′ − E′ijnˆinˆj)] . ✭✸✳✺✶✮
❈❡tt❡ éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ♣♦✉r ❧✬é♥❡r❣✐❡ ✐♠♣❧✐q✉❡ q✉❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♥♦r♠❡ ❞❡ ❧❛ ✈✐t❡ss❡
s❛t✐s❢❛✐t ❛✉ ♣r❡♠✐❡r ♦r❞r❡(
dβ
dη
)(1)
=
1
π0βγ2
(
dπ0
dη
)(1)
=
1
γ2
[−nˆi∂iΦ+ β (Ψ′ − E′ijnˆinˆj)] . ✭✸✳✺✷✮
❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ nˆi✱ ♦♥ ❧❛ ❞é❞✉✐t ❞❡(
dπk
ds
)(1)
= −ω(1)0kiπiπ0 − ω(1)ikjπiπj − ω(1)ik0πiπ0 − ω(1)0k0π0π0, ✭✸✳✺✸✮
❡t ♦♥ ♦❜t✐❡♥t ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞é✜♥✐t✐♦♥ ⊥ij= δij − nˆinˆj ✱(
dnˆi
dη
)(1)
= − ⊥ij
(
β∂jΨ+
1
β
∂jΦ+ E
′
jknˆ
k
)
− 2β∂[iEk]j ⊥jk . ✭✸✳✺✹✮
❖♥ ❛ ✉t✐❧✐sé ❝✐✲❞❡ss✉s ❧❛ ❞é✜♥✐t✐♦♥ X[ij] =
1
2 (Xij −Xji)✳ ❚♦✉t ❞✬❛❜♦r❞ ♦♥ r❡♠❛rq✉❡ q✉✬❡♥ ❝♦♠✲
❜✐♥❛♥t ❝❡tt❡ éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♥♦r♠❡ ❞❡ ❧❛
✈✐t❡ss❡ ✭✸✳✺✷✮✱ ♦♥ ♦❜t✐❡♥t ♣♦✉r ✉♥❡ ♣❛rt✐❝✉❧❡ ♥♦♥ r❡❧❛t✐✈✐st❡ ✭β ≪ 1✮
d
(
βnˆi
)
dη
= −∂iΦ . ✭✸✳✺✺✮
❖♥ r❡❝♦♥♥❛ît ❧✬éq✉❛t✐♦♥ ♦❜t❡♥✉❡ ❡♥ ♠é❝❛♥✐q✉❡ ◆❡✇t♦♥✐❡♥♥❡ ♣✉✐sq✉❡ ❧❛ ✈✐t❡ss❡ ❡st ni = βnˆi
❡t Φ s✬✐❞❡♥t✐✜❡ ❛✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧✳ ❖♥ r❡♠❛rq✉❡ é❣❛❧❡♠❡♥t q✉❡ ♣♦✉r ❧❡ ❝❛s β = 1✱
❧✬❡①♣❛♥s✐♦♥ H ♥✬✐♥t❡r✈✐❡♥t ♣❛s ❝❛r ❞❡✉① ❡s♣❛❝❡s r❡❧✐és ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❝♦♥❢♦r♠❡ ♦♥t ❧❡s
♠ê♠❡s ❣é♦❞és✐q✉❡s ♥✉❧❧❡s ❡t ❧✬❡s♣❛❝❡✲t❡♠♣s ❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛îtr❡ ❡st ❝♦♥❢♦r♠❡ à ❧✬❡s♣❛❝❡ ❞❡
▼✐♥❦♦✇s❦✐✳
✹✻ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
▲❡ ❝❛s ❞❡ ❧❛ r❛❞✐❛t✐♦♥ ❝♦rr❡s♣♦♥❞ à β = 1 ❡t ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ✭✸✳✺✶✮ s✬é❝r✐t
❞❛♥s ❝❡ ❝❛s
d ln(aπ0)
dη
=
[
−dΦ
dη
+Φ′ +Ψ′ − E′ijnˆinˆj
]
. ✭✸✳✺✻✮
P♦✉r ✉♥ ♦❜s❡r✈❛t❡✉r ❞♦♥t ❧❡ q✉❛❞r✐✈❡❝t❡✉r ✈✐t❡ss❡ Ua ❝♦rr❡s♣♦♥❞ à ✉♥❡ ✈✐t❡ss❡ vi ♣❛r r❛♣♣♦rt à
e0✱ ❝✬❡st✲à✲❞✐r❡ Ua = δ0a + δ
i
avi✱ ❧✬é♥❡r❣✐❡ ❞✉ ♣❤♦t♦♥ ♠❡s✉ré❡ ❡st π
aUa✳ ❊♥ ❞é✜♥✐ss❛♥t
(aπaUa) |0
(aπaUa) |e ≡
1 + δE0
1 + δEe
, ✭✸✳✺✼✮
♦♥ ♦❜t✐❡♥t ❛✉ ♣r❡♠✐❡r ♦r❞r❡
δE0 − δEe = −[Φ + e¯ivib]0e +
∫ 0
e
(
Φ′ +Ψ′ − E′ijnˆinˆj
)
dη, ✭✸✳✺✽✮
❝❡ q✉✐ ❛ ❞é❥à été ♦❜t❡♥✉ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✸✳✼✮ s❛♥s ♣❛ss❡r ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ tétr❛❞❡s✳ ❉❡ ♣❧✉s✱
s✐ ♦♥ ♥é❣❧✐❣❡ ❧✬❡✛❡t ❞❡s ♦♥❞❡s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s✱ ❧✬éq✉❛t✐♦♥ ❞❡ ❞é✈✐❛t✐♦♥ ♣r❡♥❞ ❧❛ ❢♦r♠❡(
dnˆi
dη
)(1)
= − ⊥ij ∂j (Ψ + Φ) , ✭✸✳✺✾✮
q✉✐ ❡st ❧❡ rés✉❧t❛t st❛♥❞❛r❞ ❞❡s ❡✛❡ts ❞❡ ❧❡♥t✐❧❧❡ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡ s✉r ❧❛ r❛❞✐❛t✐♦♥✱ ✉t✐❧✐sé ♣❛r
❡①❡♠♣❧❡ ♣♦✉r ❧❡s ❡✛❡ts ❞❡ ❧❡♥t✐❧❧❡s ❢❛✐❜❧❡s ❬❍♦❡❦str❛ ❡t ❛❧✳ ✵✻❪✳
✸✳✸✳✹ ❚❡r♠❡ ❞❡ ▲✐♦✉✈✐❧❧❡
▲✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥
L[f ] = C[f ] ✭✸✳✻✵✮
♦ù L[f ] ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ▲✐♦✉✈✐❧❧❡ r❡❧❛t✐✈✐st❡ q✉✐ ❞é❝r✐t ❧✬é✈♦❧✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✱ ❡t
C[f ] ❡st ❧❡ t❡r♠❡ ❞❡ ❝♦❧❧✐s✐♦♥ q✉✐ ✐♥t❡r✈✐❡♥t ❧♦rs ❞✬✉♥ ❞❡s❝r✐♣t✐♦♥ ♠✉❧t✐✢✉✐❞❡ ❡♥ ✐♥tér❛❝t✐♦♥✳ ❊♥
✉t✐❧✐s❛♥t ❧❡ ❝❤❛♠♣ ❞❡ tétr❛❞❡s ❝♦♠♠❡ ❜❛s❡ ❞❡ ❧✬❡s♣❛❝❡ t❛♥❣❡♥t✱ ❧❡ t❡r♠❡ ❞❡ ▲✐♦✉✈✐❧❧❡ s✬é❝r✐t
L[f ] ≡ df
dη
=
∂f
∂xµ
dxµ
dη
+
∂f
∂πa
dπa
dη
, ✭✸✳✻✶✮
=
∂f
∂η
+
∂f
∂xi
dxi
dη
+
∂f
∂π0
dπ0
dη
+
∂f
∂nˆi
dnˆi
dη
. ✭✸✳✻✷✮
P❧✉s r✐❣♦✉r❡✉s❡♠❡♥t ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ ❡st s❛t✐s❢❛✐t❡ ♣❛r δ❉(πaπa−m2)f ♠❛✐s ❝♦♠♠❡ ❞✬❛♣rès
❧✬éq✉❛t✐♦♥ ❞❡s ❣é♦❞és✐q✉❡s ✭✸✳✹✶✮ dπ
a
ds πa = 0✱ ❝❡ t❡r♠❡ s❡ ❢❛❝t♦r✐s❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥✳
❊♥ ✉t✐❧✐s❛♥t ❧❡s rés✉❧t❛ts ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ❛✐♥s✐ q✉❡ ❧❛ ♣r♦♣r✐été f¯ = f¯(η, π0)✱ ♦♥ ❡♥ ❞é❞✉✐t
q✉❡ ❝❡tt❡ éq✉❛t✐♦♥ s✬é❝r✐t ♣♦✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞
L¯[f ] =
∂f¯
∂η
−Hπ0β2 ∂f¯
∂π0
. ✭✸✳✻✸✮
❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ✹✼
❆✉ ♣r❡♠✐❡r ♦r❞r❡✱ ♥♦✉s ♥✬❛✈♦♥s ❜❡s♦✐♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞♦♥♥❛♥t dn
i
dη q✉❡ s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❝❛r f
♥❡ ❞é♣❡♥❞ ❞❡ ni q✉✬à ♣❛rt✐r ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs
L(1)[f ] =
∂δ(1)f
∂η
+ βnˆj∂jδ
(1)f −Hπ0β2∂δ
(1)f
∂π0
+
[−βnˆj∂jΦ+ β2 (Ψ′ − E′ijnˆinˆj)]π0 ∂f¯∂π0 . ✭✸✳✻✹✮
▲❡ ❝❛s ❞❡ ❧❛ r❛❞✐❛t✐♦♥ ❛✉q✉❡❧ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t s✬é❝r✐t ❡♥ ♣r❡♥❛♥t β = 1
L¯[f ] =
∂f¯
∂η
−Hπ0 ∂f¯
∂π0
✭✸✳✻✺✮
L(1)[f ] =
∂δ(1)f
∂η
+ nˆj∂jδ
(1)f −Hπ0∂δ
(1)f
∂π0
+
[−nˆj∂jΦ+ (Ψ′ − E′ijnˆinˆj)]π0 ∂f¯∂π0 .
✭✸✳✻✻✮
✸✳✸✳✺ ❚❡r♠❡ ❞❡ ❝♦❧❧✐s✐♦♥ ♣♦✉r ❧❛ r❛❞✐❛t✐♦♥
▲❡ t❡r♠❡ ❞❡ ❝♦❧❧✐s✐♦♥ ❡st ❞❡ ❧❛ ❢♦r♠❡
C[f ] =
df+
dη
− df−
dη
, ✭✸✳✻✼✮
♦ù df+dη ❡t
df−
dη s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ t❛✉① ❡♥tr❛♥t ❡t ❧❡ t❛✉① s♦rt❛♥t rés✉❧t❛♥t ❞❡s ✐♥tér❛❝t✐♦♥s
❜❛r②♦♥s✲♣❤♦t♦♥s ♣❛r ❞✐✛✉s✐♦♥ ❈♦♠♣t♦♥✳ P♦✉r ❧❡ t❡r♠❡ ❞❡ ❝♦❧❧✐s✐♦♥ ❞❡ ❧❛ r❛❞✐❛t✐♦♥✱ ❝❡s ❡①♣r❡ss✐♦♥s
s♦♥t ♣❧✉s ❢❛❝✐❧❡♠❡♥t ❡①♣r✐♠é❡s ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ♦ù ❧❡s ❜❛r②♦♥s s♦♥t ❛✉ r❡♣♦s q✉✐ ❝♦rr❡s♣♦♥❞ à
❧❛ tétr❛❞❡ e˜a = ebΛba✱ ♦ù Λ
b
a ❡st ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ▲♦r❡♥t③ ♣❡r♠❡tt❛♥t ❞❡ ♣❛ss❡r ❞✉ ré❢❡r❡♥t✐❡❧
❞❡s ♦❜s❡r✈❛t❡✉rs ❝♦♠♦❜✐❧❡s ❛✉ ré❢❡r❡♥t✐❡❧ ❞❡s ❜❛r②♦♥s✳ ❖♥ r❡❧✐❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ ❞❛♥s
❝❡s ❞❡✉① ❜❛s❡s ♣❛r f˜(xµ, π˜a) = f(xµ, πa)✱ ❡t ❞♦♥❝
f˜(xµ, πa) = exp
[
πd (Λcd − δcd)
∂
∂πc
]
f(xµ, πa), ✭✸✳✻✽✮
♦ù ❞❛♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ♣✉✐ss❛♥❝❡ ❞❡ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡✱ ❧❡s ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❞♦✐✈❡♥t êtr❡
♦r❞♦♥♥é❡s à ❞r♦✐t❡ ❛✜♥ ❞❡ ♥✬❛❣✐r q✉❡ s✉r f ✳ ❆✉ ♥✐✈❡❛✉ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ♦♥ ❛ ¯˜f(xµ, π0) =
f¯(xµ, π0)✳ ❆✉ ♣r❡♠✐❡r ♦r❞r❡ ♦♥ ❛
δ(1)f˜(xµ, πa) = δ(1)f(xµ, πa) + πiv
i(1)
b
∂
∂π0
f¯(xµ, π0). ✭✸✳✻✾✮
▲❛ ❧✐♠✐t❡ à ❜❛ss❡ é♥❡r❣✐❡ ❞❡ ❧❛ ❞✐✛✉s✐♦♥ ❈♦♠♣t♦♥✱ ♣♦✉r ❧❛q✉❡❧❧❡ ❧✬é♥❡r❣✐❡ ❞❡s ❜❛r②♦♥s ❡st ❛ss✐✲
♠✐❧❛❜❧❡ à ❧❡✉r é♥❡r❣✐❡ ❛✉ r❡♣♦s✱ ❡st ❧❛ ❞✐✛✉s✐♦♥ ❚❤♦♠s♦♥✳ ▲❡ t❡r♠❡ ❞❡ ❝♦❧❧✐s✐♦♥ ❛✉ ♣r❡♠✐❡r ♦r❞r❡
❬■t③②❦s♦♥ ✫ ❩✉❜❡r ✽✵✱ P❡s❦✐♥ ✫ ❙❝❤r♦❡❞❡r ✾✺❪✱ ❞❛♥s ❧❡s ❜❛s❡s e˜a ❡t ea r❡s♣❡❝t✐✈❡♠❡♥t✱ s✬é❝r✐t
C˜(1)[f˜(π)] = τ˜ ′
∫ [
δ(1)f˜(π0, ni
′
)− δ(1)f˜(π0, ni)
](
1 +
3
4
n〈ij〉n′〈ij〉
)
d2Ω′
4π
, ✭✸✳✼✵✮
C(1)[f(π)] = τ ′
∫ [
δ(1)f(π0, ni
′
)− δ(1)f(π0, ni)− π0nivi(1)b
∂
∂π0
f¯(xµ, π0)
](
1 +
3
4
n〈ij〉n′〈ij〉
)
d2Ω′
4π
.
✹✽ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
✸✳✸✳✻ ❍✐ér❛r❝❤✐❡ ❞❡ ❇♦❧t③♠❛♥♥ ❡t ❧✐❡♥ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞✉ ❢♦♥❞ ❞✐✛✉s
❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ r❛❞✐❛t✐♦♥✱ ♦♥ ♠❡s✉r❡ ❧✬é♥❡r❣✐❡ ❜♦❧♦♠étr✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ ❧✬é♥❡r❣✐❡ ❞❛♥s t♦✉t❡s
❧❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡✳ ❖♥ ❞é✜♥✐t ❞♦♥❝ ❧❛ ❜r✐❧❧❛♥❝❡ ❜♦❧♦♠étr✐q✉❡ ♣❛r
I¯(xµ, ni) ≡ 4π
∫
f¯(xµ, π0, ni)(π0)3dπ0 ✭✸✳✼✶✮
I(1)(xµ, ni) ≡ 4π
∫
δ(1)f(xµ, π0, ni)(π0)3dπ0.
❊♥ ✐♥té❣r❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥ s✉r π0✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❛ ❜r✐❧❧❛♥❝❡ s❛t✐s❢❛✐t ❧❡s éq✉❛t✐♦♥s
❞✬é✈♦❧✉t✐♦♥ ♦r❞r❡ ♣❛r ♦r❞r❡ ❬▼❛ ✫ ❇❡rts❝❤✐♥❣❡r ✾✺❪
∂I¯
∂η
− 4HI¯ = 0 ✭✸✳✼✷✮
(
∂
∂η
+ ni∂i
) I(1)
4
+HI(1) +
(
ni∂iΦ
(1) −Ψ(1)′ + E′ijninj
)
I¯ = 1
4
C(1)[I], ✭✸✳✼✸✮
❛✈❡❝
C(1)[I] = τ ′
[∫
I(1)d
2Ω
4π
− I(1) + 4vi(1)b ni +
3
4
ninj
∫
I(1)n〈ij〉
d2Ω
4π
]
. ✭✸✳✼✹✮
❖♥ ♣❡✉t ❞é✜♥✐r ✉♥ ❝♦♥tr❛st❡ ❞❡ t❡♠♣ér❛t✉r❡ ❞✐r❡❝t✐♦♥♥❡❧❧❡ Θ ❝♦♠♠❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✶ q✉✐ s❡r❛
r❡❧✐é à ❧❛ ❜r✐❧❧❛♥❝❡ ♣❛r
Θ =
I(1)
4I¯ . ✭✸✳✼✺✮
▲❡ t❡r♠❡ ❞❡ ❝♦❧❧✐s✐♦♥ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞ér✐✈é ❝✐✲❞❡ss✉s ♥✬✐♥tr♦❞✉✐t ♣❛s ❞❡ ❞✐st♦rs✐♦♥ s♣❡❝tr❛❧❡ s✐
❜✐❡♥ q✉❡ ❧❡ s♣❡❝tr❡ ❞❡ ❝♦r♣s ♥♦✐r ♥✬❡st ♣❛s ♠♦❞✐✜é ♣❛r ❧❡s ✐♥tér❛❝t✐♦♥s ❜❛r②♦♥s✲♣❤♦t♦♥s✳ ❖r ♥♦✉s
❛✈♦♥s ✈✉ q✉❡ ❧❛ ❧✐❜r❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♣❤♦t♦♥s ♥✬✐♥tr♦❞✉✐t ♣❛s ♥♦♥ ♣❧✉s ❞❡ ❞✐st♦rs✐♦♥ s♣❡❝tr❛❧❡
s✐ ❜✐❡♥ q✉❡ ❧❡ s♣❡❝tr❡ ❞❡ ❝♦r♣s ♥♦✐r ❡st ❝♦♥s❡r✈é✱ ❡t ❧❛ t❡♠♣ér❛t✉r❡ s✉✣t à ❝❛r❛❝tér✐s❡r ❞❡ ❢❛ç♦♥
✉♥✐q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥✳ ❈❡❝✐ ❥✉st✐✜❡ ❞♦♥❝ q✉✬♦♥ ♣✉✐ss❡ ♣❛r❧❡r ❞❡ t❡♠♣ér❛t✉r❡ ♣♦✉r
❞é❝r✐r❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥✳ ❆✉ s❡❝♦♥❞ ♦r❞r❡ ❞❛♥s ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❝❡ rés✉❧t❛t ♥❡ s❡r❛
♣❧✉s ✈❛❧❛❜❧❡✱ ♠ê♠❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❜❛ss❡ é♥❡r❣✐❡ ❞❡ ❧❛ ❞✐✛✉s✐♦♥ ❚❤♦♠s♦♥ ❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✻❪✳ ❖♥
♣❡✉t ❞é❝♦♠♣♦s❡r ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞✐r❡❝t✐♦♥♥❡❧❧❡ ❞❡ ❧❛ ❜r✐❧❧❛♥❝❡ ❡t s✐♠✐❧❛✐r❡♠❡♥t ❞✉ ❝♦♥tr❛st❡ ❞❡
t❡♠♣ér❛t✉r❡ ❡♥ ♠✉❧t✐♣ô❧❡s s❡❧♦♥
I(1)(xµ, ni) ≡
∑
p
M(1)i1..ip(xµ)nˆi1 ..nˆip , ✭✸✳✼✻✮
♦ù ❧❡s ♠♦♠❡♥ts ❞❡ ❝❡ ❞é✈❡❧♦♣♣❡♠❡♥ts s♦♥t s②♠étr✐q✉❡s ❡t s❛♥s tr❛❝❡✳ ▲❡s tr♦✐s ♣r❡♠✐❡rs ♠♦♠❡♥ts
♣❡✉✈❡♥t êtr❡ r❡❧✐és ❛✉ t❡♥s❡✉r é♥❡r❣✐❡ ✐♠♣✉❧s✐♦♥
T 00(1) = M(1)
T 0i(1) = Mi(1)
T ij(1) = Mij(1). ✭✸✳✼✼✮
❆♣rès êtr❡ ♣❛ssé ❡♥ ❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r
M(1)i1···p(η,x) ≡
∫
d3k
(2π)3/2
M(1)i1···p(η,k) exp (ik.x) , ✭✸✳✼✽✮
❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ✹✾
♦♥ ♣❡✉t ❡①tr❛✐r❡ s✉❝❝❡ss✐✈❡♠❡♥t ❧❡s ♠✉❧t✐♣ô❧❡s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥✳ P♦✉r ❧✬éq✉❛t✐♦♥ ❞✉
♣r❡♠✐❡r ♦r❞r❡✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ s✉❝❝❡ss✐♦♥ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s q✉✐ ❝♦✉♣❧❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞❡
M(1)i1..ip à M
(1)
i1..ip−1
❡t M(1)i1..ip+1 ✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡s r❡❧❛t✐♦♥s ✭✸✳✼✼✮✱ ❧❡s ❞❡✉① ♣r❡♠✐❡rs ♠✉❧t✐♣ô❧❡s ❞❡
❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ✭✸✳✼✸✮ ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r ♣♦✉r ❧❛ r❛❞✐❛t✐♦♥ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❡t
❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r ✭✷✳✽✽✮✳ P❛r ❧❛ ♠ê♠❡ ♠ét❤♦❞❡ ♦♥ r❡tr♦✉✈❡ ❝❡s ♠ê♠❡s éq✉❛t✐♦♥s ❞❡ ❝♦♥s❡r✈❛t✐♦♥
❡t ❞✬❊✉❧❡r ✭✷✳✽✾✮ ♣♦✉r ❧❛ ♠❛t✐èr❡ ❜❛r②♦♥✐q✉❡✳ ❙✐ ♦♥ ♥é❣❧✐❣❡ ❧❡s t❡r♠❡s ❞❡ ❝♦❧❧✐s✐♦♥✱ ✐❧ s✬❛❣✐t
❞❡s éq✉❛t✐♦♥s ✭✷✳✷✺✮ ❡t ✭✷✳✷✻✮ ❞ér✐✈é❡s ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡✳ ■♥✈❡rs❡♠❡♥t✱ ❝❡s t❡r♠❡s ❞❡
❝♦❧❧✐s✐♦♥ ♣❡r♠❡tt❡♥t ❞❡ ❞♦♥♥❡r ❧❛ ❢♦r♠❡ ❞❡s ❢♦r❝❡s ❡♥tr❡ ❧❡s ❞✐✛ér❡♥ts ✢✉✐❞❡s ❞é✜♥✐❡s ♣❛r ❧❡s
r❡❧❛t✐♦♥s ✭✷✳✷✵✮✳ ◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡ ♣♦✉rq✉♦✐ ❧❛ ❞❡s❝r✐♣t✐♦♥ ✢✉✐❞❡ ♣❡✉t êtr❡
r❡tr♦✉✈é❡ à ♣❛rt✐r ❞❡ ❧✬❛♣♣r♦❝❤❡ ❝✐♥ét✐q✉❡✳ ❯♥❡ ❛✉tr❡ ♣♦ss✐❜✐❧✐té ♣♦✉r ❡①tr❛✐r❡ ❧❛ ❞é♣❡♥❞❛♥❝❡
❞✐r❡❝t✐♦♥♥❡❧❧❡ ❝♦♥s✐st❡ à ❝♦♥s✐❞ér❡r ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ s✉r ❧❛ ❜❛s❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s
q✉✐ ❛ ✉♥❡ r❡❧❛t✐♦♥ ❜✐❥❡❝t✐✈❡ ❛✈❡❝ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ t❡♥s❡✉rs s②♠étr✐q✉❡s s❛♥s tr❛❝❡ ❬❚❤♦r♥❡ ✽✵❪✳
❖♥ ❞é✜♥✐t ❛❧♦rs
I(1)(η,x,n) ≡
∫
d3k
(2π)3/2
∑
ℓm
I(1)lm (η, k)(−i)ℓ
√
4π
2ℓ+ 1
exp (ik.x)Yℓm(n), ✭✸✳✼✾✮
❡t ♦♥ ❡♠♣❧♦✐❡ ✉♥❡ ❞é✜♥✐t✐♦♥ s✐♠✐❧❛✐r❡ ♣♦✉r ❧❡ ❝♦♥tr❛st❡ ❞❡ t❡♠♣ér❛t✉r❡ ❡♥ ❞é✜♥✐ss❛♥t ❧❡s
Θ
(1)
lm(η, k)✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ✉♥❡ sér✐❡ ✐♥✜♥✐❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❝♦✉♣❧é❡s ✐♥❞❡①é❡s ♣❛r
ℓ ❡t m✳ ❖♥ ♣❡✉t ♠♦♥tr❡r q✉❡ s❡✉❧s ❧❡s ♠✉❧t✐♣ô❧❡s s❛t✐s❢❛✐s❛♥t |m| = 0, 1, 2 s❡r♦♥t ♥♦♥ ♥✉❧s✳ ■❧
❡st ❡♥s✉✐t❡ ♣♦ss✐❜❧❡ ❞❡ ❞é❞✉✐r❡ ❧❡s Cℓ ❞❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞❡s Θ
(1)
lm(η, k)✳ ❯♥❡ rés♦❧✉t✐♦♥
❝♦rr❡❝t❡ ❞❡s éq✉❛t✐♦♥s ❞♦♥♥❛♥t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❝❡s q✉❛♥t✐tés ♥é❝❡ss✐t❡ ❞❡ ❝♦♥s✐❞ér❡r ❧❛ ♣♦❧❛r✐✲
s❛t✐♦♥ ❞❡ ❧❛ r❛❞✐❛t✐♦♥✳ P❧✉s ❞❡ ❞ét❛✐❧s ♣❡✉✈❡♥t êtr❡ tr♦✉✈és ❞❛♥s ❬❘✐❛③✉❡❧♦ ✵✵✱ ❍✉ ✫ ❲❤✐t❡ ✾✼❛✱
P❡t❡r ✫ ❯③❛♥ ✵✺❪✳ ❉❡ ♣❧✉s✱ ✉♥❡ ❢♦✐s ❝❡s éq✉❛t✐♦♥s ét❛❜❧✐❡s✱ ✐❧ ❢❛✉t ♣♦✉✈♦✐r ❧❡s ✐♥té❣r❡r ♥✉♠ér✐q✉❡✲
♠❡♥t✳ ❯♥❡ s♦❧✉t✐♦♥ ❡✣❝❛❝❡ ❛❧❣♦r✐t❤♠✐q✉❡♠❡♥t ❛ été ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❬❙❡❧❥❛❦ ✫ ❩❛❧❞❛rr✐❛❣❛ ✾✻❪✳
✸✳✸✳✼ ▲❛ ❧✐♠✐t❡ ✢✉✐❞❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥
◆♦✉s s✉✐✈♦♥s ❡ss❡♥t✐❡❧❧❡♠❡♥t ❬❊❤❧❡rs ✼✶❪ ♣♦✉r ♠♦♥tr❡r q✉❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥ ✐♠♣❧✐q✉❡
❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞✉ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥✳ ❊♥ ♠✉❧t✐♣❧✐❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③✲
♠❛♥♥ ✭✸✳✻✶✮ ♣❛r δ❉(πaπa − m2)✱ ♣✉✐s ❡♥ ♠✉❧t✐♣❧✐❛♥t ❡♥❝♦r❡ ♣❛r dηdsπb ❡t ❡♥ ✐♥té❣r❛♥t s✉r ❧❡s
q✉❛❞r✐✲✐♠♣✉❧s✐♦♥s πd✱ ♦♥ ♦❜t✐❡♥t∫ [
∂f
∂xµ
∂xµ
∂s
+
∂f
∂πa
∂πa
∂s
− C[f ]
]
πbδ❉(πdπ
d −m2)d4π = 0 ,∫ [
∂f
∂xµ
pµ − ∂f
∂πa
ωeafπ
eπf − C[f ]
]
πbδ❉(πdπ
d −m2)d4π = 0 ,∫ [
∂eafπ
a + fωaafπ
f + fωebfπ
eπf − C[f ]
]
πbδ❉(πdπ
d −m2)d4π = 0 .
◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧✬éq✉❛t✐♦♥ ❣é♦❞és✐q✉❡ ✭✸✳✹✶✮ ♣♦✉r ♣❛ss❡r ❞❡ ❧❛ ♣r❡♠✐èr❡ à ❧❛ s❡❝♦♥❞❡ ❧✐❣♥❡✱
♣✉✐s ♣♦✉r ♣❛ss❡r ❞❡ ❧❛ s❡❝♦♥❞❡ à ❧❛ tr♦✐s✐è♠❡ ♥♦✉s ❛✈♦♥s ✐♥té❣ré ♣❛r ♣❛rt✐❡s ❡t ✉t✐❧✐sé ❧❡ ❢❛✐t q✉❡
d
ds
δ❉(πdπ
d −m2) = 0. ✭✸✳✽✵✮
❖♥ r❡❝♦♥♥❛ît ❛❧♦rs ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
∂eaT
ab + ωaadT
db + ω ba dT
ad = ∇aT ab = Qb ❛✈❡❝ Qb ≡
∫
C[f ]πbδ❉(πdπ
d −m2)d4π. ✭✸✳✽✶✮
✺✵ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t ♣❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
❙✐ b = 0 ❝❡❧❛ ❝♦rr❡s♣♦♥❞ ❛✉ ♠♦♠❡♥t ❧❡ ♣❧✉s ❜❛s ❡t ♦♥ r❡tr♦✉✈❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
t❛♥❞✐s q✉❡ ♣♦✉r b = i ♦♥ r❡tr♦✉✈❡ ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r✳ ■❧ ❢❛✉t ❝❡♣❡♥❞❛♥t ✈❡✐❧❧❡r ❛✉ ❢❛✐t q✉❡
❝❡t ✐♥❞✐❝❡ b ❝♦rr❡s♣♦♥❞ à ❧❛ ❜❛s❡ ❞❡ tétr❛❞❡ ❡t ❞♦♥❝ ❧♦rsq✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ r❡tr♦✉✈❡r ❧✬éq✉❛t✐♦♥
❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✷✳✷✺✮ ❡t ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r ✭✷✳✷✻✮ q✉✐ s♦♥t ❡①♣r✐♠é❡s ❞❛♥s ❧❛ ❜❛s❡ ❛ss♦❝✐é❡s
❛✉① ❝♦♦r❞♦♥♥é❡s✱ ✐❧ ❢❛✉❞r❛ ✉t✐❧✐s❡r ❧❡ ❝❤❛♠♣ ❞❡ tétr❛❞❡ ♣♦✉r ❡✛❡❝t✉❡r ❧❛ ❝♦♥✈❡rs✐♦♥✱ ❝✬❡st✲à✲❞✐r❡
♣r♦❥❡t❡r ❛✈❡❝ (eb)µ✳ ❈❡❝✐ ❡st ❡①♣❧✐q✉é ❡♥ ❞ét❛✐❧s ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ❡✛❡❝t✉é❡ ❞❛♥s ❧❛
s❡❝t✐♦♥ ✺✳✷✳
✸✳✸✳✽ ❈♦♥❝❧✉s✐♦♥
◆♦✉s ❛✈♦♥s rés✉♠é ❛✉ ❝♦✉rs ❞❡ ❝❡s tr♦✐s ❞❡r♥✐❡rs ❝❤❛♣✐tr❡s ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞✉ ❜✐❣✲❜❛♥❣
❝❤❛✉❞ ♣♦✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✱ ❧❛ ❝r♦✐ss❛♥❝❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ♠étr✐q✉❡ ❛✐♥s✐ q✉❡ ❧❡s ♣❡rt✉r❜❛✲
t✐♦♥s ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡✳ ❊✈✐❞❡♠♠❡♥t ❝❡s ❛s♣❡❝ts s♦♥t ✐♠❜r✐q✉és ♣✉✐sq✉❡ ♣♦✉r ❞ét❡r♠✐✲
♥❡r ❧❛ ❝r♦✐ss❛♥❝❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ♠étr✐q✉❡ ✐❧ ❢❛✉t ❝♦♥♥❛îtr❡ ❧❡ t❡♥s❡✉r é♥❡r❣✐❡ ✐♠♣✉❧s✐♦♥ ❞❡s
❞✐✛ér❡♥t❡s ❡s♣è❝❡s r❡♠♣❧✐ss❛♥t ❧✬✉♥✐✈❡rs✳ ❙✐ ♣♦✉r ❝❡rt❛✐♥❡s ❡s♣è❝❡s✱ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ s✉✣t
❛♠♣❧❡♠❡♥t ✭♠❛t✐èr❡ ♥♦✐r❡✮ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ st❛t✐st✐q✉❡ ❡st r❡q✉✐s❡ ♣♦✉r ❧❛ r❛❞✐❛t✐♦♥ ❡t ❧❛ ♠❛t✐èr❡
❜❛r②♦♥✐q✉❡ ❛✐♥s✐ q✉❡ ❧❡s ♥❡✉tr✐♥♦s✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à é✈♦q✉é à ❧❛ ✜♥ ❞❡ ❧❛ s❡❝t✐♦♥ ✸✳✷✳✷✱ ❧❛
rés♦❧✉t✐♦♥ ❞❡ ❝❡t ❡♥s❡♠❜❧❡ ❞✬éq✉❛t✐♦♥s ❡st ♥é❝❡ss❛✐r❡♠❡♥t ♥✉♠ér✐q✉❡✳ ❈❡♣❡♥❞❛♥t✱ ❡❧❧❡ ♥é❝❡ss✐t❡
❞✬❛❜♦r❞ ❞❡ ❝♦♥♥❛îtr❡ ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❧♦✐♥ ❞❛♥s ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥✳ ■♥✈❡rs❡♠❡♥t✱ ♦♥ ♣❡✉t
❞ét❡r♠✐♥❡r ❝❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❡♥ r❡❝❤❡r❝❤❛♥t ❧❡ ♠❡✐❧❧❡✉r ❛❥✉st❡♠❡♥t ❛✉① ♦❜s❡r✈❛t✐♦♥s✱ ♠❛✐s
❛❧♦rs ❡❧❧❡ r❡st❡♥t ✐♥❡①♣❧✐q✉é❡s ♣❛r ❧❡ ♠♦❞è❧❡✳ ▲❡ ♠é❝❛♥✐s♠❡ ❞❡ ❧✬✐♥✢❛t✐♦♥✱ ❞♦♥t ♥♦✉s ❛❧❧♦♥s ❞♦♥✲
♥❡r ❧❡s ❣r❛♥❞❡s ❧✐❣♥❡s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✱ ♣❡r♠❡t ❞✬❛♣♣♦rt❡r ✉♥❡ ré♣♦♥s❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡s
❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s t♦✉t ❡♥ rés♦❧✈❛♥t ❧❡s ♣r♦❜❧è♠❡s ❞❡ ♣❧❛t✐t✉❞❡ ❡t ❞✬✐s♦tr♦♣✐❡ ❞✉ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞✳
✺✶
Chapitre 4
▲✬✐♥✢❛t✐♦♥ st❛♥❞❛r❞
❙♦♠♠❛✐r❡
✹✳✶ P❤é♥♦♠é♥♦❧♦❣✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✹✳✷ ◗✉❛♥t✐✜❝❛t✐♦♥ ❞❡ ❧✬✐♥✢❛t♦♥ ❡t s♣❡❝tr❡ ♣r✐♠♦r❞✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✹✳✸ ▲❛ ✈❛r✐❛❜❧❡ ❞❡ ▼✉❦❤❛♥♦✈✲❙❛s❛❦✐ ❡♥ ❢♦r♠❛❧✐s♠❡ ✶✰✸ ✭❛rt✐❝❧❡✮ ✳ ✳ ✳ ✳ ✺✼
▲❡s ♣r♦❜❧è♠❡s ❞✉ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞ tr♦✉✈❡♥t ✉♥❡ rés♦❧✉t✐♦♥ é❧é❣❛♥t❡ s✐ ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❝❡❧✉✐✲❝✐
❛ été ♣ré❝é❞é ♣❛r ✉♥❡ èr❡ ❞✬❡①♣❛♥s✐♦♥ ❛❝❝é❧éré❡✳ ▲❛ ❝♦♥séq✉❡♥❝❡ ❞❡ ❝❡tt❡ ♣❤❛s❡ ❡st ❞✬ét❡♥❞r❡ ❧❛
③♦♥❡ ❡♥ ❝♦♥t❛❝t ❝❛✉s❛❧ ❛✈❛♥t ❧❡ ❞é❝♦✉♣❧❛❣❡ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ t♦✉t ❧✬✉♥✐✈❡rs ♦❜s❡r✈❛❜❧❡ s♦✐t ❜✐❡♥
♣❧✉s ♣❡t✐t q✉✬✉♥❡ t❡❧❧❡ ③♦♥❡✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♣❧❛t✐t✉❞❡ ❡st ❛❧♦rs rés♦❧✉ ❝❛r ❧❛ ♠❛t✐èr❡ ♣❡r♠❡t✲
t❛♥t ✉♥❡ t❡❧❧❡ ♣❤❛s❡ ❛❝❝é❧éré❡ s❛t✐s❢❛✐t ♥é❝❡ss❛✐r❡♠❡♥t w < −1/3 ❡t ❞♦♥❝ s❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡
❞✐♠✐♥✉❡ ♠♦✐♥s ✈✐t❡ q✉❡ 1/a2✳ ▲❡ t❡r♠❡ ❞❡ ❝♦✉r❜✉r❡ ΩK ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞❡ ❋r✐❡❞♠❛♥♥ ❞é❝r♦ît
❛❧♦rs ♣❧✉s r❛♣✐❞❡♠❡♥t q✉❡ ❝❡❧✉✐ ❞✉ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ❡t s♦♥ ✐♠♣♦rt❛♥❝❡ r❡❧❛t✐✈❡ ❞é❝r♦ît✳ ❙✐ ❧✬✐♥✲
✢❛t✐♦♥ ❡st s♦✉t❡♥✉❡ ♣❛r ✉♥❡ ♠❛t✐èr❡ ❞♦♥t ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ♥❡ s❡ ❞✐❧✉❡ q✉❛s✐♠❡♥t ♣❛s✱ ❝✬❡st✲
à✲❞✐r❡ w ≃ −1✱ ❛❧♦rs ❧✬✐♠♣♦rt❛♥❝❡ r❡❧❛t✐✈❡ ❞❡ ❧❛ ❝♦✉r❜✉r❡ ♣❛r r❛♣♣♦rt ❛✉ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ✈❛
❝♦♠♠❡ ≃ a−2✳ ▼ê♠❡ s✐ ❞❛♥s ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥ ❡t ❧✬èr❡ ❞❡ ♠❛t✐èr❡ ❝❡ ❝♦♠♣♦rt❡♠❡♥t s✬❡st ✐♥✲
✈❡rsé✱ ❛✈❡❝ ✉♥❡ ♣❤❛s❡ ❞✬✐♥✢❛t✐♦♥ s✉✣s❛♠♠❡♥t ❧♦♥❣✉❡ ♦♥ ❡①♣❧✐q✉❡ ❧❛ ✈❛❧❡✉r ❡♥❝♦r❡ très ❜❛ss❡
❞❡ ❧❛ ❝♦✉r❜✉r❡✳ ❇❛sé s✉r ❝❡s ♠♦t✐✈❛t✐♦♥s✱ ❧❡ ♣r❡♠✐❡r ♠♦❞è❧❡ ❞✬✐♥✢❛t✐♦♥ ❛✈❡❝ ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥
♣❤②s✐q✉❡ ❝❧❛✐r❡ ❛ été ♣r♦♣♦sé ❞❛♥s ❬●✉t❤ ✽✶❪ ❛✜♥ ❞❡ rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♣❧❛t✐t✉❞❡ ❡t
❞❡ ❧✬❤♦r✐③♦♥✳ ▲❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥ ❛ ❡♥s✉✐t❡ été ❞é✈❡❧♦♣♣é❡ ♣r❡sq✉❡
❛✉ss✐tôt ❬▼✉❦❤❛♥♦✈ ✫ ❈❤✐❜✐s♦✈ ✽✶❪ ❡t ❛ ♣❡r♠✐s ❞❡ ❞♦♥♥❡r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ s✐♠♣❧❡ ❛✉① ❝♦♥❞✐t✐♦♥s
✐♥✐t✐❛❧❡s ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ ❜✐❣✲❜❛♥❣ ❝❤❛✉❞ ❡♥ ♣❧❛ç❛♥t ❧❡✉r ♦r✐❣✐♥❡ ❞❛♥s ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥✲
t✐q✉❡s✳ ▲❡s ♣r❡♠✐❡rs ♠♦❞è❧❡s ❞✬✐♥✢❛t✐♦♥ s✉♣♣♦s❛✐❡♥t t♦✉t ❞❡ ♠ê♠❡ q✉❡ ❧✬✉♥✐✈❡rs ét❛✐t ❞❛♥s ✉♥
ét❛t ❞✬éq✉✐❧✐❜r❡ t❤❡r♠✐q✉❡ ♣ré❡①✐st❛♥t✱ ❡t s✉✣s❛♠♠❡♥t ❤♦♠♦❣è♥❡ s✉r ❞❡ ❣r❛♥❞❡s é❝❤❡❧❧❡s ♣♦✉r
s✉r✈✐✈r❡ ❥✉sq✉✬❛✉ ❞é❝❧❡♥❝❤❡♠❡♥t ❞❡ ❧❛ ♣❤❛s❡ ❞✬✐♥✢❛t✐♦♥✳ ❈❡ ♣r♦❜❧è♠❡ ❛ été rés♦❧✉ ❛✈❡❝ ❧❛ t❤é♦✲
r✐❡ ❞❡ ❧✬✐♥✢❛t✐♦♥ ❝❤❛♦t✐q✉❡ s❡❧♦♥ ❧❛q✉❡❧❧❡ ❧✬✐♥✢❛t✐♦♥ ♣❡✉t ❞é❜✉t❡r ♠ê♠❡ s✐ ❧✬✉♥✐✈❡rs ♥✬❡st ♣❛s ❡♥
éq✉✐❧✐❜r❡ t❤❡r♠✐q✉❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧✬✉♥✐✈❡rs ♦❜s❡r✈❛❜❧❡ ❡st ❛❧♦rs ✐ss✉ ❞✬✉♥❡ ❝❡❧❧✉❧❡ ❞❡ t❛✐❧❧❡ s✉❜✲
P❧❛♥❝❦✐❡♥♥❡ ❡t s❡s ❝♦♥❞✐t✐♦♥s ❣❧♦❜❛❧❡s ❛✉❥♦✉r❞✬❤✉✐ s♦♥t ✐ss✉❡s ❞❡s ❝♦♥❞✐t✐♦♥s ❧♦❝❛❧❡s q✉❛♥t✐q✉❡s
❞✬❛❧♦rs✳ ▲❡ ♠♦❞è❧❡ ❧❡ ♣❧✉s s✐♠♣❧❡ ❞✬✐♥✢❛t✐♦♥ ❝❤❛♦t✐q✉❡ ❡st ❝❡❧✉✐ ❞❡ ❧✬✐♥✢❛t✐♦♥ à ✉♥ ❝❤❛♠♣ ❡♥ r♦✉✲
❧❡♠❡♥t ❧❡♥t✳ ◆♦✉s ❛❧❧♦♥s ❞é❝r✐r❡ r❛♣✐❞❡♠❡♥t ❝❡ ♠♦❞è❧❡ ❛✐♥s✐ q✉❡ s❡s ♣ré❞✐❝t✐♦♥s ♣♦✉r ❧❡ s♣❡❝tr❡
❞❡s ❛♥✐s♦tr♦♣✐❡s ♣r✐♠♦r❞✐❛❧❡s✳
✺✷ ▲✬✐♥✢❛t✐♦♥ st❛♥❞❛r❞
✹✳✶ P❤é♥♦♠é♥♦❧♦❣✐❡
▲❛ ♣ér✐♦❞❡ ❞✬✐♥✢❛t✐♦♥ ♣❡✉t êtr❡ ❞é❝r✐t❡ ❞❛♥s ❧❡s ♠♦❞è❧❡s ❧❡s ♣❧✉s s✐♠♣❧❡s ❛✈❡❝ ✉♥ ❝♦♥t❡♥✉
♠❛tér✐❡❧ q✉✐ s❡ ré❞✉✐t à ✉♥ ❝❤❛♠♣ s❝❛❧❛✐r❡ é✈♦❧✉❛♥t s✉r ✉♥ ♣♦t❡♥t✐❡❧ V (ϕ)✳ ▲✬❛❝t✐♦♥ ❞✬❍✐❧❜❡rt✲
❊✐♥st❡✐♥ ❛ss♦❝✐é❡ ❡st ❛❧♦rs
S =
∫ (
1
2κ
R− 1
2
∂µϕ∂
µϕ− V (ϕ)
)√−gd4x
=
∫
Ld4x . ✭✹✳✶✮
❊♥ ✈❛r✐❛♥t ❝❡tt❡ ❛❝t✐♦♥ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡✱ ♦♥ ♦❜t✐❡♥t ❧✬éq✉❛t✐♦♥ ❞✬❊✐♥st❡✐♥ ❛✈❡❝ ✉♥ t❡♥s❡✉r
é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ ❞♦♥♥é ♣❛r
Tµν = ∂µϕ∂νϕ− gµν
(
1
2
∂αϕ∂
α + V (ϕ)
)
. ✭✹✳✷✮
❙✐ ♦♥ sé♣❛r❡ ❧❡ ❝❤❛♠♣ s❝❛❧❛✐r❡ ❡♥ ✉♥❡ ♣❛rt✐❡ ❞❡ ❢♦♥❞ ϕ¯ ❡t ✉♥❡ ♣❛rt✐❡ ♣ért✉r❜é❡ δϕ✱ ❛❧♦rs ♦♥
♦❜t✐❡♥t s✉r ❧❡ ❢♦♥❞
ρ¯ =
1
2
˙¯ϕ2 + V (ϕ¯), P¯ =
1
2
˙¯ϕ2 − V (ϕ¯). ✭✹✳✸✮
❈❡s q✉❛♥t✐tés ❞♦✐✈❡♥t ❡♥s✉✐t❡ êtr❡ ✉t✐❧✐sé❡s ❞❛♥s ❧❡s éq✉❛t✐♦♥s ❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛îtr❡ ✭✶✳✶✼✮✳
▲✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❡st ❛❧♦rs ❧✬éq✉❛t✐♦♥ ❞❡ ❑❧❡✐♥✲●♦r❞♦♥
¨¯ϕ+ 3H ˙¯ϕ+ V,ϕ = 0, ✭✹✳✹✮
♦ù V,ϕ ≡ dVdϕ¯ ✳ ❆✉ ♥✐✈❡❛✉ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ♦♥ r❡♠❛rq✉❡ q✉❡ ♣♦✉r ✉♥ t❡r♠❡ ♣♦t❡♥t✐❡❧ ♣❧✉s ❣r❛♥❞
q✉❡ ❧❡ t❡r♠❡ ❝✐♥ét✐q✉❡✱ ♦♥ ♣❡✉t ♦❜t❡♥✐r ✉♥❡ ♣r❡ss✐♦♥ ♥é❣❛t✐✈❡✱ ❝✬❡st✲à✲❞✐r❡ ✉♥ t②♣❡ ❞❡ ♠❛t✐èr❡
❞♦♥t ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ s❡ ❞✐❧✉❡ ♠♦✐♥s ✈✐t❡ q✉❡ ❧❛ ♠❛t✐èr❡ ❢r♦✐❞❡✳ ❉❡ ♣❧✉s s✐ ˙¯ϕ2 < V (ϕ¯)✱ ❛❧♦rs
ρ¯+ 3P¯ < 0 ❡t ❞♦♥❝ ♦♥ ♦❜t✐❡♥t ✉♥❡ ♣❤❛s❡ ❛❝❝é❧éré❡✱ a¨ > 0✳
▲❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ s❝❛❧❛✐r❡ ❞❡ ❢♦♥❞ ♣♦ssè❞❡ ✉♥ ❛ttr❛❝t❡✉r ❬❯③❛♥ ✫ ▲❡❤♦✉❝q ✵✶❪✳ ❙✉r ❝❡t
❛ttr❛❝t❡✉r ❧❡ ❝❤❛♠♣ ❡st ❡♥ r♦✉❧❡♠❡♥t ❧❡♥t ❧❡ ❧♦♥❣ ❞❡ s♦♥ ♣♦t❡♥t✐❡❧ s✐ ❜✐❡♥ q✉❡ ˙¯ϕ2 ≪ V ❡t ¨¯ϕ≪ 3H ˙¯ϕ✳
❖♥ ♦❜t✐❡♥t ❛❧♦rs P¯ ≃ −ρ¯ ❡t ♦♥ ❛ ❞♦♥❝ q✉❛s✐♠❡♥t ❛✛❛✐r❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧♦❣✐q✉❡✳ ❆✜♥ ❞❡
q✉❛♥t✐✜❡r ♣❧✉s ♣ré❝✐sé♠❡♥t ❝❡s r❛♣♣♦rts✱ ♦♥ ✐♥tr♦❞✉✐t ❧❡s ♣❛r❛♠ètr❡s ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t
ǫ ≡ − H˙
H2
=
3
2
˙¯ϕ2
1
2
˙¯ϕ2 + V
, ✭✹✳✺✮
δ ≡ − ¨¯ϕ
H ˙¯ϕ
, ✭✹✳✻✮
q✉✐ ♣❡r♠❡tt❡♥t ❛✐♥s✐ ❞❡ ♥❡ ♣❛s ❛✈♦✐r à ❞é❝r✐r❡ ❡①♣❧✐❝✐t❡♠❡♥t ❧❛ ❢♦r♠❡ ❞✉ ♣♦t❡♥t✐❡❧ ❡t q✉✐ s♦♥t
✐♥✜♥✐tés✐♠❛✉① s✉r ❧✬❛ttr❛❝t❡✉r✳ ▲❡s ♣ré❞✐❝t✐♦♥s ❞❡s ♠♦❞è❧❡s ❞✬✐♥✢❛t✐♦♥ s❡r♦♥t ❞♦♥♥é❡s ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❝❡s ♣❛r❛♠ètr❡s ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t✳ ▲✬✐♥térêt ❞❡ ♥❡ ♣❛s ✉t✐❧✐s❡r ✉♥❡ ♣✉r❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧♦❣✐q✉❡
rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉❡ ❧❛ s♦rt✐❡ ❞✉ ré❣✐♠❡ ❞✬✐♥✢❛t✐♦♥ s❡ ❢❛✐t ❧♦rsq✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ r♦✉❧❡♠❡♥t
❧❡♥t ♥✬❡st ♣❧✉s s❛t✐s❢❛✐t❡ ❡t q✉❡ ❧❡ ❝❤❛♠♣ ❡st ❞❛♥s ❧❛ ♣❛rt✐❡ ❜❛ss❡ ❞❡ s♦♥ ♣♦t❡♥t✐❡❧✳ ▲✬❛✈❛♥t❛❣❡
❞❡ ❧✉✐ ❞♦♥♥❡r ✉♥❡ str✉❝t✉r❡ ❞②♥❛♠✐q✉❡ à tr❛✈❡rs ✉♥ ❝❤❛♠♣ rés✐❞❡ ❛✉ss✐ ❞❛♥s ❧❡ ❢❛✐t q✉✬♦♥ ✈❛
s✬✐♥tér❡ss❡r à ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s δϕ✳ ◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ✈♦✐r ❝♦♠♠❡♥t é✈♦❧✉❡♥t
❝❡s ♣❡rt✉r❜❛t✐♦♥s ♠❛✐s ❛✉ss✐ ♣❛r q✉❡❧ ♠♦②❡♥ ♥♦✉s ♣♦✉✈♦♥s ♦❜t❡♥✐r ❞❡s ♣ré❞✐❝t✐♦♥s ❡♥ ✜①❛♥t ❞❡s
❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛❞éq✉❛t❡s ♣♦✉r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ❝❤❛♠♣ s❝❛❧❛✐r❡✳
◗✉❛♥t✐✜❝❛t✐♦♥ ❞❡ ❧✬✐♥✢❛t♦♥ ❡t s♣❡❝tr❡ ♣r✐♠♦r❞✐❛❧ ✺✸
✹✳✷ ◗✉❛♥t✐✜❝❛t✐♦♥ ❞❡ ❧✬✐♥✢❛t♦♥ ❡t s♣❡❝tr❡ ♣r✐♠♦r❞✐❛❧
❉❛♥s ❝❡ q✉✐ s✉✐t ♦♥ ♥❡ tr❛✈❛✐❧❧❡ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ ♣❡rt✉r❜❛t✐♦♥s✳ ◆♦✉s ❛✈♦♥s ❞é❥à ✈✉
q✉✬✐❧ ② ❛✈❛✐t q✉❛tr❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ❞❡ ♣❡rt✉r❜❛t✐♦♥s s❝❛❧❛✐r❡s ❞❡ ❧❛ ♠étr✐q✉❡✱ ❛✉①q✉❡❧s s✬❛❥♦✉t❡
✉♥ ❞❡❣ré ❞❡ ❧✐❜❡rté s❝❛❧❛✐r❡ ❞✉ ❝❤❛♠♣ ❧✉✐ ♠ê♠❡✳ ❉❡✉① ❞❡ ❝❡s ❝✐♥q ❞❡❣rés s♦♥t ❞❡s ❞❡❣rés ❞❡ ❧✐❜❡rté
❞❡ ❥❛✉❣❡ ❡t ♥❡ s♦♥t ♣❛s ♣❤②s✐q✉❡s t❛♥❞✐s q✉❡ ❞❡✉① ❛✉tr❡s s♦♥t ❞ét❡r♠✐♥és ♣❛r ❞❡s éq✉❛t✐♦♥s ❞❡
❝♦♥tr❛✐♥t❡s✱ ❝✬❡st✲à✲❞✐r❡ ❞❡s éq✉❛t✐♦♥s ♥♦♥ ❞②♥❛♠✐q✉❡s q✉✐ s♦♥t ❧❡s éq✉❛t✐♦♥s ✭✷✳✷✶✮ ❡t ✭✷✳✷✹✮✳
◆♦✉s ♥✬❛✈♦♥s ❛✉ ✜♥❛❧ q✉✬✉♥ ❞❡❣ré ❞❡ ❧✐❜❡rté ❞②♥❛♠✐q✉❡ s❝❛❧❛✐r❡ ❡t ♥♦✉s ❝❤❡r❝❤♦♥s à ❧✬✐s♦❧❡r✳ ❖♥
✐♥tr♦❞✉✐t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ❝❤❛♠♣ ❡♥ ❥❛✉❣❡ ♣❧❛t❡
Q ≡ δϕ+ ˙¯ϕ
H
Ψ = δϕ+
ϕ¯′
HΨ , ✭✹✳✼✮
❛✐♥s✐ q✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡
R ≡ Ψ+ H
ϕ¯′
δϕ =
H
ϕ¯′
Q . ✭✹✳✽✮
❊♥ ✐♥tr♦❞✉✐s❛♥t ❧❡s ✈❛r✐❛❜❧❡s
u ≡ 2aΦ
κϕ¯′
, z = a
ϕ¯′
H , θ ≡
1
z
, ✭✹✳✾✮
❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡s éq✉❛t✐♦♥s ❞❡ ❢♦♥❞✱ ♦♥ ♣❡✉t ré❝r✐r❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ s❡❧♦♥
R = θu′ − θ′u✳ ❙✐ ♦♥ ❞é✜♥✐t ❧❛ ✈❛r✐❛❜❧❡
v ≡ zR = aQ , ✭✹✳✶✵✮
❛❧♦rs ❝❡tt❡ r❡❧❛t✐♦♥ s❡ ré❞✉✐t à ❧❛ r❡❧❛t✐♦♥ s✐♠♣❧❡ ❡♥tr❡ u ❡t v
zv = (uz)′ . ✭✹✳✶✶✮
v ✭♦✉ v/a✮ ❡st ❛♣♣❡❧é❡ ✈❛r✐❛❜❧❡ ❞❡ ▼✉❦❤❛♥♦✈✲❙❛s❛❦✐ ❬▼✉❦❤❛♥♦✈ ✽✺✱ ❙❛s❛❦✐ ✽✻❪✳ ❊♥ ✉t✐❧✐s❛♥t
❧✬éq✉❛t✐♦♥ ✭✷✳✷✷✮ ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ✭✷✳✷✶✮ ♣♦✉r ❢❡r♠❡r ❧✬éq✉❛t✐♦♥ ❡♥ Φ✱ ♦♥ ♠♦♥tr❡ q✉❡
❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ t♦✉t❡s ❝❡s q✉❛♥t✐tés ♣❡r♠❡t ❞❡ r❡❢♦r♠✉❧❡r ❧❡ rés✉❧t❛t s❡❧♦♥
R′ = θ∆u⇒ u′′ −
(
∆+
θ′′
θ
)
u = 0. ✭✹✳✶✷✮
❈❡tt❡ éq✉❛t✐♦♥ ❡st ✉♥❡ éq✉❛t✐♦♥ ❞❡ t②♣❡ ♦s❝✐❧❧❛t❡✉r ❤❛r♠♦♥✐q✉❡✱ ♠❛✐s ❛✈❡❝ ✉♥ t❡r♠❡ ❞❡ ♠❛ss❡
✈❛r✐❛❜❧❡✳ ▲❛ r❡❧❛t✐♦♥ ✭✹✳✶✶✮ ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞❡ ❞é❞✉✐r❡ ❧✬éq✉❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞❡ t②♣❡ ♦s❝✐❧❧❛t❡✉r
❤❛r♠♦♥✐q✉❡ ♣♦✉r v
v′′ −
(
∆+
z′′
z
)
v = 0. ✭✹✳✶✸✮
❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ♠♦❞❡s t❡♥s♦r✐❡❧s✱ ♥♦✉s ❛✈♦♥s ❞❡✉① ❞❡❣rés ❞❡ ❧✐❜❡rté ❞②♥❛♠✐q✉❡s à ✐❞❡♥t✐✜❡r✳
❉❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✶✱ ♦♥ ✐♥tr♦❞✉✐t ❞❡✉① ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s e1i ❡t e
2
i ❞❡ ❧✬❡s♣❛❝❡ ♦rt❤♦❣♦♥❛❧ à
✶▲❡s ❢♦♥❝t✐♦♥s exp[ik.x] s♦♥t ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ❡t ❝♦♥st✐t✉❡♥t ✉♥❡ ❜❛s❡ ♦rt❤♦❣♦♥❛❧❡ ❝♦♠♣❧èt❡ ♣♦✉r
❞é❝♦♠♣♦s❡r t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s✳ ❯♥❡ ❜❛s❡ ❞❡ ❢♦♥❝t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s à ✈❛❧❡✉rs ✈❡❝t♦r✐❡❧❧❡s ❡t t❡♥s♦r✐❡❧❧❡s ♣❡✉t
êtr❡ ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞❡ ❝❡tt❡ ❜❛s❡ ❡♥ ❧❛ ♠✉❧t✐♣❧✐❛♥t ♣❛r ❧❡s ✈❡❝t❡✉rs ❡t t❡♥s❡✉rs ❞❡ ♣♦❧❛r✐s❛t✐♦♥ ❛♣♣r♦♣r✐és✳
❈❡♣❡♥❞❛♥t ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ s✉♣♣♦s❡ q✉❡ ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ ❧✬✉♥✐✈❡rs ❡st tr✐✈✐❛❧❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧✬✉♥✐✈❡rs ❡st ♣❧❛t
❡t ✐♥✜♥✐✳ P♦✉r ✉♥ ✉♥✐✈❡rs ♣❧❛t ♠❛✐s ❢❡r♠é s❡✉❧s ❝❡rt❛✐♥s ♠♦❞❡s ✐♥t❡r✈✐❡♥♥❡♥t ❞❛♥s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ♠♦❞❡s✳
P♦✉r ❧❡ ❝❛s ♥♦♥ ♣❧❛t✱ ✐❧ ❢❛✉❞r❛ tr❛✈❛✐❧❧❡r ❛✈❡❝ ✉♥❡ ❛✉tr❡ ❜❛s❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ▲❛♣❧❛❝✐❡♥✳
✺✹ ▲✬✐♥✢❛t✐♦♥ st❛♥❞❛r❞
ki ✭kie1i = k
ie2i = 0✮✳ ❖♥ ❞é✜♥✐t ❡♥s✉✐t❡ ❧❡s t❡♥s❡✉rs ❞❡ ♣♦❧❛r✐s❛t✐♦♥
ε+ij ≡
e1i e
1
j − e2i e2j√
2
, ε×ij ≡
e1i e
2
j + e
2
i e
1
j√
2
, ✭✹✳✶✹✮
q✉✐ s♦♥t s❛♥s tr❛❝❡ ✭εijγij = 0✮ ❡t tr❛♥s✈❡rs❡s ✭εijki = 0✮✳ ❖♥ ♣❡✉t ❛❧♦rs ❞é❝♦♠♣♦s❡r Eij s❡❧♦♥
❝❡tt❡ ❜❛s❡
Eij = E+ε
+
ij + E×ε
×
ij . ✭✹✳✶✺✮
❊♥ ✐♥tr♦❞✉✐s❛♥t
µ+ =
a√
κ
E+ , µ× =
a√
κ
E× , ✭✹✳✶✻✮
❧✬éq✉❛t✐♦♥ ❞②♥❛♠✐q✉❡ ♣♦✉r Eij ✐♠♣❧✐q✉❡ ❧✬éq✉❛t✐♦♥ ❞②♥❛♠✐q✉❡
µ′′ −
(
∆+
a′′
a
)
µ = 0 ✭✹✳✶✼✮
q✉✐ ❡st s❛t✐s❢❛✐t❡ ♣♦✉r µ+ ❡t µ×✳
◆♦✉s ❛✈♦♥s ❞♦♥❝ ✐❞❡♥t✐✜é ❞❡s ❞❡❣rés ❞❡ ❧✐❜❡rté ❞②♥❛♠✐q✉❡s ✭u ❡t v✮ ♣♦✉r ❧❡s ♣❡rt✉r❜❛t✐♦♥s
s❝❛❧❛✐r❡s✱ ❛✐♥s✐ q✉❡ ❧❛ r❡❧❛t✐♦♥ ♣♦✉r ♣❛ss❡r ❞❡ ❧✬✉♥ à ❧✬❛✉tr❡ ♠❛✐s r✐❡♥ ♥❡ ♣❡r♠❡t ❞❡ ♣r✐✈✐❧é❣✐❡r
❧✬✉♥ s✉r ❧✬❛✉tr❡ ♦✉ ♠ê♠❡ é✈❡♥t✉❡❧❧❡♠❡♥t s✉r ❧❡s é✈❡♥t✉❡❧❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s q✉✬♦♥ ♣♦✉rr❛✐t
❝♦♥str✉✐r❡✱ s✐ ❧✬♦♥ s♦✉❤❛✐t❡ ❡♥s✉✐t❡ ❜ât✐r ✉♥❡ t❤é♦r✐❡ q✉❛♥t✐q✉❡ ❬❉❡r✉❡❧❧❡ ❡t ❛❧✳ ✾✷❪✳ ❉❡ ♠ê♠❡ ♥♦✉s
❛✈♦♥s ✐❞❡♥t✐✜é ❢❛❝✐❧❡♠❡♥t ❧❡s ❞❡❣rés ❞❡ ❧✐❜❡rté ❞②♥❛♠✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♦♥❞❡s ❣r❛✈✐t❛t✐♦♥✲
♥❡❧❧❡s ❡t t♦✉t❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ♣♦ssè❞❡ ❧❛ ♠ê♠❡ ❞②♥❛♠✐q✉❡✳ ❈❡♣❡♥❞❛♥t s✐ ❧✬♦♥ s♦✉❤❛✐t❡
❤✐ér❛r❝❤✐s❡r ❧❡s ❞❡❣rés ❞❡ ❧✐❜❡rté s❝❛❧❛✐r❡s✱ ✐❧ ❢❛✉t s✬✐♥tér❡ss❡r ❞✐r❡❝t❡♠❡♥t à ❧✬❛❝t✐♦♥ ♣❧✉tôt q✉✬❛✉①
éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ q✉✐ ❡♥ rés✉❧t❡♥t✳ ❖♥ ♣❡✉t ❛❧♦rs ✐❞❡♥t✐✜❡r ❧❡s ❞❡❣rés ❞❡ ❧✐❜❡rté ❞✐ts ❝❛♥♦♥✐q✉❡s✳
❊♥ ❡✛❡t✱ ❡♥ ♣❡rt✉r❜❛♥t ❧✬❛❝t✐♦♥ ✭✹✳✶✮ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞❛♥s ❧❡s ♣❡rt✉r❜❛t✐♦♥s✱ ♦♥ ♣❡✉t ❧❛ ré❝r✐r❡
à ❞❡s ❞ér✐✈é❡s t♦t❛❧❡s ♣rès s♦✉s ❧❛ ❢♦r♠❡❬▼✉❦❤❛♥♦✈ ❡t ❛❧✳ ✾✷❪
S(2) =
1
2
∫
dηd3x
[
(v′)2 +
z′′
z
v2 − ∂iv∂iv
]
✭✹✳✶✽✮
+
1
2
∫
dηd3x
[(
µ′+
)2
+
a′′
a
µ2+ − ∂iµ+∂iµ+ +
(
µ′×
)2
+
a′′
a
µ2× − ∂iµ×∂iµ×
]
.
❖♥ ❞é✜♥✐t à ♣❛rt✐r ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❝✐✲❞❡ss✉s ❧❡ ❧❛❣r❛♥❣✐❡♥
L(2) = 1
2
[
(v′)2 +
z′′
z
v2 − ∂iv∂iv +
(
µ′+
)2
+
a′′
a
µ2+ − ∂iµ+∂iµ+ +
(
µ′×
)2
+
a′′
a
µ2× − ∂iµ×∂iµ×
]
.
✭✹✳✶✾✮
▲❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧✬❛❝t✐♦♥ à ❧✬♦r❞r❡ ❞❡✉① ❢❛✐t ❞♦♥❝ ✐♥t❡r✈❡♥✐r ❧✬❛❝t✐♦♥ ❞❡ tr♦✐s ❝❤❛♠♣ s❝❛❧❛✐r❡s
❧✐❜r❡s ❛✈❡❝ ♠❛ss❡s ✈❛r✐❛❜❧❡s✳ ❉❛♥s ❧❡ ré❣✐♠❡ ♦ù z′′/z ≪ k2 ❝❡tt❡ éq✉❛t✐♦♥ s✬✐❞❡♥t✐✜❡ à ❝❡❧❧❡ ❞❡ tr♦✐s
❝❤❛♠♣s s❝❛❧❛✐r❡s ❧✐❜r❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ▼✐♥❦♦✇s❦✐✳ ◆♦✉s ❛❧❧♦♥s ❞♦♥❝ ❛♣♣❧✐q✉❡r ❧❛ ♣r♦❝é❞✉r❡
st❛♥❞❛r❞ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥ ❡♥ s✬❛ss✉r❛♥t ❞❡ r❡tr♦✉✈❡r ❝❡tt❡ ❧✐♠✐t❡✳ ◆♦✉s ♣r♦♠♦✉✈♦♥s v ❛✉ r❛♥❣
❞✬♦♣ér❛t❡✉r✷ s❡❧♦♥
vˆ(η,x) =
∫
d3k
[
aˆkvk(η) exp(ik.x) + aˆ
†
kv
∗
k(η) exp(−ik.x)
]
✭✹✳✷✵✮
✷◆♦✉s tr❛✈❛✐❧❧♦♥s ❡♥ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❍❡✐s❡♥❜❡r❣✳
◗✉❛♥t✐✜❝❛t✐♦♥ ❞❡ ❧✬✐♥✢❛t♦♥ ❡t s♣❡❝tr❡ ♣r✐♠♦r❞✐❛❧ ✺✺
♦ù ❧❡s ❢♦♥❝t✐♦♥s vk(η) s❛t✐s❢♦♥t
vk +
(
k2 − z
′′
z
)
vk = 0 . ✭✹✳✷✶✮
▲❡ ❝❤❛♠♣ ❝♦♥❥✉❣✉é à v(η,x) ❡st π(η,x) = δL
(2)
δv = v
′(η,x)✱ ❡t ✐❧ ❡st ❛✉ss✐ ♣r♦♠✉ ❛✉ r❛♥❣ ❞✬♦♣é✲
r❛t❡✉r ❞❡ ♠❛♥✐èr❡ s✐♠✐❧❛✐r❡✳ ❖♥ ✐♠♣♦s❡ ❞♦♥❝ ❧❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥
[vˆ(η,x), πˆ(η,x′)] = iδ3❉(x− x′). ✭✹✳✷✷✮
❊♥ ✐♠♣♦s❛♥t ❧❡s r❡❧❛t✐♦♥s st❛♥❞❛r❞s s✉r ❧❡s ♦♣ér❛t❡✉rs ❞❡ ❝ré❛t✐♦♥ ❡t ❞✬❛♥♥✐❤✐❧❛t✐♦♥
[aˆk, aˆ
†
k] = δ
3
❉(k− k′) , ✭✹✳✷✸✮
❝❡❧❛ ✐♠♣❧✐q✉❡ q✉❡ ❧❡s ❢♦♥❝t✐♦♥s vk(η) ❞♦✐✈❡♥t êtr❡ ♥♦r♠❛❧✐sé❡s s❡❧♦♥
vk(η)v
∗′
k (η)− v∗k(η)v′k(η) = i . ✭✹✳✷✹✮
P✉✐sq✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ r❡tr♦✉✈❡r ❧❛ ❧✐♠✐t❡ ❞✉ ✈✐❞❡ ❞✬✉♥ ❡s♣❛❝❡ ❞❡ ▼✐♥❦♦✇s❦✐ ❧♦rsq✉❡ z′′/z ≪ k2✱
q✉✐ ❡st éq✉✐✈❛❧❡♥t❡ à kη → −∞✱ ❛❧♦rs ♦♥ ✐♠♣♦s❡ ❞❛♥s ❝❡tt❡ ❧✐♠✐t❡✸
vk(η)→ 1√
2k
exp (−ikη) . ✭✹✳✷✺✮
❊♥ ❞é✜♥✐ss❛♥t ❧❡ ❍❛♠✐❧t♦♥✐❡♥✹ ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ▲❡❣❡♥❞r❡ s❡❧♦♥
H(η) ≡
∫
Hd3x ≡
∫ (
v′π − L) d3x , ✭✹✳✷✻✮
❛✐♥s✐ q✉❡H(2) ❛ss♦❝✐é✱ ❛❧♦rs ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ✭✹✳✷✶✮ ❞❡s ♠♦❞❡s vk ♣r❡♥❞ ❧❛ ❢♦r♠❡ ❞✬éq✉❛t✐♦♥s
❞✬❍❡✐s❡♥❜❡r❣
vˆ′ = i[Hˆ(2)(η), vˆ], πˆ′ = i[Hˆ(2)(η), πˆ]. ✭✹✳✷✼✮
❖♥ ❛♣♣❧✐q✉❡ ✉♥❡ ♣r♦❝é❞✉r❡ s✐♠✐❧❛✐r❡ ♣♦✉r q✉❛♥t✐✜❡r µ+ ❡t µ× ❡t ❧❡s é✈♦❧✉t✐♦♥s ❞❡ ♠♦❞❡s µ+,k ❡t
µ×,k ❞♦✐✈❡♥t s❛t✐s❢❛✐r❡
µk +
(
k2 − a
′′
a
)
µk = 0 . ✭✹✳✷✽✮
❯♥❡ ❢♦✐s s✉r ❧✬❛ttr❛❝t❡✉r ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ǫ′/H = O(ǫ2, δ2, ǫδ) ❡t δ′/H =
O(ǫ2, δ2, δǫ) s✐ ❜✐❡♥ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❛♥s ❝❡s ♣❛r❛♠ètr❡s ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t ❬▲✐❞s❡② ❡t ❛❧✳ ✾✼❪
z′′
z
=
2 + 6ǫ− 3δ
η2
,
a′′
a
=
2 + 3ǫ
η2
, z = a
√
2ǫ√
κ
, H = aH = −(1 + ǫ)
η
. ✭✹✳✷✾✮
❚♦✉❥♦✉rs ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❛♥s ❧❡s ♣❛r❛♠ètr❡s ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t✱ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✹✳✷✶✮
q✉✐ s❛t✐s❢❛✐t à ❧❛ ❝♦♥❞✐t✐♦♥ ✭✹✳✷✺✮ ❡st
vk(η) =
√−πη
2
H(1)νS (−kη), ❛✈❡❝ νS = 3/2 + 2ǫ− δ . ✭✹✳✸✵✮
✸❈❡❝✐ ❡st éq✉✐✈❛❧❡♥t à ✉♥ ❝❤♦✐① ❞✉ ✈✐❞❡✱ ❝✬❡st✲à✲❞✐r❡ ✉♥ ét❛t |0〉 t❡❧ q✉❡ aˆk|0〉 = 0, ∀k✱ ❞✐t ✈✐❞❡ ❞❡ ❇✉♥❝❤✲❉❛✈✐❡s✳
✹◆♦✉s ✉t✐❧✐s♦♥s ❧❛ ♠ê♠❡ ❧❡ttr❡ q✉❡ ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❍✉❜❜❧❡ ❡t ✐❧ ♥❡ ❞❡✈r❛✐t ♣❛s ② ❛✈♦✐r ❞❡ ❝♦♥❢✉s✐♦♥ ♣♦ss✐❜❧❡
❞✬❛♣rès ❧❡ ❝♦♥t❡①t❡
✺✻ ▲✬✐♥✢❛t✐♦♥ st❛♥❞❛r❞
❉❡ ♠ê♠❡ ♣♦✉r ❧❡s ❞❡❣rés ❞❡ ❧✐❜❡rté t❡♥s♦r✐❡❧s✱ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✹✳✷✽✮ q✉✐ s❛t✐s❢❛✐t à ❧❛
❝♦♥❞✐t✐♦♥ ✭✹✳✷✺✮ ❡st
µk(η) =
√−πη
2
H(1)νT (−kη), ❛✈❡❝ νT = 3/2 + ǫ . ✭✹✳✸✶✮
▲❡sH(1)ν s♦♥t ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❍❛♥❦❡❧ ❞❡ ♣r❡♠✐èr❡ ❡s♣è❝❡✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ❧✐♠✐t❡ ❛s②♠♣t♦t✐q✉❡
❞❡s ❝❡s ❢♦♥❝t✐♦♥s q✉❛♥❞ kη → −∞ ✐♠♣❧✐q✉❡ q✉❡
Qˆ(η,x) ≡ vˆ(η,x)
a
∼
∫
d3k
[
aˆk + aˆ
†
−k
]
exp (ik.x)
1
kνS
. ✭✹✳✸✷✮
❉❛♥s ❧❛ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡✱ ❧❡s ♦❜s❡r✈❛❜❧❡s q✉❡ ❧✬♦♥ ♣♦✉rr❛ ❝♦♥str✉✐r❡ à ♣❛rt✐r ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥
❞✉ ❝❤❛♠♣ ❡♥ ❥❛✉❣❡ ♣❧❛t❡ ✭Q✮ ✈♦♥t ❝♦♠♠✉t❡r ❡♥tr❡✲❡❧❧❡s ❡t ✈♦♥t ❞♦♥❝ êtr❡ ✐♥t❡r♣rét❛❜❧❡s ❝♦♠♠❡
❞❡s ✈❛r✐❛❜❧❡s st♦❝❤❛st✐q✉❡s✳ ❉❡ ♣❧✉s✱ ❧❡ ❢❛✐t q✉❡ ❧✬♦♥ ❛✐t q✉❛♥t✐✜é ❧❛ t❤é♦r✐❡ ❧✐❜r❡ ✐♠♣❧✐q✉❡ q✉❡ ❧❡✉r
st❛t✐st✐q✉❡ ❡st ❣❛✉ss✐❡♥♥❡✱ ❡t ✐❧ s✉✣t ❞❡ ❝❛❧❝✉❧❡r ❧❡ ❝♦rré❧❛t❡✉r à ❞❡✉① ♣♦✐♥ts ♣♦✉r ❧❛ ❝❛r❛❝tér✐s❡r✳
❖♥ ❞é✜♥✐t ❛✐♥s✐
〈0|QˆkQˆk′ |0〉 ≡ δ3❉
(
k+ k′
) 2π2
k3
PQ(k) ≡ δ3❉
(
k+ k′
)
PQ(k) ✭✹✳✸✸✮
〈0|RˆkRˆk′ |0〉 ≡ δ3❉
(
k+ k′
) 2π2
k3
PR(k) ≡ δ3❉
(
k+ k′
)
PR(k).
❖♥ ♦❜t✐❡♥t ♣❧✉s ♣ré❝✐sé♠❡♥t
PR(k) = κH
2
8π2ǫ
(
k
aH
)2δ−4ǫ
, ✭✹✳✸✹✮
❝✬❡st✲à✲❞✐r❡
PR(k) =
κH2
4ǫk3
(
k
aH
)2δ−4ǫ
. ✭✹✳✸✺✮
▲❛ ♣r♦❝é❞✉r❡ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥ ♣♦✉r ❧❡s ♠♦❞❡s t❡♥s♦r✐❡❧s ❛♠è♥❡r❛ ❧❡s ♠ê♠❡s ❝♦♥❝❧✉s✐♦♥s ❛✈❡❝
E+/
√
κ ❡t E×/
√
κ à ❧❛ ♣❧❛❝❡ ❞❡ Q ❡t νT à ❧❛ ♣❧❛❝❡ νS ✳ ❖♥ ❞é✜♥✐r❛ ❞♦♥❝
〈0|Eˆ+,kEˆ+,k′ |0〉 = 〈0|Eˆ×,kEˆ×,k′ |0〉 ≡ δ3❉
(
k+ k′
) 2π2
k3
PE(k) . ✭✹✳✸✻✮
❖♥ ❞é❞✉✐t ❞❡ ✭✹✳✷✾✮ q✉✬à ❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s ❞❛♥s ❧❡s ♣❛r❛♠ètr❡s ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t PR(k) =
κ
2ǫPQ(k)✱ ❡t ❞♦♥❝
PE = 2ǫPR . ✭✹✳✸✼✮
❈❡♣❡♥❞❛♥t ❧❛ q✉❛♥t✐té q✉✐ ❝❛r❛❝tér✐s❡ ❧❡s ♦♥❞❡s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s ❡st ♥♦♥ ♣❛s E✱ ♠❛✐s 2E✳ ❖♥
❞é✜♥✐r❛ ❞♦♥❝
PT = 8PE , ✭✹✳✸✽✮
✉♥ ❢❛❝t❡✉r 2 s✉♣♣❧é♠❡♥t❛✐r❡ ✈❡♥❛♥t ❞✉ ❢❛✐t q✉❡ ❧✬♦♥ ✈❡✉t r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞❛♥s
❧❡s ❞❡✉① ♣♦❧❛r✐s❛t✐♦♥s✳ ❖♥ ❛✉r❛ ❞♦♥❝ ❛✉ ✜♥❛❧ ✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡s s♣❡❝tr❡s ❞❡ ♣✉✐ss❛♥❝❡ ❞❡s
♣❡rt✉r❜❛t✐♦♥s s❝❛❧❛✐r❡s ❡t t❡♥s♦r✐❡❧❧❡s ❞♦♥♥é❡ ♣❛r
PT = 16ǫPR. ✭✹✳✸✾✮
▲❛ ✈❛r✐❛❜❧❡ ❞❡ ▼✉❦❤❛♥♦✈✲❙❛s❛❦✐ ❡♥ ❢♦r♠❛❧✐s♠❡ ✶✰✸ ✭❛rt✐❝❧❡✮ ✺✼
❉❡ ♣❧✉s✱ ♦♥ ❞é❞✉✐t ❞❡s ❡①♣r❡ss✐♦♥s ❞❡ νS ❡t νT ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t q✉❡
❧✬✐♥❞✐❝❡ s♣❡❝tr❛❧ ❡st ❞♦♥♥é ♣❛r
nS − 1 ≡ dPR
d ln(k)
= 2δ − 4ǫ
nT ≡ dPT
d ln(k)
= −2ǫ .
▲✬❛♠♣❧✐t✉❞❡ ❣❧♦❜❛❧❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❡st ❞é♣❡♥❞❛♥t❡ ❞❡ ❧✬é❝❤❡❧❧❡ ❞✬✐♥✢❛t✐♦♥ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧❛
✈❛❧❡✉r ❞❡ H ♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥✱ ♠❛✐s ❧❡ r❛♣♣♦rt ❞❡s ❛♠♣❧✐t✉❞❡s t❡♥s♦r✐❡❧❧❡s ❡t s❝❛❧❛✐r❡s ❡st ❞✐✲
r❡❝t❡♠❡♥t ❧✐é ❛✉ ♣❛r❛♠ètr❡ ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t ǫ✳ ❖♥ ❝♦♥s✐❞ér❡r❛ ❡♥s✉✐t❡ q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s s♦♥t
r❡♠♣❧❛❝é❡s ♣❛r ❞❡s ✢✉❝t✉❛t✐♦♥s ❝❧❛ss✐q✉❡s ❞✬✉♥ ❝❤❛♠♣ st♦❝❤❛st✐q✉❡ ❞♦♥t ❧❡s ♠♦②❡♥♥❡s ❞✬❡♥✲
s❡♠❜❧❡s 〈. . . 〉 s♦♥t é❣❛❧❡s ❛✉ ♠♦②❡♥♥❡s ❞❡s ♦♣ér❛t❡✉rs ❝♦rr❡s♣♦♥❞❛♥ts ❞❛♥s ❧❡ ✈✐❞❡s 〈0| . . . |0〉✳ ❖♥
✉t✐❧✐s❡r❛ ❧❡ ❢❛✐t q✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❡♥ ❥❛✉❣❡ ❝♦♠♦❜✐❧❡ R ❡st ❝♦♥st❛♥t❡ ♣♦✉r ❡♥ ❞é✲
❞✉✐r❡ s❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❝♦♠♠❡ ♥♦✉s ❛✈♦♥s ❢❛✐t ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷✳ ❉❡ ♣❧✉s✱ ❝❡ ♠é❝❛♥✐s♠❡
♣ré❞✐t ✉♥ s♣❡❝tr❡ q✉❛s✐♠❡♥t ✐♥✈❛r✐❛♥t ❞✬é❝❤❡❧❧❡ ✭s✐ ♦♥ ♥é❣❧✐❣❡ ❧❡s ♣❛r❛♠ètr❡s ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t✮
❝❛r P (k) ∼ k−3✱ ❝❡ q✉✐ ❡st ❢❛✈♦r✐sé ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳
✹✳✸ ▲❛ ✈❛r✐❛❜❧❡ ❞❡ ▼✉❦❤❛♥♦✈✲❙❛s❛❦✐ ❡♥ ❢♦r♠❛❧✐s♠❡ ✶✰✸ ✭❛rt✐❝❧❡✮
❏✉sq✉✬à ♣rés❡♥t✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧❡ ❢♦r♠❛❧✐s♠❡ ❜❛sé s✉r ❧❡s ❝♦♦r❞♦♥♥é❡s ❛✜♥ ❞❡ tr❛✐t❡r
❧❡s ♣❡rt✉r❜❛t✐♦♥s ♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥✳ ❖♥ ♣❡✉t ♥é❛♥♠♦✐♥s s✬✐♥t❡rr♦❣❡r s✉r s♦♥ éq✉✐✈❛❧❡♥t ❞❛♥s ❧❡
❢♦r♠❛❧✐s♠❡ 1+3✳ ❯♥ ♣r❡♠✐❡r ♣r♦❜❧è♠❡ ❛♣♣❛r❡♥t ✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡s q✉❛♥t✐tés
s❝❛❧❛✐r❡s X ❞❛♥s ❧❡ ❢♦r♠❛❧✐s♠❡ ❡♥ ❝♦♦r❞♦♥♥é❡s s♦♥t r❡♠♣❧❛❝é❡s ♣❛r ❞❡s ❣r❛❞✐❡♥ts s♣❛t✐❛✉① DµX✳
❉❡ ♣❧✉s✱ ❧❡ ❢♦r♠❛❧✐s♠❡ 1 + 3 ♥❡ ❢❛✐t ♣❛s ré❢ér❡♥❝❡ ❡①♣❧✐❝✐t❡♠❡♥t à ✉♥ ❡s♣❛❝❡ ❞❡ ❢♦♥❞✳ ❈❡s ❞❡✉①
❞✐✛ér❡♥❝❡s ❡ss❡♥t✐❡❧❧❡s ❢♦♥t q✉✬✐❧ ♥✬❛♣♣❛r❛ît ♣❛s ❞❡ ♠ét❤♦❞❡ s✐♠♣❧❡ ♣♦✉r ❞♦♥♥❡r ✉♥ s❡♥s à ✉♥❡
♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧✬❛❝t✐♦♥✳ ▲✬❛❝t✐♦♥ ♥✬❡st ♣❛s ✉♥ ❝❤❛♠♣ s❝❛❧❛✐r❡ ❡t ❡♥ ❝♦♥s✐❞ér❡r ❧❡ ❣r❛❞✐❡♥t s♣❛t✐❛❧
♥✬❛ ♣❛s ❞❡ s❡♥s✳ ❖♥ ♣❡✉t ❝❡♣❡♥❞❛♥t t❡♥t❡r ❞✬✐s♦❧❡r ❧❡s ❞❡❣rés ❞❡ ❧✐❜❡rtés ❝❛♥♦♥✐q✉❡s ❞❛♥s ❧❡
❢♦r♠❛❧✐s♠❡ 1 + 3 ❛✜♥ ❞✬♦❜t❡♥✐r ❞❡s ♣ré❞✐❝t✐♦♥s q✉❛♥t✐t❛t✐✈❡s✳ ❖♥ ❝❛❧q✉❡r❛ ❛❧♦rs ❧❛ ♣r♦❝é❞✉r❡ ❞❡
q✉❛♥t✐✜❝❛t✐♦♥ s✉r ❧✬❛♣♣r♦❝❤❡ ❡♥ ❝♦♦r❞♦♥♥é❡s✳ ❈❡❝✐ ❡st ❧✬♦❜❥❡t ❞❡ ❧✬❛rt✐❝❧❡ q✉✐ s✉✐t✳
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This note derives the analogue of the Mukhanov-Sasaki variables both for scalar and tensor perturba-
tions in the 1 3 covariant formalism. The possibility of generalizing them to nonflat Friedmann-
Lemaıˆtre universes is discussed.
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The theory of cosmological perturbations is a corner-
stone of the modern cosmological model. It contains two
distinct features. First, it describes the growth of density
perturbations from an initial state in an expanding universe
filled with matter and radiation, taking into account the
evolution from the super-Hubble to the sub-Hubble regime.
Second, it finds the origin of the initial power spectrum of
density perturbations in the amplification of vacuum quan-
tum fluctuations of a scalar field during inflation.
Two formalisms are used to describe the evolution of
perturbations. The first relies on the parametrization of the
most general spacetime close to a Friedmann-Lemaıˆtre
(FL) universe and on the construction of gauge invariant
variables [1]. The second is based on a general 1 3
decomposition of the Einstein equation [2]. The philoso-
phies and advantages of these two formalisms are different.
The Bardeen formalism is restricted to perturbations
around a FL universe (with metric g) and expands the
spacetime metric as g  g  . The metric pertur-
bation is then decomposed as
 dx
dx  2a2Ad2  DiB Bidxid
 Cij DiDjEDi Ej  Eijdxidxj
(1)
and the 10 degrees of freedom are decomposed in 4 scalars
(A, C, B, E), 4 vectors ( Ei; Bi with Di Bi  0; . . . ), and 2
tensors ( Eij with Eii  Di Eij  0). During inflation, it was
shown that the Mukhanov-Sasaki (MS) variable v, a gauge
invariant variable that mixes matter and metric perturba-
tions, must be quantized [3–5]. This approach is thus
completely predictive (initial conditions and perturbations
evolution) for an almost flat FL spacetime. It is not
straightforward to extend it to less symmetrical inflationary
models [6,7], for which the quantization procedure has not
been investigated (see, however, Ref. [8] for nonflat FL
universes and Ref. [9] for non-FL spacetimes).
The 1 3 covariant description assumes the existence
of a preferred congruence of worldlines representing the
average motion of matter. The central object is the 4-
velocity ua of these worldlines together with the kinemati-
cal quantities arising from the decomposition
 raub  ua _ub  13hab  ab !ab; (2)
where hab  gab  uaub.   raua is the expansion rate,
ab the shear (symmetric trace-free with abua  0), !ab
the vorticity (antisymmetric with !abua  0), and _ua 
ubrbua). A fully orthogonally projected covariant deriva-
tive Da, referred to as a spatial gradient, is defined and a
complete set of evolution equations can be obtained for
these quantities (together with the electric and magnetic
parts of the Weyl tensor, Eab and Hab and the matter
variables) without needing to specify the spacetime ge-
ometry (see e.g. Ref. [10] for details). The formalism can
then be used to study the evolution of perturbations in
various spacetimes (see e.g. Ref. [11] for Bianchi uni-
verses) and beyond the linear order in the case of almost
FL universes [12,13]). In this case, the perturbation varia-
bles have a clear interpretation and have been related to the
Bardeen variables both for fluids [14] and scalar fields [15].
On the other hand, the scalar-vector-tensor decomposition
is not straightforward [16] and the analogue of the
Mukhanov-Sasaki variable v has not been derived so that
it is difficult to argue which quantity must be quantized in
this formalism.
The goal of this article is to identify this variable in the
1 3 covariant formalism. In Sec. I, we recall the con-
struction of the Mukhanov-Sasaki variable. We then iden-
tify in Sec. II its counterpart in the 1 3 covariant
formalism for an almost FL spacetime. Section III ad-
dresses the question of gravitational waves. Finally, we
conclude on the use and possible extensions of these
variables in Sec. IV.
I. QUANTIZATION OF THE MUKHANOV-SASAKI
VARIABLE
Focusing on scalar modes of the decomposition (1), one
defines the two gauge invariant potentials,  
AH B E0  B E00 and   CH B
E0, where H  a0=a. For a universe filled by a single
scalar field ’, one can define the gauge invariant field
fluctuation Q  ’ ’0C=H . The curvature perturba-
tion in the comoving gauge is then given by
*Electronic address: pitrou@iap.fr
†Electronic address: uzan@iap.fr
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 R  CH ’
’0
H
’0
Q; (3)
when assuming a background FL universe with flat spatial
sections. Introducing the two variables
 u  2a
’0
;   1
z
 H
a’0
 H
a _’
; (4)
with   8	G, R takes the simple form R  u0  0u,
where use has been made of the background equation 0 
a’00 H 0 H 2=a’0  ’00=’0  ’0=2a. If
we define
 v  zR  aQ; (5)
it reduces to the simple relation zv  uz0. Thus, R0 takes
the simple form R0  u00  00u. Additionally, the per-
turbed Einstein equations imply that R0  u. Provided
’0  0, i.e. we are not in a strictly de Sitter phase, this
leads to
 u00 

 
00


u  0 (6)
which can also be written as
 z2R0  
Z
Rz2d

: (7)
This form is strictly equivalent to R00  R
2z0=zR0  0, that is to
 v00 

 z
00
z

v  0: (8)
This is the equation of a harmonic oscillator with time
varying mass m2  z00=z. To show that v is indeed the
canonical variable to be quantized (contrary to u which
satisfies a similar equation with z replaced by ), one needs
to expand the action of the scalar field coupled to gravity
up to second order [5]. The standard procedure is then to
promote v to the status of an operator and set the initial
conditions by requiring that it is in its vacuum state on sub-
Hubble scales (in Fourier space, that is when k! 1).
At the end of inflation, all cosmologically relevant scales
are super-Hubble (k	 1) and the conservation of R on
these scales is used to propagate the large scale perturba-
tions generated during inflation to the postinflationary eras.
II. QUANTIZATION IN THE 1 3 FORMALISM
A. Generalities
Let us first stress an important point concerning time
derivative. In the coordinate based approach, the dot refers
to a derivative with respect to the cosmic time. In the
covariant formalism, a natural time derivative is introduced
as uara which is a derivative along the worldline of the
observer. For an almost FL spacetime, it is clear that, for
any order 1 scalar quantity X, uaraX  @tX since ua has
to be evaluated at the background level. It is indeed not the
case anymore for vector or tensor quantities, or at second
order in the perturbations. Another time derivative can be
constructed from the Lie derivative along ua, Lu. This
derivative exactly matches the derivative with respect to
cosmic time for any type of perturbations [17]. For in-
stance, LuXa  ubrbXa  Xbraub, and it is easily
checked that the second term exactly compensates the
term arising from the divergence of ua. We recall that the
Lie derivative satisfies
 Da _X  LuDaX  _ua _X: (9)
In the 1 3 covariant formalism, the main equations for
a spacetime with vanishing vorticity (!ab  0 in the de-
composition (2)) are the Raychaudhuri equation
 
_ 1
3
2  Da _ua 

2

 3P  22; (10)
the Gauss-Codacci equation
 K  2


2
3
 
 2

; (11)
together with the conservation equations
 _

 P  0; DaP  
 P _ua; (12)
where 22  abab. For a scalar field 
   2=2 V
and P   2=2 V with   _. We define the scale factor
S by the relation _S=S  H  =3. The previous equations
imply that
 
_H  
2
 2  2  1
6
KDa _ua (13)
and the Gauss equation leads to
 
_K  2
3
K 2Da _ua  22:  22 (14)
and
 DaK  43Da 2 Da  2Da2: (15)
Let us now introduce the central quantity in our discus-
sion:
 R a 
1
3
Z
L
DadDa
Z
L
d

 va
z
; (16)
where  is the proper time along the fluid flow lines. It
follows from the identity (9) that
 L uRa  H _ua  HDa = ; (17)
which is a useful relation in order to close the equations in
Ra. The conservation equation implies that Lu Da  
 Da  which, combined with Eq. (15), gives
 
1
4
S2DaK 22  Ua 
2
3 2

LuUa 
1
3
Ua

(18)
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with Ua  S2 Da =2. Now, introducing
 Va  zS2

1
4
DaK 22 

2  1
6
KDb _ub

Da 
 

(19)
and developing LuzUa with the help of Eqs. (13) and
(18), it can be shown that
 L uRa 
1
Sz2
Z zVa
S
d: (20)
Whatever the values taken by the shear and the spatial
curvature, this intermediary result is exact, that is valid
for any order of perturbation. Note its similarity with
Eq. (7).
B. Flat FL spacetimes
Let us now focus on homogeneous spacetimes with flat
spatial sections; this includes the FL spacetimes for which
the shear vanishes and Bianchi I spacetimes. Homogeneity
implies that the spatial gradient of any scalar function
vanishes (Daf  0, 8f) and in particular DaP  0 so
that _ua  0. Flatness implies that K  0 and that the
3D-Ricci tensor vanishes, 3Rab  0, which leads to the
simplified equation for the shear:
 _ ab ab  0) 2: 2  0: (21)
This means that the only nonvanishing quantities are ,,
 , and . At first order in the perturbations, we have to
consider the gradients of these quantities but also terms
like _ua and K. FL spacetimes are also isotropic. This
implies that   0 and S  a for the background.
Consequently, we can discard gradients of 2 which are
second order. Thus, the only remaining term in the expres-
sion (19) of Va is 14 zS2DaK.
In order to get a closed equation for Ra, we need to
express Va in terms of Ra in Eq. (20). Taking the spatial
gradient of Eq. (14) and using Eq. (9) for handling the time
derivative, we obtain the first order relation:
 L u

S2DaK
4

 S
2H
 
DaDbDb   S2HDbDb

Da 
 

;
where the last equality follows from the flat background
assumption. Equation (17) and the commutation relation
S2DbD
bLuXa  LuS2DbDbXa, valid at first order, im-
ply LuS
2DaK
4
  LuS2DbDbRa which once integrated
leads to
 
S2DaK
4
 S2DbDbRa  Ra (22)
up to a constant Fa satisfying LuFa  0 which can be
absorbed in the integration initial boundary surface of
Eq. (16). Thus Eq. (20) reads
 L uRa 
1
Sz2
Z z2
S
Rad: (23)
At this stage, it is useful to introduce a vector field wa 
Sua, and the conformal proper time ^ defined by Sd^ 
d. It is easily seen that for a spatial vector (i.e. uaXa  0)
LwXa  SLuXa. The Lie derivative along wa matches at
first order the derivative with respect to the conformal time
, as the Lie derivative along ua was matching the deriva-
tive with respect to the cosmic time. For scalars we thus use
the notation X0  LwX. With this definition, Eq. (23) can
be recast as
 z2LwRa 
Z
z2Rad^; (24)
which is similar to Eq. (7). By the same token, we deduce
that va defined in Eq. (16) satisfies Eq. (8). It can be
checked that its spatial components are linked to the MS
variable at first order in perturbations by vi  @iv, and
consequently the initial conditions obtained from the quan-
tization of v can be used to set the initial conditions for va
and then Ra. va is thus the analogue in the 1 3 formal-
ism of the MS variable v in the Bardeen formalism and it
satisfies
 L 2wva 

 z
00
z

va  0: (25)
III. GRAVITATIONAL WAVES
It can be shown that the magnetic part of the Weyl tensor
Hab is a good variable to describe the gravitational waves
[16,18], and it satisfies at first order for flat FL spacetimes
 L 2wHab  2LwHHab Hab  0: (26)
Eab defined by LwEab  Hab satisfies
 L 2wEab  2HLwEab  Eab  0; (27)
where the integration constant is set to 0 as for the scalar
case. This is exactly the equation satisfied by the gravita-
tional waves Eij. Indeed, these variables are linked at first
order by Eab  
cd<a@c Eb>d [18], where 
abc is a com-
pletely antisymmetric tensor normalized such that 
12
3

1. With ab  S8	Gp Eab, Eq. (27) leads at first order to
 L 2wab 

 S
00
S

ab  0 (28)
which is the equation for a harmonic oscillator with a time
varying mass S00=S. Just as for the scalar perturbations
case, the quantization of the gravitational waves in pertur-
bation theory can be used to set the initial conditions for
ab and thus for Eab and Hab.
BRIEF REPORTS PHYSICAL REVIEW D 75, 087302 (2007)
087302-3
3
IV. CONCLUSIONS
We have identified the scalar and tensor variables that
map to the Mukhanov-Sasaki variables when considering
an almost FL universe with Euclidean spatial sections in
the 1 3 covariant formalism. Let us stress that in
Ref. [12], Ra  Da (where   13
R
L d is the in-
tegrated volume expansion along ua) was proposed. But
clearly, this maps at linear order to @aR 13 
R
V  E0d, where V is the scalar part of the pertur-
bation of the velocity. The additional term in our definition
(16) cancels this discrepancy as it can be seen from the
constraint 2
3
Da  Dbba which implies that at first order
Da  1a @aV. Alternatively, this can be seen directly on
the expression of  in terms of perturbation variables by
use of the (0 i) Einstein equation. The two variables
agree at leading order on super-Hubble scales.
Two generalizations with less restrictive backgrounds
can be considered: flat but anisotropic spatial sections
(K  S2K
6
 0,  0), and isotropic but nonflat FL space-
times (K  0,  0). The cornerstone of the derivation of
Sec. II is the possibility of expressing Va only in terms of
Ra to get a closed equation from Eq. (20). In the first case,
two other terms in Eq. (19) contribute at first order.
zS22 Da  changes the definition of the effective varying
mass, but the term zS2
2
Da2 acts as a source on the right-
hand side of Eq. (8). This term represents a coupling of the
gravitational waves (ab at first order) with the shear of the
background spacetime. As for Eab, Eq. (27) will be sup-
plemented with an integral nontrivial source term which
couples the background shear to the electric part of the
Weyl tensor [18]. Thus both equations are mixed with these
new source terms, which are of the same order of magni-
tude as the quantized variables. Note that this is not sur-
prising since at second order in the perturbations around a
FL spacetime the scalar and tensor degrees of freedom are
coupled [18,19]. In the second case (K  0,   0),
 Va  z

S2
4
DaK K
Da 
 

 z
4
~Ca: (29)
The spatial gradient of Eq. (14) leads at first order to
 L u
~Ca 
S2H
 
DaDbDb   3KLua; (30)
where a  Da Da 3 is a possible nonlinear general-
ization of the curvature perturbation on uniform density
hypersurfaces. From the conservation equation (12), it can
be shown [13,17] that a is conserved (in the sense of the
Lie derivative) on large scales for adiabatic perturbations,
and thus ~Ca is also conserved in the same sense on super-
Hubble scales for adiabatic perturbations [20]. Because of
this term, ~Ca cannot be expressed solely in terms of Ra as
has been done with Eq. (22). Indeed, it contains an addi-
tional term involving a [12].
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❧✬❛♣♣r♦①✐♠❛t✐♦♥ ◆❡✇t♦♥✐❡♥♥❡✳ ❊♥ ét✉❞✐❛♥t ♣❧✉tôt ❧❛ r❡❧❛t✐✈✐té ❣é♥ér❛❧❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ♥♦♥✲
❧✐♥é❛✐r❡✱ ❝✬❡st✲à✲❞✐r❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ♦♥ ❝❛♣t✉r❡r❛ ❞♦♥❝ s❛ ♥❛t✉r❡ ♥♦♥✲❧✐♥é❛✐r❡ t♦✉t ❡♥ ❧✐♠✐t❛♥t
❛✉ ♣❧✉s ❧❡s ❝♦♠♣❧✐❝❛t✐♦♥s ❛♥❛❧②t✐q✉❡s✳ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺ ♥♦✉s ❞ét❛✐❧❧❡r♦♥s ❝♦♠♠❡♥t ❧❛ t❤é♦r✐❡
❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s ♣❡✉t êtr❡ ét❡♥❞✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ▲❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♣❤é♥♦♠è♥❡s
♥♦♥✲❧✐♥é❛✐r❡s ♣❡r♠❡ttr❛ ❞♦♥❝ s♦✐t ❞❡ ✈❛❧✐❞❡r ❧❛ r❡❧❛t✐✈✐té ❣é♥ér❛❧❡ ❛✉ ❞❡❧à ❞❡ s♦♥ ❛♣♣r♦①✐♠❛t✐♦♥
❧✐♥é❛✐r❡ ♦✉ ❜✐❡♥ ❞❡ r❡♠♦♥t❡r ❛✉① ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡s ♥♦♥✲❧✐♥é❛✐r❡s ❧♦✐♥ ❞❛♥s ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥✳
▲✬✉♥ ♥❡ s✬❡♥✈✐s❛❣❡ ♣❛s s❛♥s ❧✬❛✉tr❡ s❛✉❢ s✐ ❧✬♦♥ ♠♦♥tr❡ q✉❡ ❝❡s ❞❡✉① ❛s♣❡❝ts ❝♦rr❡s♣♦♥❞❡♥t à
❞❡s é❝❤❡❧❧❡s ❜✐❡♥ ❞✐st✐♥❝t❡s✳ ◆♦✉s ❛✈♦♥s ✈✉ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹ q✉❡ ❧❡s ♣ré❞✐❝t✐♦♥s ❞❡ ❧✬✐♥✢❛t✐♦♥
à ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ s♦♥t r❡❧❛t✐✈❡♠❡♥t ❣é♥ér✐q✉❡s✳ ▲❡s ❞✐✛ér❡♥ts ♠♦❞è❧❡s ❞♦✐✈❡♥t ♣ré❞✐r❡ ✉♥ s♣❡❝tr❡
q✉❛s✐♠❡♥t ✐♥✈❛r✐❛♥t ❞✬é❝❤❡❧❧❡ ❝❛r ❝❡❧✉✐✲❝✐ ❡st ❢❛✈♦r✐sé ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡♠❡♥t ❡t ♥❡ ✈♦♥t s❡ ❞✐st✐♥✲
❣✉❡r ❡ss❡♥t✐❡❧❧❡♠❡♥t q✉❡ ❞❛♥s ❧❛ ❞é✈✐❛t✐♦♥ ❧é❣èr❡ à ❝❡ s♣❡❝tr❡ ✭❧✬✐♥❞✐❝❡ s♣❡❝tr❛❧✮✳ ❖♥ ♥❡ ❞✐s♣♦s❡
❞♦♥❝ q✉❡ ❞❡ très ♣❡✉ ❞❡ ♠❛r❣❡ ♣♦✉r é❧✐♠✐♥❡r ♦✉ ✈❛❧✐❞❡r ❧❡s ❞✐✛ér❡♥ts ♠♦❞è❧❡s✳ ❈❡♣❡♥❞❛♥t s✐ ❧✬♦♥
s✬✐♥tér❡ss❡ à ❧❛ ❞②♥❛♠✐q✉❡ ♥♦♥✲❧✐♥é❛✐r❡✱ ❛❧♦rs ❞❡s ❞✐✛ér❡♥❝❡s ♥♦t♦✐r❡s ✈♦♥t é♠❡r❣❡r✳ ❖♥ ❝❛r❛❝tér✐s❡
❡ss❡♥t✐❡❧❧❡♠❡♥t ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ♥♦♥✲❧✐♥é❛✐r❡ à ❧❛ ✜♥ ❞❡ ❧✬✐♥✢❛t✐♦♥ ♣❛r ✉♥ ♣❛r❛♠ètr❡ ♥♦té
f◆▲ ✭✈♦✐r ❧❛ s❡❝t✐♦♥ ✼✳✽ ♣♦✉r ❧❛ ❞é✜♥✐t✐♦♥ ♠❛t❤é♠❛t✐q✉❡✮✳ ❈❡ ♣❛r❛♠ètr❡ ♣❡r♠❡t ❞❡ ❝❛r❛❝tér✐s❡r
❧❡ ❝❛r❛❝tèr❡ ♥♦♥✲❣❛✉ss✐❡♥ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ à ❧❛ ✜♥ ❞❡ ❧✬✐♥✢❛t✐♦♥✳ ❉✬❛♣rès
❧❡ t❤é♦rè♠❡ ❞❡ ❲✐❝❦✱ ✉♥ ❝❤❛♠♣ ❡st ❣❛✉ss✐❡♥ R(x) s✐ ❧❡s ♠♦②❡♥♥❡s st♦❝❤❛st✐q✉❡s ❞❡s ❝♦rré❧❛t✐♦♥s
❞❡ ❝❡ ❝❤❛♠♣ ❡♥ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts x1 . . .xn s❛t✐s❢♦♥t
〈R(x1) . . .R(x2p+1)〉 = 0 ,
〈R(x1) . . .R(x2p)〉 =
∑
♣❛rt✐t✐♦♥s
♣❛r ♣❛✐r❡s
∏
♣❛✐r❡s
(i,j)
〈R(xi)R(xj)〉 . ✭✹✳✹✵✮
◆♦✉s ❝♦♥st❛t♦♥s ❞♦♥❝ q✉✬✉♥ ❝❤❛♠♣ ❣❛✉ss✐❡♥ ❡st ❝❛r❛❝tér✐sé ♣❛r ❧❡s ❝♦rré❧❛t✐♦♥s à ❞❡✉① ♣♦✐♥ts✱
❝✬❡st✲à✲❞✐r❡ ❡♥ ❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r ♣❛r ❧❡ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡✳ ▲❛ ❞é✈✐❛t✐♦♥ ❧❛ ♣❧✉s ✐♠♠é❞✐❛t❡ ❡st
❞♦♥❝ ❞♦♥♥é❡ ♣❛r ❧❡s ❝♦rré❧❛t✐♦♥s à tr♦✐s ♣♦✐♥ts✱ ❛♣♣❡❧é❡ ❜✐s♣❡❝tr❡ ❡♥ ❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✱ ❡t ♥♦✉s
✈❡rr♦♥s ❝♦♠♠❡♥t ❧❡ ♣❛r❛♠ètr❡ f◆▲ ② ❡st r❡❧✐é✳ ◆♦✉s ❛✈♦♥s ✈✉ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❧❡s ❝❤❛♠♣s
ét❛✐❡♥t ❣❛✉ss✐❡♥s✱ ❡t ❧✬é✈♦❧✉t✐♦♥ ❧✐♥é❛✐r❡ ♥✬❛❧tèr❡ ♣❛s ❝❡tt❡ ♣r♦♣r✐été✳ ❙❡✉❧s ❞❡s ❡✛❡ts ♥♦♥✲❧✐♥é❛✐r❡s
♣❡r♠❡tt❡♥t ❞❡ ❣é♥ér❡r ✉♥ ❜✐s♣❡❝tr❡ ♥♦♥✲♥✉❧✳ ❈❡s ❡✛❡ts ♣❡✉✈❡♥t ❛✈♦✐r ❧✐❡✉ ♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥ ♦✉
✻✻
❛♣rès✳ ❖♥ ♣❛r❧❡r❛ ❛❧♦rs s♦✐t ❞❡ ♥♦♥✲❣❛✉ss✐❛♥♥✐té ♣r✐♠♦r❞✐❛❧❡ ♦✉ ❛❧♦rs ❞❡ ♥♦♥✲❣❛✉ss✐❛♥✐té ❣é♥éré❡
♣❛r ❧✬é✈♦❧✉t✐♦♥✳ ❖♥ ♠♦♥tr❡ q✉❡ ❧✬✐♥✢❛t✐♦♥ ❝❤❛♦t✐q✉❡ à ✉♥ ❝❤❛♠♣ ♣rés❡♥té❡ ❛✉ ❝❤❛♣✐tr❡ ✹ ♣ré❞✐t
✉♥ t❛✉① très ❢❛✐❜❧❡ ❞❡ ♥♦♥✲❣❛✉ss✐❛♥✐té✱ ❝✬❡st✲à✲❞✐r❡ f◆▲ ≪ 1✳ ▲❡s ♠♦❞è❧❡s ❞✬✐♥✢❛t✐♦♥ ♣ré❞✐s❛♥t
❞❡s t❛✉① ♣❧✉s s✐❣♥✐✜❝❛t✐❢s ❞❡ ♥♦♥✲❣❛✉ss✐❛♥✐té ❢♦♥t ❞♦♥❝ ❡♥ ❣é♥ér❛❧ ✐♥t❡r✈❡♥✐r ♣❧✉s✐❡✉rs ❝❤❛♠♣s
❡t ♥❡ ♣ré❞✐s❡♥t ♣❛s ❛❧♦rs ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛❞✐❛❜❛t✐q✉❡s ❛✉ ❞é❜✉t ❞❡ ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥✳
◗✉❛♥t à ❧❛ ♥♦♥✲❣❛✉ss✐❛♥✐té ❞✉❡ à ❧✬é✈♦❧✉t✐♦♥✱ ❡❧❧❡ ♣r♦✈✐❡♥t à ❧❛ ❢♦✐s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ♥♦♥✲❧✐♥é❛✐r❡
❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ❡t ❞✉ ❢❛✐t q✉❡ ❧❡s ♦❜s❡r✈❛❜❧❡s ✭❧❛ t❡♠♣ér❛t✉r❡ ❞✉
❢♦♥❞ ❞✐✛✉s ❡ss❡♥t✐❡❧❧❡♠❡♥t✮ ② s♦♥t r❡❧✐é❡s ♥♦♥✲❧✐♥é❛✐r❡♠❡♥t✳ ◆♦✉s ❛❜♦r❞❡r♦♥s ❧❡s ♣ré❞✐❝t✐♦♥s ❞❡
♥♦♥✲❣❛✉ss✐❛♥✐té ❞❡ ❧✬✐♥✢❛t✐♦♥ à ✉♥ ❝❤❛♠♣ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✼✳
❯♥ ❛✉tr❡ ♣r♦❜❧è♠❡ ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ rés✐❞❡ ❞❛♥s ❧❡ ♣r✐♥❝✐♣❡ ❝♦s♠♦❧♦❣✐q✉❡✳ ❊♥ ❡✛❡t✱ ❝❡❧✉✐✲❝✐
❡st ♣♦st✉❧é ♠❛✐s ♥✉❧❧❡♠❡♥t ❞é♠♦♥tré✳ ❊♥ ♣r✐♥❝✐♣❡ ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❧✬✐♥✢❛t✐♦♥ ❞♦♥♥❡ ✉♥❡ ❡①♣❧✐❝❛✲
t✐♦♥ s❛t✐s❢❛✐s❛♥t❡ ♣✉✐sq✉✬♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ♣❡♥❞❛♥t ❧❛ ♣❤❛s❡ ❞✬✐♥✢❛t✐♦♥ t♦✉t❡s ❧❡s ❛♥✐s♦tr♦♣✐❡s
s♦♥t ❡✛❛❝é❡s ❡t q✉❡ ❧✬✉♥✐✈❡rs ❛ été ❤♦♠♦❣é♥é✐sé ♣❡♥❞❛♥t ❝❡tt❡ ♣ér✐♦❞❡✳ ◆é❛♥♠♦✐♥s✱ ♥♦✉s ❛✈♦♥s
❞û ❝♦♥s✐❞ér❡r q✉❡ ❧✬✉♥✐✈❡rs ét❛✐t ❛s②♠♣t♦t✐q✉❡♠❡♥t ✭t→ 0✮ ✐s♦tr♦♣❡ ❡t ❤♦♠♦❣è♥❡ ❛✜♥ ❞❡ ♣♦✉✈♦✐r
q✉❛♥t✐✜❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s✳ ❯♥❡ ❛✉tr❡ ✈♦✐❡ ♣♦✉r ét❡♥❞r❡ ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ❝♦♥s✐st❡ ♥♦♥ ♣❛s
à r❛✣♥❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❡♥ ❞é♣❛ss❛♥t ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s✱ ♠❛✐s ♣❧✉tôt à
ét✉❞✐❡r ❞❡s ❡s♣❛❝❡s ❞❡ ❢♦♥❞ ♣❧✉s ❣é♥ér❛✉① ❛✐♥s✐ q✉❡ ❧❛ ❝♦s♠♦❧♦❣✐❡ q✉✐ s✬❡♥ s✉✐t ❛✜♥ ❞✬♦❜t❡♥✐r ❞❡s
❝♦♥tr❛✐♥t❡s ❡①♣ér✐♠❡♥t❛❧❡s s✉r ❧❡ ♣r✐♥❝✐♣❡ ❝♦s♠♦❧♦❣✐q✉❡✳ ◆♦✉s ❛✈♦♥s ♣♦✉r ❝❡❧❛ ét✉❞✐é ❧❡s ❡s♣❛❝❡s
❛♥✐s♦tr♦♣❡s ❡t ♥♦✉s ♣rés❡♥t❡r♦♥s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❧❛ ♣❛rt✐❡ ■■■✳
✻✼
Chapitre 5
▲❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ❧❡ ré❣✐♠❡
♥♦♥✲❧✐♥é❛✐r❡
❙♦♠♠❛✐r❡
✺✳✶ Pr♦❜❧é♠❛t✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✺✳✷ ▲❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✿ t❡♥s❡✉rs ❡t ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥
✭❛rt✐❝❧❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
✺✳✸ ❚r❛✐t❡♠❡♥t ✐♥❢♦r♠❛t✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
✺✳✸✳✶ ①❆❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
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✺✳✸✳✸ ❯♥ ❡①❡♠♣❧❡ s✐♠♣❧❡ ✿ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞✉ s❝❛❧❛✐r❡ ❞❡ ❘✐❝❝✐✶✵✽
✺✳✶ Pr♦❜❧é♠❛t✐q✉❡
▲♦rsq✉❡ ♥♦✉s ❛✈♦♥s ♣❡rt✉r❜é ❧❛ ♠étr✐q✉❡ ✭✷✳✶✶✮✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé s❡✉❧❡♠❡♥t s✐① ❞❡s ❞✐①
❞❡❣rés ❞❡ ❧✐❜❡rté✳ ❈❡❝✐ s❡ ❥✉st✐✜❡ ♣❛r ❧❛ ♥♦t✐♦♥ ❞❡ ❝❤♦✐① ❞❡ ❥❛✉❣❡✳ P♦✉r ♣♦✉✈♦✐r ♣❛r❧❡r ❞❡ ♣❡rt✉r✲
❜❛t✐♦♥✱ ✐❧ ❢❛✉t ét❛❜❧✐r ✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❡t ❡s♣❛❝❡ ♣❡rt✉r❜é✳ ❈❡tt❡ r❡❧❛t✐♦♥ ❡♥tr❡
❡s♣❛❝❡ ♣❤②s✐q✉❡ ❡t ❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❝♦rr❡s♣♦♥❞ à ✉♥ ❝❤♦✐① ❞❡ ❥❛✉❣❡✳ P♦✉r ❝❡❧❛✱ ♦♥ ♣❧♦♥❣❡ ❧✬❡s♣❛❝❡
♣❤②s✐q✉❡ M♣❤②s ❡t ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ M0 ❞❛♥s ✉♥ ❥✉①t❛♣♦s✐t✐♦♥ ❞✬❡s♣❛❝❡✲t❡♠♣s✳ ▼❛t❤é♠❛t✐q✉❡✲
♠❡♥t ♦♥ ❝♦♥s✐❞èr❡ ✉♥ ❡s♣❛❝❡ ♣r♦❞✉✐t
N ≡M× [0, 1] ❛✈❡❝ (M, 0) =M0 (M, 1) =M♣❤②s. ✭✺✳✶✮
❈♦♠♠❡ [0, 1] ♣♦ssè❞❡ ✉♥❡ str✉❝t✉r❡ ❞❡ ✈❛r✐été ❞✐✛ér❡♥t✐❡❧❧❡ ❝❛♥♦♥✐q✉❡✱ N ❡st ✉♥❡ ✈❛r✐été ❞✐❢✲
❢ér❡♥t✐❡❧❧❡ à ❝✐♥q ❞✐♠❡♥s✐♦♥s✳ ❖♥ ✉t✐❧✐s❡ ❛❧♦rs ✉♥ ❝❤❛♠♣ ❞❡ ✈❡❝t❡✉r X ✭s✉r N ✮ ♥♦r♠❛❧ à t♦✉s
❧❡s ❡s♣❛❝❡✲t❡♠♣s q✉❛❞r✐❞✐♠❡♥s✐♦♥♥❡❧s (M, λ)✱ ❝✬❡st✲à✲❞✐r❡ t❡❧ q✉❡ ❧❛ ❝✐♥q✉✐è♠❡ ❝♦♦r❞♦♥♥é❡ s♦✐t
♥♦♥✲♥✉❧❧❡✱ ❛✜♥ ❞✬✐❞❡♥t✐✜❡r ❧❡s ♣♦✐♥ts ❞❡ ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡ ❡t ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❛✐♥s✐ q✉❡ ❞❡ t♦✉s
❧❡s ❡s♣❛❝❡s ✐♥t❡r♠é❞✐❛✐r❡s ❞❡ ❝❡tt❡ ❝♦♥str✉❝t✐♦♥✳ ❊♥ ❡✛❡t ❝❡ ❝❤❛♠♣ ❞❡ ✈❡❝t❡✉r ❞é✜♥✐t ❞❡s ❝♦✉r❜❡s
✐♥té❣r❛❧❡s ❡t ❝❤❛q✉❡ ❝♦✉r❜❡ ✐♥té❣r❛❧❡ ♣❛ss❡ ♣❛r ✉♥ ♣♦✐♥t ❡t ✉♥ s❡✉❧ ♣♦✉r ❝❤❛q✉❡ (M, λ)✳ ❙✐ ❞❡
♣❧✉s X4 = 1✱ ❛❧♦rs ❧❡s ❝♦✉r❜❡s ✐♥té❣r❛❧❡s ❞❡ X ♣❡r♠❡tt❡♥t ❞❡ ♠❡ttr❡ ❡♥ r❡❧❛t✐♦♥ t♦✉s ❧❡s ❡s♣❛❝❡✲
t❡♠♣s ❡♥tr❡ ❡✉①✱ ♥♦t❛♠♠❡♥t ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❡t ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡✳ ❖♥ ♣❛r❧❡ ❛❧♦rs ❞✬✉♥ ❝❤♦✐①
✻✽ ▲❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ❧❡ ré❣✐♠❡ ♥♦♥✲❧✐♥é❛✐r❡
❞❡ ❥❛✉❣❡✳ ❯♥ ❝❤❛♠♣ ✈❡❝t♦r✐❡❧ s❛t✐s❢❛✐s❛♥t ❝❡s ♣r♦♣r✐étés ♥✬❡st ♣❛s ✉♥✐q✉❡ s✐ ❜✐❡♥ q✉❡ ❧✬♦♥ ❛ ✉♥❡
❧✐❜❡rté ❞❛♥s ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ♣♦✐♥ts ❞❡s ❞✐✛ér❡♥ts ❡s♣❛❝❡✲t❡♠♣s✳ ■❧ s✬❛❣✐t ❞❡ ❧❛ ❧✐❜❡rté ❞❡ ❥❛✉❣❡✳
❯♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❡ ❝❤♦✐① ❞✬✉♥ ❝❤❛♠♣ Y ♣❧✉tôt q✉❡ X ♣♦✉r ✐❞❡♥t✐✜❡r ❧❡s
♣♦✐♥ts ❞❡s ❡s♣❛❝❡✲t❡♠♣s ❡st ✐♥tr✐♥sèq✉❡♠❡♥t ❞✐✛ér❡♥t ❞✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❝♦♦r❞♦♥♥é❡s✳ ❊♥ ❡✛❡t
s❛ s✐❣♥✐✜❝❛t✐♦♥ ❡st ❣é♦♠étr✐q✉❡ ❡t ♥❡ ❞é♣❡♥❞ ❞♦♥❝ ♣❛s ❞✉ ❝❤♦✐① ❞❡s ❝♦♦r❞♦♥♥é❡s✳ ❖♥ ♣rés❡♥t❡ s✉r
❧❛ ✜❣✉r❡ ✺✳✶ ❞❡✉① ❝❤♦✐① ❞❡ ❥❛✉❣❡ ♣♦ss✐❜❧❡s ♣♦✉r ✐❞❡♥t✐✜❡r ❧❡s ♣♦✐♥ts ❞✬✉♥ ❡s♣❛❝❡✲t❡♠♣s ❞❡ ❢♦♥❞
❡t ❝❡✉① ❞❡ ❧✬❡s♣❛❝❡✲t❡♠♣s ♣❤②s✐q✉❡✱ r❡♣rés❡♥tés ❡♥ ✉♥❡ ❞✐♠❡♥s✐♦♥ ♣♦✉r ❧❡s ❜❡s♦✐♥s ❞✉ s❝❤é♠❛✳
▲❡s ❞❡✉① ❥❡✉① ❞❡ ❝♦♦r❞♦♥♥é❡s rés✉❧t❛♥ts s♦♥t é❣❛❧❡♠❡♥t ♠❡♥t✐♦♥♥és ❡t ✐❧ ✈❛ ❞♦♥❝ ❢❛❧❧♦✐r s❛✈♦✐r
❝♦♠♠❡♥t ♣❛ss❡r ❞❡ ❧✬✉♥ à ❧✬❛✉tr❡✳ ❖♥ r❡♠❛rq✉❡ ❣r❛♣❤✐q✉❡♠❡♥t q✉❡ ❝❡❧❛ ❝♦♥s✐st❡ à ❝❤❛♥❣❡r ❧❡s
❝♦♦r❞♦♥♥é❡s s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ t♦✉t ❡♥ ❧❡s ♠❛✐♥t❡♥❛♥t s✉r ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡✳ ❈❡ ❝❤❛♥❣❡♠❡♥t ❞❡
❝♦♦r❞♦♥♥é❡s ✈❛ êtr❡ ❝♦♥str✉✐t à ♣❛rt✐r ❞✉ ❝❤❛♠♣ ξ = Y −X✳ ■❧ ❡st très ✐♠♣♦rt❛♥t ❞❡ ❝♦♠♣r❡♥❞r❡
q✉❡ ❝❡tt❡ s✐t✉❛t✐♦♥ ❡st très ❞✐✛ér❡♥t❡ ❞✬✉♥ s✐♠♣❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❝♦♦r❞♦♥♥é❡s ❞❛♥s ✉♥❡ ♠ê♠❡
❥❛✉❣❡✳ ❊♥ ❡✛❡t✱ ♥♦✉s ♣rés❡♥t♦♥s s✉r ❧❛ ✜❣✉r❡ ✺✳✷ ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❝♦♦r❞♦♥♥é❡s q✉✐ ♣rés❡r✈❡ ❧❡
❝❤♦✐① ❞✬✉♥❡ ❥❛✉❣❡ ♣♦✉r ✐❞❡♥t✐✜❡r ❧❡s ♣♦✐♥ts✱ ❡t ♥♦✉s ✈♦②♦♥s q✉❡ ❧❡s ❝♦♦r❞♦♥♥é❡s s♦♥t ❝❤❛♥❣é❡s s✉r
t♦✉s ❧❡s ❡s♣❛❝❡s ❞❡ ❢❛ç♦♥ s✐♠✉❧t❛♥é❡✱ ❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ♣♦✉r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡✳ ▲❡s
q✉❛♥t✐tés t❡♥s♦r✐❡❧❧❡s ✈✐✈❛♥t s✉r ❧❡s ❡s♣❛❝❡✲t❡♠♣s s❡ tr❛♥s❢♦r♠❡♥t ❞♦♥❝ ❞✐✛ér❡♠♠❡♥t s❡❧♦♥ q✉❡
❧✬♦♥ ❝❤❛♥❣❡ s✐♠♣❧❡♠❡♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ♦✉ q✉❡ ❧✬♦♥ ❝❤❛♥❣❡ ❧❛ ❥❛✉❣❡ ✉t✐❧✐sé❡ ♣♦✉r ✐❞❡♥t✐✜❡r ❧❡s
♣♦✐♥ts ❞✬❡s♣❛❝❡✲t❡♠♣s ❞✐✛ér❡♥ts✳ ❇✐❡♥ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❥❛✉❣❡ s♦✐t ♣❧✉s ❣é♥ér❛❧ ❡♥ ♣❤②s✐q✉❡✱
✐❧ r❡✈êt ✉♥ ❝❛r❛❝tèr❡ ♣❛rt✐❝✉❧✐❡r ❡♥ r❡❧❛t✐✈✐té ❣é♥ér❛❧❡ ❞✉ ❢❛✐t ❞❡ ❧✬❛❜s❡♥❝❡ ❞✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❛❜s♦❧✉✳
Espace physique
Espace de fond
x=0 x=2 x=3
x=1 x=2 x=3
x=−1
y=0 y=1 y=2 y=3
y=−1 y=0 y=2
x=1
y=−1 x=−1 x=0
y=1 y=3
❋✐❣✳ ✺✳✶✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡✳ ❉❡✉① ❝❤❛♠♣s ❞❡ ❥❛✉❣❡ ✭tr❛✐t
♣❧❡✐♥ ❡t t✐r❡ts✮ s♦♥t r❡♣rés❡♥tés ❛✈❡❝ ❧❡✉r s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❝♦rr❡s♣♦♥❞❛♥t ✭{x} ❡t {y}✮✳ ❖♥
♦❜s❡r✈❡ q✉❡ ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡ ♣❡✉t êtr❡ ✐♥t❡r♣rété ❝♦♠♠❡ ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❝♦♦r❞♦♥♥é❡s
✉♥✐q✉❡♠❡♥t s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✳
▲❛ ❥❛✉❣❡ ét❛♥t ❧✐❜r❡ ❛ ♣r✐♦r✐✱ ♥♦✉s ♣♦✉✈♦♥s s♦✐t ❝❤♦✐s✐r ✉♥❡ ❥❛✉❣❡ ❡♥ s✬❛ss✉r❛♥t q✉✬❡❧❧❡ ❡st
✜①é❡ s❛♥s ❛♠❜✐❣✉ïté✱ s♦✐t tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡s✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r
q✉❡ ❧❛ ♠ét❤♦❞❡ ❣é♥ér❛❧❡ ♣♦✉r ❝♦♥str✉✐r❡ ❞❡s ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ✐♠♣❧✐q✉❡ q✉✬❡❧❧❡s
s❡ ré❞✉✐s❡♥t ❞❛♥s ✉♥❡ ❥❛✉❣❡ ❞♦♥♥é❡ ❛✉① ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥s q✉❡ ❧✬♦♥ ❛✉r❛✐t ❝❤♦✐s✐❡s ❡♥
✜①❛♥t ✐♥✐t✐❛❧❡♠❡♥t ❧❛ ❥❛✉❣❡✳ ▲❡s éq✉❛t✐♦♥s s❛t✐s❢❛✐t❡s ét❛♥t ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ❝♦♠♠❡ ♥♦✉s
❛❧❧♦♥s ❧❡ ✈♦✐r✱ ♦♥ ❡st ❛ss✉ré q✉❡ s❡✉❧❡s ❞❡s q✉❛♥t✐tés ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ❞♦✐✈❡♥t ✐♥t❡r✈❡♥✐r✳
❖♥ ♣❡✉t ❞♦♥❝ tr❛✈❛✐❧❧❡r ❞❛♥s ✉♥❡ ❥❛✉❣❡ ❞♦♥♥é❡ ❡t ♣r♦♠♦✉✈♦✐r ❞❛♥s ❧❡s éq✉❛t✐♦♥s ❧❡s ✈❛r✐❛❜❧❡s ❞❡
♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ✉♥❡ ❥❛✉❣❡ ❞♦♥♥é❡ ❛✉ r❛♥❣ ❞❡ ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡✳ ❈✬❡st ❧❛ ❞é♠❛r❝❤❡
Pr♦❜❧é♠❛t✐q✉❡ ✻✾
x=−1 x=0
y=−1
x=1
y=0
x=2
y=1
x=3
y=2y=−2
x=−1 x=0 x=1 x=2 x=3
y=−2 y=−1 y=0 y=1 y=2
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Espace physique
❋✐❣✳ ✺✳✷✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❝♦♦r❞♦♥♥é❡s✳ ❖♥ ❝❤❛♥❣❡ ❧❡s ❝♦♦r❞♦♥✲
♥é❡s ❡♥ ♠ê♠❡ t❡♠♣s s✉r ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡ ❡t s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❛✜♥ ❞❡ ❝♦♥s❡r✈❡r ❧❡ ❝❤♦✐① ❞✉
❝❤❛♠♣ ❞❡ ❥❛✉❣❡
q✉❡ ♥♦✉s ❛✈♦♥s ❛❞♦♣té❡✳ ▲❡s éq✉❛t✐♦♥s ♣rés❡♥té❡s ❞❛♥s ❧❛ ♣❛rt✐❡ ♣ré❝é❞❡♥t❡ ✭éq✉❛t✐♦♥ ❞✬❊✐♥st❡✐♥
❡t éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥✮ ♦♥t été ❞ér✐✈é❡s ❞❛♥s ❧❛ ❥❛✉❣❡ ◆❡✇t♦♥✐❡♥♥❡ ❡t s♦♥t ❡♥ ❢❛✐t s❛t✐s❢❛✐t❡s
♣❛r ❞❡s ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ q✉✐ s❡ ré❞✉✐s❡♥t ❛✉① ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❡♥ ❥❛✉❣❡
◆❡✇t♦♥✐❡♥♥❡✳ ❊♥ ❡✛❡t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ ♥✬❡st ♣❛s
❞♦♥♥é❡ ♣❛r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ✭✷✳✶✶✮ ♠❛✐s ♣❛r
gµν = a
2(η)
{−(1 + 2Φ)(dη)µ(dη)ν + (DiB +Bi)(dxi)µ(dη)ν + (DiB +Bi)(dxi)ν(dη)µ
+
[
(1− 2Ψ)γij + 2DiDjE + 2D(iEj) + 2Eij
]
(dxi)µ(dx
j)ν
}
. ✭✺✳✷✮
▲♦rs ❞✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡✱ s✐ ♦♥ ❞é❝♦♠♣♦s❡ ❧❡ ❝❤❛♠♣ ξ ❣é♥ér❛♥t ❧❛
tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❝♦♦r❞♦♥♥é❡s s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❡♥ ξµ = (T, Li +DiL) ❛✈❡❝ DiLi = 0✱ ❛❧♦rs
❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ s❡ tr❛♥s❢♦r♠❡♥t s❡❧♦♥
Φ → Φ+ T ′ +HT ,
Ψ → Ψ−HT ,
B → B − T + L′ ,
E → E + L ,
Bi → Bi + (Li)′ ,
Ei → Ei + Li ,
Eij → Eij . ✭✺✳✸✮
❖♥ r❡♠❛rq✉❡ ❛❧♦rs q✉❡ ❧❡s q✉❛♥t✐tés
Φˆ ≡ Φ+H(B − E′) + (B − E′)′ ,
Ψˆ ≡ Ψ−H(B − E′) ,
Φˆi ≡ −(Ei)′ +Bi ,
Eij , ✭✺✳✹✮
✼✵ ▲❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ❧❡ ré❣✐♠❡ ♥♦♥✲❧✐♥é❛✐r❡
s♦♥t ✐♥✈❛r✐❛♥t❡s s♦✉s ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡✳ ❊❧❧❡s s♦♥t ❛❧♦rs ❛♣♣❡❧é❡s ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s
❞❡ ❥❛✉❣❡✳ ❙✐ ♦♥ ❞ér✐✈❡ ❧❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ❡♥ ✐♥❝❧✉❛♥t t♦✉t❡s ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥✱
♦♥ ❞♦✐t ♣♦✉✈♦✐r ❢❛✐r❡ ❞✐s♣❛r❛îtr❡ ❧❡s ✈❛r✐❛❜❧❡s B Bi ❡t E ❡♥ ✐♥tr♦❞✉✐s❛♥t Φˆ Ψˆ ❡t Φˆi✱ ❝❛r ❧❡ ré✲
s✉❧t❛t ❞♦✐t êtr❡ ✐♥✈❛r✐❛♥t ❞❡ ❥❛✉❣❡✳ ❉❛♥s ❧❡ ❜✉t ❞❡ s✐♠♣❧✐✜❡r ❧✬❛❧❣è❜r❡✱ ♦♥ ♣❡✉t ❛❧♦rs ♦♠❡ttr❡ ❞ès
❧❡ ❞é❜✉t ❧❡s ✈❛r✐❛❜❧❡s E B ❡t Bi ✭✜①❡r ❧❛ ❥❛✉❣❡✮ ♣✉✐s ✐❞❡♥t✐✜❡r Ψ Φ ❡t −(Ei)′ ❛✈❡❝ Ψˆ Φˆ ❡t Φˆi
❛✜♥ ❞✬♦❜t❡♥✐r ❞❡s éq✉❛t✐♦♥s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡✳ ◆♦✉s ♣rés❡♥t♦♥s ❞♦♥❝ ❞❛♥s ❧✬❛rt✐❝❧❡ q✉✐ s✉✐t ❧❛
♥♦t✐♦♥ ❞❡ ❥❛✉❣❡ ❛✉ ❞❡❧à ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s✱ ♣✉✐s ♥♦✉s ❡①♣❧✐q✉♦♥s ❝♦♠♠❡♥t
❝♦♥str✉✐r❡ ❞❡s ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡✱ à ❧❛ ❢♦✐s ♣♦✉r ❧❡s t❡♥s❡✉rs ❡t ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s ❞❡
❞✐str✐❜✉t✐♦♥✳ ▲❛ ♥♦t✐♦♥ ❞❡ ❥❛✉❣❡ ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ ❛ été ❡①♣❧✐❝✐té❡ ❞❛♥s ❬❇r✉♥✐ ❡t ❛❧✳ ✾✼❪
❡t ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ♣♦✉r ❧❡s t❡♥s❡✉rs à été ❝♦♠♣❧èt❡♠❡♥t ❥✉s✲
t✐✜é❡ ♠❛t❤é♠❛t✐q✉❡♠❡♥t ❞❛♥s ❬◆❛❦❛♠✉r❛ ✵✼❪✳ ▲❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥
✐♥✈❛r✐❛♥t❡ ❞❡ ❥❛✉❣❡ à ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ ❛ été ❡✛❡❝t✉é❡ ❞❛♥s ❬❉✉rr❡r ✫ ❙tr❛✉♠❛♥♥ ✽✽✱ ❉✉rr❡r ✾✹❪✳
▲❡ tr❛✈❛✐❧ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❞✐str✐❜✉t✐♦♥ ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ ❝♦♥st✐t✉❡ ❞♦♥❝ ✉♥ tr❛✈❛✐❧
❡♥t✐èr❡♠❡♥t ♥♦✉✈❡❛✉✳ ■❧ ♣❡r♠❡t ❞✬❛♣♣❧✐q✉❡r ❧❛ ♠ê♠❡ t❡❝❤♥✐q✉❡ q✉❡ ♣♦✉r ❧❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥✱
❝✬❡st✲à✲❞✐r❡ ❞❡ ❝❛❧❝✉❧❡r ❞❛♥s ✉♥❡ ❥❛✉❣❡ ❞♦♥♥é❡ ♣♦✉r ❡♥s✉✐t❡ ✐♥t❡r♣rét❡r ❧❡s éq✉❛t✐♦♥s ❞❡ ❧❛ t❤é♦r✐❡
❝✐♥ét✐q✉❡ ♦❜t❡♥✉❡s à ❧✬♦r❞r❡ ♥♦♥✲❧✐♥é❛✐r❡ ❡♥ t❡r♠❡s ❞❡ ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡✳ ❆✜♥ ❞❡ ❢❛✐r❡
❧❡ ❧✐❡♥ ❛✈❡❝ ❧❛ ❞❡s❝r✐♣t✐♦♥ ✢✉✐❞❡✱ ♥♦✉s ♣rés❡♥t♦♥s é❣❛❧❡♠❡♥t ❝♦♠♠❡♥t ♦❜t❡♥✐r ❝❡tt❡ ❧✐♠✐t❡ ❛✉ ❞❡❧à
❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡✳
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Abstract
This paper investigates the collisionless Boltzmann equation up to second
order in the cosmological perturbations. It describes the gauge dependence of
the distribution function and the construction of a gauge-invariant distribution
function and brightness, and then derives the gauge-invariant fluid limit.
1. Introduction
The origin of the large-scale structure is nowadays understood from the gravitational collapse of
initial density perturbations, which were produced by amplification of the quantum fluctuations
in the inflaton field [1]. The properties of the large-scale structure depend both on the initial
conditions at the end of inflation and on the growth of perturbations in a universe filled
with non-relativistic matter and radiation. The theory of cosmological perturbations is thus
a cornerstone of our understanding of the large-scale structure. The evolution of radiation
(photons and neutrinos) needs to be described by a Boltzmann equation [2–4]. Two types
of perturbative schemes have extensively been used in the literature in order to describe
the evolution of the cosmological perturbations. The first is a 1 + 3 covariant splitting of
spacetime [5–7] and the second is a more pedestrian-coordinate-based approach. In the first
approach, exact equations on the physical spacetime are derived and perturbative solutions
around a background solution are then calculated. In the second approach, an averaging
procedure is implicitly assumed and, starting from a background spacetime, perturbation
variables satisfying the equations of motion order by order are constructed. In the 1 + 3
approach, the variables used are readily covariant, but the absence of background spacetime
can be a problem to simplify the resolution by performing a mode expansion, since the
Helmholtz function is in general not defined on the physical spacetime. In the coordinate-
based approach, all perturbation variables live on the background spacetime and enjoy the
advantages of its highly symmetric properties. However, this extra mathematical structure is
at the origin of the gauge issue through the identification mapping that needs to be defined
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between the background spacetime and the physical spacetime. Thus, the gauge dependence
needs to be understood. An elegant solution is to construct gauge-invariant variables a` la
Bardeen both for the metric perturbation variables [8] and for the distribution function [9, 10].
Since the Boltzmann and Einstein equations are covariant, they can be expressed solely in
terms of gauge-invariant variables provided we have a full set at hand. A full comparison of
these two formalisms has been performed at first order in [11] and for gravitational waves at
second order in [12].
In the coordinate-based approach, the true degrees of freedom identified from the
Lagrangian formalism are quantized. They transfer to classical perturbations which inherit
a nearly scale invariant power spectrum and Gaussian statistics, when their wavelength
stretches outside the horizon, thus providing initial conditions for the standard big-bang
model. Conserved quantities [13, 14] enable us to ignore the details of the transition between
the inflation and the standard big-bang model (see, however, [15]), and the evolution details
only need to be known when the wavelength re-enters the horizon. A first step to extend this
procedure in the 1 + 3 formalism has been taken in [16], where conserved quantities were
defined. As for the degrees of freedom which need to be quantized, the first proposal was
made in [17], in order to identify them, but it has not yet been motivated by a Lagrangian
formulation.
The properties of the observed cosmic microwave background (CMB) anisotropies have
confirmed the validity of the linear perturbation theory around a spatially homogeneous and
isotropic universe and have set strong constraints on the origin of structures, as predicted by
inflation. It now becomes necessary, with the forthcoming increasing precision of data that may
allow us to detect deviation from Gaussianity [18], to study the second-order approximation,
in order to discuss the accuracy of these first-order results. These non-Gaussian features are
also of first importance, since they can help discriminate between different inflation theories.
Indeed, one-field driven inflation leads to very small levels of primordial non-Gaussianity
[19], whereas multifield inflation can present significant non-Gaussian features [20, 21].
However, since nonlinear effects also appear through nonlinear evolution, that is from the
second-order approximation and beyond of the evolution equations, the study of second-order
evolution equations is necessary in order to distinguish between primordial and evolutionary
non-Gaussianities (see [22] for a review on non-Gaussianity). Second-order Einstein and
Boltzmann equations have been written in the 1 + 3 formalism [23, 24], but not integrated
numerically, partly because the mode expansion is not defined on the physical spacetime, and
this would then require a four-dimensional numerical integration. However, the promising
formalism of [25], which builds a bridge between the 1+3 formalism and the coordinate-based
approach, might shed some light on these issues. Similarly, in the coordinate-based approach,
the second-order Einstein equations have been written in terms of gauge-invariant variables
[26], and a first attempt has been made to write the Boltzmann equation in a given gauge for
the different species filling the universe and to solve them analytically [27, 28].
The goal of this paper is to provide the full mathematical framework for handling
distribution functions at second order in the coordinate-based approach taking into account
the gauge issue. This will clarify the existing literature and point out some existing mistakes.
In section 2 we first briefly review the gauge transformations and the procedure to build
gauge-invariant variables. We then present in section 3 the transformation properties of the
distribution function, and express them up to second order. In section 4 we define the gauge-
invariant distribution function and the gauge-invariant brightness up to second order in the
particular case of radiation (but this is readily extendable to cold dark matter). We then deduce
in section 5, from the Boltzmann equation, the evolution of the gauge-invariant brightness in
nonGaussian
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its simplest collisionless form, at first and second orders. To finish, in section 6 we express
the fluid limit as a consistency check of our results.
2. Overview on gauge transformations and gauge-invariant variables
2.1. First- and second-order perturbations
We assume that, at lowest order, the universe is well described by a Friedmann–Lemaiˆtre
spacetime (FL) with flat spatial sections. The most general form of the metric for an almost
FL universe is
ds2 = gµν dxµ dxν
= a(η)2{−(1 + 2) dη2 + 2ωi dxi dη + [(1− 2)δij + hij ]dxi dxj }, (1)
where η is the conformal time and a is the scale factor. We perform a scalar–vector–tensor
decomposition as
ωi = ∂iB + Bi, (2)
hij = 2Eij + ∂iEj + ∂jEi + 2∂i∂jE, (3)
whereBi, Ei andEij are transverse (∂ iEi = ∂ iBi = ∂ iEij = 0), andEij is traceless
(
Eii = 0
)
.
There are four scalar degrees of freedom (,,B,E), four vector degrees of freedom (Bi, Ei)
and two tensor degrees of freedom (Eij ). Each of these perturbation variables can be split into
first- and second-order parts as
W = W (1) + 12W (2). (4)
This expansion scheme will refer, as we shall see, to the way gauge transformations and gauge-
invariant (GI) variables are defined. First-order variables are solutions of first-order equations
which have been extensively studied (see [29] for a review). Second-order equations will
involve purely second-order terms, e.g. W (2) and terms quadratic in the first-order variables,
e.g. [W (1)]2. There will thus never be any ambiguity about the order of perturbation variables
involved as long as the order of the equation considered is known. Consequently, we will
often omit to specify the order superscript when there is no risk of confusion.
At first order, 4 of the 10 metric perturbations are gauge degrees of freedom and the 6
remaining degrees of freedom reduce to 2 scalars, 2 vectors and 2 tensors. The three types
of perturbations decouple and can thus be treated separately. As long as no vector source
terms are present, which is generally the case when no magnetic field or topological defect is
taken into account, the vector modes decay as a−2. Thus, we can safely discard them and set
E
(1)
i = B(1)i = 0. In the following, we shall not include vector modes for the sake of clarity.
We checked that our arguments and derivation can trivially (but at the expense of much lengthy
expressions) take them into account.
In the fluid description, we assume that the matter content of the universe can be described
by a mixture of fluids. The 4-velocity of each fluid is decomposed as
uµ = 1
a
(
δ
µ
0 + v
µ
)
. (5)
The perturbation vµ has only three independent degrees of freedom since uµ must satisfy
uµu
µ = −1. The spatial components can be decomposed as
vi = ∂ iv + v¯i, (6)
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v¯i being the vector degree of freedom and v the scalar degree of freedom. The stress–energy
tensor of this fluid is of the form
Tµν = ρuµuν + P(gµν + uµuν), (7)
where the density and pressure are expanded as follows:
ρ = ρ¯ + δρ, P = ¯P + δP . (8)
At the background level, the form of the stress–energy tensor is completely fixed by the
symmetry properties of the FL spacetime. However, at the perturbation level, one must
consider an anisotropic stress component, πµν with πµµ = uµπµν = 0. The pressure and
density of the fluid are related by an equation of state, P = ρ/3, in the case of radiation.
At first order, the formalism developed by the seminal work of [8] provides a full set
of gauge-invariant variables (GIV). Thanks to the general covariance of the equations at
hand (Einstein equations, conservation equations, Boltzmann equation), it was shown that it
was possible to get first-order equations involving only these gauge-invariant variables. In
addition, if these gauge-invariant variables reduce, in a particular gauge, to the perturbation
variables that we use in this particular gauge, then the computation of the equation can be
simplified. Actually, we only need to compute the equations in this particular gauge, as long
as it is completely fixed, and then to promote by identification our perturbation variables to the
gauge-invariant variables. Thus, provided we know this full set of gauge-invariant variables,
the apparent loss of generality by fixing the gauge in a calculation is in fact just a way to
simplify computations. Eventually, we will reinterpret the equations as being satisfied by
gauge-invariant variables. The full set of first-order gauge-invariant variables is well known
and is reviewed in [29] and [30]. As gauge transformations up to any order were developed, it
remained uncertain [31], whether or not a full set of gauge-invariant variables could be built
for second and higher orders. This has been recently clarified [26], and the autosimilarity of
the transformation rules for different orders can be used as a guide to build the gauge-invariant
variables at any order. We present a summary of the ideas presented in [31] about gauge
transformations and the construction of gauge-invariant variables [26].
2.2. Points identification on manifolds
When working with perturbations, we consider two manifolds: a background manifold, M0,
with associated metric g¯, which in our case is the FL spacetime, and the physical spacetimeM1
with the metric g. We consider that the variation of metric boils down to a comparison between
tensor fields on distinct manifolds. Thus, in order to give a sense to ‘δg(P ) = g(P )− g¯( ¯P)’,
we need to identify the points P and ¯P between these two manifolds and also to set up a
procedure for comparing tensors. This will also be necessary for the comparison of any tensor
field.
One solution to this problem [31] is to consider an embedding (4+1)-dimensional manifold
N =M× [0, 1], endowed with the trivial differential structure induced, and the projections
Pλ on submanifolds with P0(N ) = M × {0} = M0 and P1(N ) = M × {1} = M1. The
collection of Mλ ≡ Pλ(N ) is a foliation of N , and each element is diffeomorphic to the
physical spacetimeM1 and the background spacetimeM0. The gauge choice on this stack of
spacetimes is defined as a vector field X on N which satisfies X4 = 1 (the component along
the spacetime slicing R). A vector field defines integral curves that are always tangent to
the vector field itself, hence inducing a one-parameter group of diffeomorphisms φ(λ, .), also
noted φλ(.), a flow, leading in our case from φ(0, p ∈ P0(N )) = p ∈ P0(N ) along the integral
curves to φ (1, p ∈ P0(N )) = q ∈ P1(N ). Due to the never-vanishing last component of X,
the integral curves will always be transverse to the stack of spacetimes and the points lying on
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the same integral curve, belonging to distinct spacetimes, will be identified. Additionally, the
property X4 = 1 ensures that φλ,X(P0(N )) = Pλ(N ), i.e. the flow carries a spacetime slice
to another. This points’ identification is necessary when comparing tensors, but we already
see that the arbitrariness in the choice of a gauge vector field X should not have a physical
meaning, and this is the well-known gauge freedom.
2.3. Tensors’ comparison and perturbations
The induced transport, along the flow, of tensors living on the tangent bundle, is determined
by the push-forward φ⋆λ and the pull-back φ⋆λ [32] associated with an element φλ of the group
of diffeomorphisms. These two functions encapsulate the transformation properties of the
tangent and co-tangent spaces at each point and its image. Indeed, the pull-back can be linked
to the local differential properties of the vector field embedded by the Lie derivatives along
the vector field in a Taylor-like fashion (see [32] or [31]):
⋆X,λ(T ) =
k=∞∑
k=0
λk
k!
LkXT , (9)
for any tensor T.
A remark about coordinate changes is in order here. When the tensor T is a coordinate
xµ (once µ is fixed, it is a scalar field), the previous definition reduces to the standard finite
coordinates transformation
x ′µ ≡ ⋆λ,ξ (xµ) = xµ + λξµ +
λ2
2
ξµ,νξ
ν + · · · . (10)
This is the standard way of defining an active transformation on the manifold, by transporting a
point of coordinates xµ to a point of coordinates x ′µ. This transformation, when performed on
the coordinate system—considering the coordinates as a grid on the manifold that one would
displace according to the active transformation—induces a passive coordinates transformation,
if we decide that the new coordinates of a point q are the coordinates of the point p such that
φλ(p) = q. When considering a transformation induced by a field ξ , we will refer to the
passive coordinates transformation induced by the active transportation of the coordinates
system.
The expansion of equation (9) on P0(N ) provides a way to compare a tensor field on
Pλ(N ) to the corresponding one on the background spacetime P0(N ). The background value
being T0 ≡ L0XT
∣∣
P0(N ), we obtain a natural definition for the tensor perturbation
XTλ ≡
k=∞∑
k=1
λk
k!
LkXT
∣∣∣∣∣
P0(N )
= ⋆X,λ(T )− T0. (11)
The subscript X reminds the gauge dependence. We can read the nth order perturbation as
δ
(n)
X T ≡ LnXT
∣∣
P0(N ), (12)
which is consistent with the expansion of perturbation variables of the physical metric in
equation (4), since the physical spacetime is labeled by λ = 1. However, the fact that the
intermediate spacetime slices Pλ(N ) are labeled by λ removes the absolute meaning of order-
by-order perturbations, as it can be seen from equation (11). The entire structure embedded
by N is more than just a convenient construction, and this will have important consequences
in gauge changes as we will now detail.
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2.4. Gauge transformations and gauge invariance
If we consider two gauge choices X and Y, a gauge transformation from X to Y is defined as
the diffeomorphism
φX→Y,λ = (φX,λ)−1(φY,λ), (13)
and it induces a pull-back which carries the tensor XTλ, which is the perturbation in the
gauge X, to YTλ, which is the perturbation in gauge Y since
φ⋆X→Y,λ(XTλ + T0) = [(φX,λ)−1(φY,λ)]⋆φ⋆X,λ(T )
= φ⋆Y,λ(φ⋆X,λ)−1φ⋆X,λ(T )
= φ⋆Y,λ(T )
= YTλ + T0. (14)
As demonstrated in [31], this family (indexed by λ) of gauge transformations fails to be a
one-parameter group due to the lack of the composition rule. It should be Taylor-expanded
using the so-called knight diffeomorphism along a sequence of vector fields ξi . For the three
first orders, the expression of this knight diffeomorphism is
YTλ = φ⋆X→Y,λXTλ
= XTλ + λLξ1XTλ +
λ2
2!
(Lξ2 + L2ξ1)XTλ + λ36
(Lξ3 + 3Lξ1Lξ2 + L3ξ1)XTλ. (15)
The vector fields ξ1, ξ2 and ξ3 are related to the gauge vector fields X and Y by ξ1 = Y−X, ξ2 =
[X, Y ] and ξ3 = [2X − Y, [X, Y ]]. By substitution of the perturbation by its expression
in equation (11), we identify order by order in λ, and obtain the transformation rules for
perturbations order by order. The first and second order transformation rules, on which we
will focus our attention, are
δ
(1)
Y T − δ(1)X T = Lξ1T0, δ(2)Y T − δ(2)X T = 2Lξ1δ(1)X T +
(Lξ2 + L2ξ1)T0. (16)
The fact that we had to follow n integral curves of n distinct vector fields for nth order
perturbations is a characteristic of knight diffeomorphisms. It arises from the fact that,
for the whole differential structure of N to hold, gauge changes are a more general type
of transformation than simple vector-field-induced flows. Consequently, the Taylor-like
expansion must be of a more general type. Indeed, for a given gauge change between X
and Y, the family of gauge changes φX→Y,λ labeled by λ is not always a group in λ, and this
happens for instance if [X, Y ] = 0 (see [31] for a graphic intuition). Although we could, for
a fixed λ = λ0, find ξ such that equation (16) takes a form like equation (11) up to a given
order, for instance by fixing λ0 = 1, and choosing
ξ ≡ ξ1 + 12ξ2 + 13!
(
ξ3 +
3
2 [ξ1, ξ2]
)
, (17)
this would mean that intermediate spacetimes are useless, and we would then ask Einstein
equations to hold only forP0(N ) andPλ0(N ). This would lead to equations in the perturbation
variables that mix different orders. The resulting solution, for second order and above, would
be very difficult to find.
2.5. Perturbed Einstein equations
Instead, we prefer to use this more complicated but cleaner knight diffeomorphism
(equation (16)) to change gauge. It keeps the differential structure built on N and we
additionally demand Einstein equations to be satisfied on each Pλ(N ). This can be used to
differentiate Einstein equations to first order w.r.t λ and take the limit λ→ 0 in order to get a
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set of equations that formally take the form E1[δ(1)g, δ(1)T ] = 0. Once solved for the solutions
of the first-order Einstein equation, we can differentiate twice the Einstein equation w.r.t λ and
get an equation of the type
E2[δ(2)g, δ(2)T ] = S[δ(1)g, δ(1)T ], (18)
where S stands for a source term quadratic in the first-order variables (see [12] for a concrete
example).
We see that the decomposition of perturbation variables in the form given by equation (4)
will trigger a similarity between the equations, i.e. E1 and E2 have the same form. Purely
second-order perturbation variables satisfy the same equation as first-order perturbation
variables do, but with a source term. With known sources and known solutions to the
homogenous equation, the Green function method enables us to solve, at least formally, the
second-order equations, and by recursion at any order. To summarize, the Taylor expansion
‘Taylorizes’ the process for solving the equations by dividing tasks among orders, since
Einstein equations are satisfied order by order.
2.6. Gauge-invariant variables
General covariance, i.e. the fact that physics should not depend on a particular choice of
coordinates, is an incentive to work with gauge-invariant quantities. As we note from
equation (16), a tensor T is gauge invariant up to the nth order if it satisfies Lξδ(r)X T = 0
for any vector field ξ and any r  n, as can be deduced by recursion. A consequence of this
strong condition is that a tensor is gauge invariant up to order n if and only if T0 and all its
perturbations of order lower than n either vanish or are constant scalars or are combinations of
Kronecker deltas with constant coefficients. The Einstein equation is of the form G− T = 0,
and for this reason it is totally gauge invariant. However, we cannot find non-trivial tensorial
quantities (that is, different from G − T ) gauge invariant up to the order we intend to study
perturbations, with which we could express the perturbed set of Einstein equations.
Consequently, we will lower our goal and we will build, by combinations of perturbed
tensorial quantities, gauge-invariant variables. These combinations will not be the perturbation
of an underlying tensor. This method will prove to be very conclusive since a general
procedure exists for perturbations around FL. Eventually, we shall identify observables among
these gauge-invariant variables and the fact that they are not the perturbation of a tensor
will not matter. It has to be emphasized that the transformation rules of these combinations
are not intrinsic and cannot be deduced directly from the knight diffeomorphism since they
are not tensorial quantities. Instead, we have to form the combination before and after the
gauge change in order to deduce their transformation rules.
We now summarize the standard way to build gauge-invariant variables. For simplicity
we consider only the scalar part of the gauge transformations, since we will not consider vector
modes in the metric and fluid perturbation variables (again, this could be done, but would just
obfuscate the explanations). In the following, we split ξµr as
ξ 0r = T (r), ξ ir = ∂ iL(r), with r = 1, 2. (19)
2.7. First-order gauge-invariant variables
In the subsequent work, we present the transformation rules of perturbed quantities in a
simplified notation. Instead of writing W (r)Y = W (r)X + f (ξ1, . . . , ξr), in order to state that
the difference between the expression of the rth order perturbed variable W in gauge Y
and in gauge X is a function f of the knight-diffeomorphism fields ξ1, . . . , ξr , we prefer to
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write W (r) → W (r) + f (ξ1, . . . , ξr). We recall that the expressions of the fields (ξi)1ir
necessary for the knight diffeomorphism are expressed in function of the gauge fields X and
Y (see equation (16)). From the transformation rules (16), we deduce that the first-order
perturbations of the metric tensor (1) transform as
(1) → (1) + T (1)′ +HT (1) (20)
B(1) → B(1) − T (1) + L(1)′ (21)
(1) → (1) −HT (1) (22)
E(1) → E(1) + L(1) (23)
E
(1)
ij → E(1)ij , (24)
while the scalar quantities related to matter transform as
δ(1)ρ → δ(1)ρ + ρ¯ ′T (1)
δ(1)P → δ(1)P + ¯P ′T (1)
v(1) → v(1) − L(1)′
(25)
δ(1)π ij → δ(1)π ij , (26)
where a prime denotes a derivative w.r.t the conformal time η and where H ≡ a′/a.
From now on, we shall refer to these first-order transformation rules defined by ξ1 as
Tξ1((1)), Tξ1(B(1)), . . . or simply T ((1)), T (B(1)), . . . . For instance T ((1)) = (1) +
T (1)
′
+HT (1).
We first note that the first-order tensorial modes and the first-order anisotropic stress are
automatically gauge invariant. For the other perturbation variables, which are not automatically
gauge invariant, they are two ways to understand the procedure to build gauge-invariant
combinations. The first point of view in building gauge-invariant variables consists in finding
a way to get rid of the undesired transformation rule. To do so, we remark that the combinations
B(1)−E(1)′ and−E(1)′ transform under a gauge change as B(1)−E(1)′ → B(1)−E(1)′ − T (1)
and −E(1) → −E(1) − L(1) respectively. We can use these combinations to add ad hoc
compensating terms to (1) and (1) by defining
ˆ(1) ≡ (1) + (B(1) − E(1)′)′ +H(B(1) − E(1)′) (27)
ˆ(1) ≡ (1) −H(B(1) − E(1)′). (28)
ˆ(1) and ˆ(1) are now gauge invariant, by construction. This can also be understood, from a
second point of view, as a gauge transformation for (1) and (1) toward the Newtonian gauge
(NG) [1], defined by ξ (1)→NG, decomposed in T (1)→NG = B(1) − E(1)
′
, L
(1)
→NG = −E(1), which
transform the perturbation variables as
B(1) → 0 (29)
E(1) → 0 (30)
(1) → ˆ(1) ≡ (1)NG = (1) +H(B(1) − E(1)
′
) + (B(1) − E(1)′)′ (31)
(1) → ˆ(1) ≡ (1)NG = (1) −H(B(1) − E(1)
′
). (32)
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Similarly, the gauge-invariant variables that would reduce to δρ, δP and v are
δ(1)ρˆ ≡ δ(1)NGρ = δ(1)ρ + ρ¯ ′(B(1) − E(1))′
δ(1) ˆP ≡ δ(1)NGP = δ(1)P + ¯P ′(B(1) − E(1)
′
)
vˆ(1) ≡ v(1)NG = v(1) + E(1)
′
πˆ ij (1) ≡ δ(1)NGπ ij = δ(1)π ij .
(33)
Since we have ignored the vector gauge degrees of freedom, B(1) and E(1) are the two
gauge-variant variables of the metric perturbation while ˆ(1) and ˆ(1) are the gauge-invariant
parts. As mentioned before, we then force the gauge-invariant variables in the perturbed
metric by replacing (1) with ˆ(1) − H(B(1) − E(1)′) + (B(1) − E(1)′)′ and applying similar
procedures for (1), δ(1)ρ and δ(1)P . When developing Einstein equations, we know that
general covariance will eventually keep only gauge-invariant terms. Thus, we can either do a
full calculation and witness the terms involving the degrees of freedomB(1) andE(1) disappear
or perform the calculations with B(1) and E(1) set to zero and obtain the perturbed Einstein
equations only in function of gauge-invariant variables. The latter simplifies the computation,
which is useful when going to higher orders. The advantage of the second point of view
is that the addition of the compensating terms of the first point of view can be seen as a
first-order gauge change toward the Newtonian gauge with ξ (1)→NG (decomposed as T (1)→NG and
L
(1)
→NG). These enable us to decompose the perturbed metric in a gauge-invariant part and a
gauge-variant part as
δ(1)g ≡ δ(1)g˜ + L−ξ (1)→NG g¯, (34)
as can be seen from the transformation rules under a gauge change characterized by ξ1
δ(1)g˜ → δ(1)g˜, −ξ (1)→NG →−ξ (1)→NG + ξ1. (35)
This property, which is not general, but happens to hold in the case of cosmological
perturbation (i.e. around FL metric) is the key to extending this construction to second order.
It should be noted that this procedure, although achieved by defining gauge-invariant
variables which reduce to the perturbation variables in the Newtonian gauge, can be
extended to other types of gauge-invariant variables which reduce to perturbation variables
in another gauge. For instance, we can use the transformation properties of (1) and E(1)
to add the compensating terms to (1), B(1) and other variables. The transformation rules
(1)/H → (1)/H − T (1) and −E(1) → −E(1) − L(1) make it straightforward to build
these compensating terms. We need to define ξ (1)→FG decomposed with T
(1)
→FG = (1)/H and
L
(1)
→ FG = −E(1). The gauge-invariant variables defined with this procedure reduce to the
perturbation variables in the flat gauge (E(1) = 0, (1) = 0), and are
˜B ≡ BFG = B(1) −
(1)
H − E
(1)′ , ˜(1) ≡ (1)FG = (1) + (1) +
(
(1)
H
)′
. (36)
2.8. Second-order gauge-invariant variables
For second-order perturbations, equation (16) gives the following transformation rules:
(2) → (2) + T ′(2) +HT (2) + S
B(2) → B(2) − T (2) + L′(2) + SB
(2) → (2) −HT (2) + S
E(2) → E(2) + L(2) + SE
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E
(2)
ij → E(2)ij + SEij
δ(2)ρ → δ(2)ρ + ρ¯ ′T (2) + Sρ
δ(2)P → δ(2)P + ¯P ′T (2) + SP
v(2) → v(2) − L(2)′ + Sv
π ij (2) → π ij (2) + 2T (1)(π ij (1))′ + 2∂kL(1)∂kπ ij (1) − 2π ik(1)∂k∂jL(1) − 2π jk(1)∂k∂ iL(1),
(37)
where the source terms are quadratic in the first-order variables T (1), L(1),(1), (1). We
collect the expressions of these terms in appendix A. In the rest of this paper, we shall
refer to these second-order transformation rules associated with (λ)≡ (λ1, λ2) as T(λ)((2)),
T(λ)(B(2)), . . . or simply T ((2)), T (B(2)), . . . . These transformation rules are much more
complicated than their first-order counterparts. However, the combination defined by F ≡
δ(2)g + 2L
λ
(1)
→NG
δ(1)g + L2
λ
(1)
→NG
g¯ enjoys the simple transformation rule F → F + L
λ2+[λ(1)→NG,λ1]g¯
under a gauge change defined by λ2 and λ1 (see [26]). As a result, its transformation rule mimics
that of first-order perturbations under a gauge change. This means that if we decompose F in
the same way as we did for the metric with
F ≡ (2) + S
(
λ
(1)
→NG
)
F ≡ (2) + S
(
λ
(1)
→NG
)
BF ≡ B(2) + SB
(
λ
(1)
→NG
)
EF ≡ E(2) + SE
(
λ
(1)
→NG
)
EFij ≡ E(2)ij + SEij
(
λ
(1)
→NG
)
,
(38)
then the transformation rules for these quantities will be similar to those of equation (29),
but with the vector λ2 + [λ→NG, λ1] instead of λ1. Consequently, we shall use the same
combinations in order to construct gauge-invariant variables which are
ˆ(2) ≡ F + (BF − E′F )′ +H(BF − E′F )
ˆ(2) ≡ F −H(BF − E′F )
ˆE
(2)
ij ≡ EFij .
(39)
As for the first order, this addition of compensating terms can be understood, from the
second point of view, as defining the gauge-invariant variables as the perturbation variables in
a given gauge. In our case, it is the Newtonian gauge since it transforms B and E into a null
value. This transformation is defined by λ(2)→NG that we decompose in
T
(2)
→NG = B(2) − E
′(2) + S(2)B
(
λ
(1)
→NG
)− S ′(2)E (λ(1)→NG)
L
(2)
→NG = −E(2) − S(2)E
(
λ
(1)
→NG
)
.
(40)
The second-order gauge-invariant variables can be seen as
ˆ(2) ≡ δ(2)NG
ˆ(2) ≡ δ(2)NG
ˆE
(2)
ij ≡ δ(2)NGEij
(41)
δ(2)ρˆ ≡ δ(2)NGρ
δ(2) ˆP ≡ δ(2)NGP
vˆ(2) ≡ v(2)NG
πˆ ij (2) ≡ δ(2)NGπ ij ,
(42)
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where the index NG indicates that we transformed the quantity with formula (16), with the
vector fields ξ (1)→NG and ξ
(2)
→NG defined above. This means that we have split the second-order
metric according to
δ(2)g = δ(2)g˜ + L−ξ (2)→NG g¯ + 2L−ξ (1)→NGδ
(1)g − L2−ξ (1)→NG g¯, (43)
where δ(2)g˜ is the gauge-invariant part and −ξ (2)→NG is the gauge-variant part, as can be seen
from the transformation rules under a gauge change characterized by (ξ1, ξ2):
δ(2)g˜ → δ(2)g˜, −ξ (2)→NG →−ξ (2)→NG + ξ2 +
[
ξ
(1)
→NG, ξ1
]
. (44)
As for the first order, we can choose other types of combinations, for instance those which
are equivalent to setting the gauge as being flat, by using this procedure. In this case, the
vector field ξ (2)→FG is decomposed in
T
(2)
→ FG =
(2)
H +
1
HS
(2)

(
ξ
(1)
→ FG
)
, L
(2)
→FG = −E(2) − S(2)E
(
ξ
(1)
→FG
)
. (45)
It should also be mentioned that the existence of an inverse Laplacian −1 of the
background spacetime, i.e. a corresponding Green function with boundary conditions, is
required for the entirety of this procedure. In other words, when working in Fourier space, all
our conclusions will be valid only for modes which do not belong to the kernel of .
3. Gauge transformation of the distribution function
3.1. Pre-Riemannian distribution function
So far, we have set up the mathematical framework to identify points between the background
spacetime and the perturbed spacetimes through a gauge field X. This enabled us to define
the perturbation of tensors and to calculate their transformation properties under a gauge
transformation. However, this only allows us to perform a fluid treatment of the radiation.
In the statistical description for a set of particles, we assume that each particle has a given
impulsion pµ and is located at a given position [33]. The equations then have to describe the
phase-space distribution of the particles. If the number of particles is high enough, we can
define a probability density, the distribution function, of finding a particle in an infinitesimal
volume of the phase space. Now, let us focus our attention on this distribution function. The
distribution function is a function of the point considered (i.e. its coordinates xµ) and also a
function of the tangent space at this point whose coordinate we label by pν∂ν . There is no
special reason for this function to be linear in pν∂ν , but we can expand it, without any loss of
generality, in power series of tensors according to
f (xν, pν) =
∑
k
Fµ1...µk (xν)pµ1 . . . pµk . (46)
The distribution function is then decomposed as the sum of all the multipoles Fµ1...µk
evaluated in a particular point of the tangent space. From the previous section, we know
the transformation rules for these tensorial quantities; thus f transforms according to
T(ξ)[f (xν, pν)] ≡
∑
k
T(ξ)[Fµ1...µk (xν)]pµ1 . . . pµk , (47)
where T(ξ) refers to the knight diffeomorphism with the set of vectors (ξ1, ξ2, . . .).
As we do not necessarily want to refer explicitly to the decomposition in multipoles, we
use the fact that for any vector ξ = ξµ∂µ, which defines a flow on the background spacetime
6138 C Pitrou
P0(N ), we can define an induced flow (a natural lift) on the vector tangent bundle TP0(N )
directed by the vector field T ξ = [ξµ∂µ, pν(∂νξµ) ∂∂pµ ]. This implies the useful property
Lξ (Fµ1...µp )pµ1 . . . pµp = LT ξ (Fµ1...µppµ1 . . . pµp ). (48)
With this definition, we can rewrite the transformation rule for f as
T(ξ)[f (xν, pν)] = T(T ξ)[f (xν, pν)], (49)
where now T(T ξ) refers to the knight diffeomorphism with the set of vectors (T ξ1, T ξ2, . . .).
The evolution of the distribution function is dictated by the Boltzmann equation
df
dη = C[f ], where the rhs is the collision term which encodes the local physics. This
collision term can be easily expressed in the local Minkowskian frame defined by a tetrad field
ea , from known particles physics. For this reason, the framework developed to define gauge
transformations for a general manifold has to be extended to the case of Riemannian manifold.
Instead of using the coordinates basis ∂µ to express a vector of tangent space as V = pµ∂µ,
we prefer to use the tetrads basis ea and write V = πaea . In terms of coordinates, this means
that the distribution function is a function of xµ and πa . When expressing the physics with the
tetrad fields, the metric is not just one of the many tensors of the theory whose properties under
a gauge transformation we need to know, but rather a central feature of the manifold, since
it determines the tetrads (up to a Lorentz transformation) required to express the distribution
function. As the metric is a tensor, and as the tetrads are defined according to the metric, the
extension is inherited from the previous section.
3.2. Tetrads
3.2.1. Definitions. On each slice Pλ(N ), we should have four vector fields1 (and their
associated 1-form fields) labeled by a = 0, 1, 2, 3, which satisfy the normalization conditions
eµa e
ν
bgµν = ηab, eaµebνgµν = ηab. (50)
With these notations, the indices a, b, c . . . are raised and lowered with ηab.
With the formalism developed for tensors, we carry this tetrad field onto the background
spacetime using a gauge field X with
e
µ
a,X ≡ φ⋆λ,X(ea) =
k=∞∑
k=0
λk
k!
LkXea
δ
(n)
X ea ≡ LnXea
∣∣
P0(N ), e¯a ≡ δ
(0)
X ea,
(51)
and similar formulae for ea .
As e¯a is a basis of the tangent space on the background spacetime (and e¯a a basis of its
dual space), eµa,X and eaµ,X can be expressed in the generic form
ea,X = Rba,X e¯b, ebX = e¯aSba,X, Rca,XSbc,X = Sca,XRbc,X = δba , (52)
where
Rab,X ≡
∑
k
λk
k!
R
(k)
ab,X Sab,X ≡
∑
k
λk
k!
S
(k)
ab,X. (53)
Order by order, this reads
δ
(n)
X ea = R(n)ba,X e¯b, δ(n)X eb = e¯aS(n)ba,X . (54)
1 The fifth direction which arises from the extension of the manifold from M to N is ignored as the component of
any tensor is required to vanish in this direction. We thus consider the tangent space at each point of N as being four
dimensional.
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3.2.2. Normalization condition. Tetrads are four vector fields which satisfy equation (50)
and are thus related to the metric. Consequently, the perturbations of the tetrad defined above
are partly related to the perturbations of the metric. When pulled back to the background
spacetime, equation (50) implies
φ⋆λ,X(ηab) = ηab = φ⋆λ,X
(
eµa e
ν
bgµν
)
= φ⋆λ,X
(
eµa
)
φ⋆λ,X
(
eνb
)
φ⋆λ,X(gµν). (55)
Identifying order by order (in terms of λ), we get in particular for the first and second orders
e¯b.δ
(1)
X ea + e¯a.δ
(1)
X eb + δ
(1)
X g(e¯a, e¯b) = 0
e¯b.δ
(2)
X ea + e¯a.δ
(2)
X eb + δ
(2)
X g(e¯a, e¯b) + δ
(1)
X eb.δ
(1)
X ea + δ
(1)
X g
(
δ
(1)
X ea, e¯b
)
+ δ(1)X g
(
e¯a, δ
(1)
X eb
) = 0,(56)
where a dot product stands for g¯( , ). From the constraints (56), we can determine the
symmetric part of R(n)ab as
R
(1)
(ab),X = − 12δ
(1)
X g(e¯a, e¯b) (57)
R
(2)
(ab),X = − 12δ
(2)
X g(e¯a, e¯b)− δ(1)X g
(
R
(1)
ac,X e¯
c, e¯b
)− δ(1)X g(e¯a, R(1)bc,X e¯c)− R(1)ca,XR(1)bc,X, (58)
which are related to the components of the inverse by
S
(1)
ab,X = −R(1)ab,X (59)
S
(2)
ab,X = −R(2)ab,X + 2R(1)ca,XR(1)cb,X. (60)
The antisymmetric part, R[ab],X, still remains to be chosen as it corresponds to the Lorentz
transformation freedom (boost and rotation), which is allowed by definition (50). A first and
easy choice would be R(n)[ab],X = 0 for any n. However, as mentioned above, we eventually
want to decompose a vector pµ∂µ on tangent space as
pµ∂µ = πaea = πaeµa ∂µ, (61)
and identify π0 with the energy and π i with the momentum (although conserved quantities
are generally ill defined in general relativity, energy and momentum can be defined when
performing perturbations around a maximally symmetric background [35] as is the case here).
When working with coordinates, we want to express physical quantities, as measured by
comoving observers, i.e. observers of constant spatial coordinates, whose motion is defined
by the 1-form (dη)µ [36]. We thus require (e0)µ ∼ (dη)µ, which is equivalent to choosing
S
(n)
ai0,X = 0 for any n, where ai = 1, 2, 3. This choice allows us to fix the boost in S(n) by
imposing the condition S(n)[ai0],X = −S
(n)
[0ai ],X = −S
(n)
(ai0),X. As equation (52) implies that for
any n
S(n)ac + R
(n)
ac +
∏
{p+q=n,
p1,q1}
S(p)ba R
(q)
bc
n!
p!q!
= 0, (62)
it can be checked by recursion that this implies
R
(n)
[ai0],X = −R
(n)
[0ai ],X = −R
(n)
(ai0),X. (63)
We also fix the rotation by requiring S(n)[aiaj ],X = 0, and it can be checked similarly, by recursion
on equation (62), that this implies R(n)[aiaj ],X = 0.
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3.3. Gauge transformation of tetrads
Under a gauge transformation, we can deduce the transformation properties of the tetrad from
those of the perturbed metric. For simplicity, we restrict to scalar and tensor perturbations, but
this is completely general and can be easily extended to include vectors. In the FL case, we use
a natural background tetrad associated with Cartesian coordinates e¯0 = (∂η)/a, e¯bi = (∂i)/a,
in order to evaluate equation (57). The notation bi refers to Lorentz (SO(1,3)) indices running
from 1 to 3, whereas i is a coordinate index running from 1 to 3. When uselessly obfuscating
the explanation, we will not make the distinction and change bi for i. We report the detailed
expressions for the transformation of the tetrads for the first and second orders in appendix B.
4. Distribution function
Now that the transformation properties of the tetrads are known, we turn to the general
transformation of a distribution function f (xµ, πa).
4.1. Multipolar expansion
Any function f (xµ, πa) can be expanded in symmetric trace-free multipoles as [37]
f (xµ, πa) =
∑
p
Fp(x
µ, πa) (64)
with
Fp(x
ν, πa) ≡ Fµ1...µp (xν)pµ1 . . . pµp
= [Fµ1...µp (xν)eµ1a1 . . . eµpap ]πa1 . . . πap
≡ Fa1...ap (xν)πa1 . . . πap . (65)
We do not need any additional identification procedure for the tangent spaces through a
gauge field, in order to identify points of the tangent space of the slices TPλ(N ). Indeed,
once the metric and a gauge field X are chosen, there exists a natural identification with the
tetrad fields. First, and as mentioned before, we identify the points ofN which lie on the same
integral curves of X, that is, we identify a point P ∈ P0(N ) and λ,X(P ) ∈ Pλ(N ). Then, we
identify vectors of their respective tangent spaces, if the coordinates of these vectors in their
respective local tetrad frames e¯a and ea are the same. To be short, we identify πaea and πa e¯a .
As a consequence, for any given set {a1, . . . , ap}, the function Fa1...ap (xν) is a scalar field.
Fa1...ap (x
ν) is then pulled back on the background spacetime using the gauge field X, and we
define in this way perturbations
⋆λ,X[Fa1...ap (xν)] ≡ FX,a1...ap (xν) ≡
∑
λ
λn
n!
δ
(n)
X Fa1...ap (x
ν) (66)
and
Fp,X(x
ν, πa) ≡ FX,a1...ap (xν)πa1 . . . πap . (67)
This perturbation scheme induces a perturbation procedure for the distribution function f as
fX(x
ν, πa) ≡
∑
n
λn
n!
δ
(n)
X f (x
ν, πa),
δ
(n)
X f (x
µ, πa) ≡
∑
p
δ
(n)
X Fa1...ap (x
ν)πa1 . . . πap .
(68)
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It is essential to stress that πa is not a perturbed quantity; it is a coordinate of the locally
Minkowskian tangent space. However, the tetrad field allows us to see pµ as a perturbed
vector since pµ(πa) = eµa πa . In other words, for a given πa , there is an associated vector
whose order-by-order perturbation in a given gauge X is given by pµ(n)X ≡ eµ(n)a,X πa .
4.2. Gauge transformation: general case
We can deduce the transformation rule under a gauge change directly on the form (65), pulled
back to the background spacetime,
T [fX(xν, πa)] ≡
∑
p
T [FX,µ1...µp (xν)]T (eµ1a1,X) . . . T (eµpap,X)πa1 . . . πap . (69)
The first factor in this expression is tensorial. Exactly as for the pre-Riemannian case,
its transformation rule is dictated by the knight diffeomorphism, whereas we get the
transformation rules of the tetrads from equations (B.2) and (B.4). As we do not necessarily
want to refer explicitly to the multipole expansion, the first factor is rewritten by considering f
as a function of pµ using πa = eaν,Xpν , and applying equation (49). We then have to consider
the resulting distribution function as a function of πa , knowing that the inversion is now given
by pµ(πa) = T (eµa )πa . This will account for T (eµ1a1,X) in equation (69). In a compact form,
it reads
T [fX(xν, πa)] = T(T ξ)
{
fX
[
xν, eaµp
µ
]}∣∣
pµ=T (eµb )πb
. (70)
To obtain an order-by-order formula, we explicitly define these three steps using a Taylor
expansion. First, we use that
fX(x
ν, πa) =
[
exp
(
e¯bµp
µSab,X
∂
∂πa
)
fX
] (
xν, e¯bµp
µ
) ≡ gX(xν, pµ), (71)
in order to consider f as a function of pµ. We then Taylor-expand back the result of the knight
diffeomorphism in order to read the result as a function of πa ,
T [fX(xν, πa)] =
[
exp
(
e¯
µ
b π
aT (Rba,X) ∂∂pµ
)
T(T ξ)(gX)
] (
xν, e¯µa π
a
)
. (72)
The derivatives in the previous expressions have to be ordered on the right in each term of
the expansion in power series of the exponential. When identifying order by order, we need
to take into account the expansion in Rab and Sab, in the exponentials and also in the knight
diffeomorphism.
We have provided the general transformation rules for the distribution function and we will
now specify the transformation properties of the first- and second-order distribution functions.
4.3. The mass shell
The transformation properties of δ(n)X e
µ
a have been chosen so that, in the special case of
f ≡ gµνpµpν = gµνeµa eνbπaπb = πaπa , it remains unchanged under a gauge transformation,
i.e. T (πaπa) = πaπa . Since the tetrads must satisfy equation (50), then δ(n)X f = 0 for
n  1, and it implies this property trivially. As a consequence, any function of the form
δ(πaπ
a − m2)f (xµ, πa) transforms as δ(πaπa − m2)T [f (xµ, πa)], where m2 is the mass
of the particles described by the distribution function. In other words, the transformation of
the distribution function remains on the mass shell, as has already been mentioned in [9]. We
will make use of this property when computing the transformation rules of the distribution
function.
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5. Application to the perturbation of the Boltzmann equation for radiation
The formalism developed in the previous section is general. We will now apply it to the
particular FL case, and from now on we will also focus on the radiation case, that is the case
where m2 = 0. For the first and the second orders, we will present the transformation rules
of the distribution function for radiation and build a gauge-invariant distribution function as
well as a gauge-invariant brightness. We will then write the evolution equation of this gauge-
invariant brightness in the case where the photon travels freely through spacetime without
being affected by diffusion processes. This is obtained using the collisionless Boltzmann
equation
df
dη
= ∂f
∂η
+
∂f
∂xi
∂xi
∂η
+
∂f
∂π0
∂π0
∂η
+
∂f
∂ni
∂ni
∂η
= 0, (73)
where ni ≡ π i/π0, from which we will extract the background, the first- and the second-order
equations after having pulled it back to the background spacetime. In order to do so, we need
to know ∂π0
∂η
and ∂π i
∂η
. By considering pµ as a perturbed vector, as mentioned in section (4.1),
these can be expressed from the geodesic equation
p0
dpµ
dη
= −Ŵµνσpνpσ (74)
that we pull back to the background spacetime in order to extract order-by-order equations.
Similarly, ∂xi
∂η
is given by the order-by-order expressions of p0 ∂xi
∂η
= pi , when pulled back to
the background spacetime.
At the background level, the space is homogeneous and isotropic. Consequently, the
distribution function depends neither on the direction ni of the photon nor on the position
in space xi . It only depends on π0 and η, which implies that ∂ ¯f
∂ni
= ∂ ¯f
∂xi
= 0. Since the
background geodesic deviation equation implies ∂π0
∂η
= −Hπ0, the collisionless Boltzmann
equation reads at the background level
∂ ¯f
∂η
∣∣∣∣
π
−Hπ0 ∂
¯f
∂π0
= 0. (75)
5.1. Gauge transformation at first order
In order to better understand the seemingly heavy but powerful formalism of section 4.2, let
us apply it to the first-order gauge transformation of the photon distribution function f in the
Boltzmann equation. In this case, equation (70) for ξ1 = (T , L) leads to
T [δ(πcπ c)δ(1)X f ] = δ(πcπ c)
{
LT ξ1 [ ¯f (xν, apµ)] +
[T (R(1)ba,X ) + S(1)ba,X ]πa ∂ ¯f∂πb
}
. (76)
The expressions ofRba,X and Sba,X, and their transformation rules for the FL case, are given
in appendix B. Using the fact that ¯f is only a function of π0 due to the term δ(πcπ c),
LT ξ1 [ ¯f (xν, apµ)] = T
∂
∂η
∣∣∣∣∣
p
¯f (xν, apµ) +
∂ ¯f
∂π0
π0(T ′ + ni∂iT ) (77)
[T (R(1)00,X ) + S(1)00,X ]π0 ∂ ¯f∂π0 = − ∂
¯f
∂π0
π0(T ′ +HT ). (78)
Note that there is no term involving
[T (R(1)0i,X ) + S(1)0i,X ]π i ∂ ¯f∂π0 , thanks to the prescription in the
choice of the tetrad in section 3.2.2.
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We then express the derivatives as
∂ ¯f (xν, apµ)
∂η
∣∣∣∣∣
p
= ∂
¯f
∂η
∣∣∣∣∣
π
+
∂ ¯f
∂π0
Hπ0. (79)
Putting all the pieces together, we finally get that
T [δ(πcπ c)δ(1)X f ] = δ(π cπc)
(
∂ ¯f
∂π0
π0ni∂iT + T
∂ ¯f
∂η
∣∣∣
π
)
= δ(π cπc)
∂ ¯f
∂π0
π0(HT + ni∂iT ), (80)
where in the last step we have made use of the background Boltzmann equation (75).
It can be checked that by considering f as a function of
√
π iπi instead of π0, as allowed
by the factor δ(π cπc), we recover the same result as performed in [9]. However this is slightly
more intricate, as it now apparently depends on the three variables π i which are in fact not
independent at the background level.
Although the mathematical framework can seem to be heavy, we did not need to define
an extension of the distribution function outside the mass shell nor a gauge transformation
field parallel to the mass shell as in [9]. We have first built the distribution function using the
tetrad field (it is a function of πa and not an explicit function of pµ). Then, as explained in
section 4.3, the normalization condition (50), when expressed at each order in equations (56),
ensures that it remains on the mass shell during a gauge transformation that we perform using
the rules derived for tensors.
5.2. First-order gauge-invariant distribution function for radiation
Now that transformation properties of the first-order distribution function are known, we can
use the results of section 2 to define a gauge-invariant distribution function by
ˆf (1) ≡ δ(1)NGf = δ(1)X f + Tξ (1)→NG
(
δ
(1)
X f
)
= δ(1)X f +
∂ ¯f
∂π0
π0[H(B(1) − E(1)′) + ni∂i(B(1) − E(1)′)]. (81)
As for tensorial quantities, we can choose for instance ξ (1)→FG in the above expression, in
order to define another gauge-invariant distribution function. Its expression is given by
˜f (1) ≡ δ(1)FGf = δ(1)X f + Tξ (1)→FG
(
δ
(1)
X f
)
= δ(1)X f +
∂ ¯f
∂π0
π0
[
(1) +
ni∂i
(1)
H
]
. (82)
These two first-order gauge-invariant distribution functions are related by
˜f (1) − ˆf (1) = ∂
¯f
∂π0
π0
[
ˆ(1) +
ni∂i ˆ
(1)
H
]
. (83)
It is worth remarking that in the previous literature [9], another gauge-invariant distribution
is defined, namely
F (1) ≡ δ(1)X f +
∂ ¯f
∂π0
π0[(1) + ni∂i(B(1) − E(1)′)]
= ˆf (1) + ∂
¯f
∂π0
π0 ˆ(1). (84)
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Though it cannot be interpreted as the perturbation of the distribution function in a given gauge
since it mixes ξ→NG and ξ→FG, this is a better variable to highlight the conformal invariance
of the photons propagation and to compare with the null cone integration method [34].
This first-order analysis illustrates the power of this formalism which can be generalized
to higher orders in perturbations.
5.3. First-order collisionless Boltzmann equation for radiation
Integrating the gauge-invariant distribution function of radiation over π0, we define the gauge-
invariant brightness, which is the energy perturbation per unit solid angle in a given direction
ˆI(1)(xµ, ni) ≡ 4π
∫
ˆf (1)(xµ, π0, ni)(π0)3 dπ0. (85)
We choose the normalization of the background distribution function such that the
background brightness reduces to the energy density (see section 6 for the fluid approximation)
¯I(η) ≡ 4π
∫
¯f (η, π0)(π0)3 dπ0 = ρ¯. (86)
We can associate gauge-invariant symmetric trace-free moments, ˆFi1...in , to this brightness by
using the decomposition
ˆI(1)(xµ, ni) ≡
∑
p
ˆF (1)i1...ip (xµ)ni1 . . . nip . (87)
With these definitions, the integral
∫
(π0)3dπ0 on the first-order Boltzmann equation leads to
the evolution equation for ˆI(1) [38]:(
∂
∂η
+ ni∂i
)
ˆI(1)
4
+H ˆI(1) + (ni∂i ˆ(1) − ˆ(1)′) ¯I = 0, (88)
where we have ignored the tensor terms for simplicity. Similarly, a gauge-invariant brightness
˜I(1), associated with ˜f (1), and a gauge-invariant brightness M (1), [9] associated with F (1), can
be defined. They are related to ˆI(1) by
˜I(1) = ˆI(1) − 4 ¯I
(
ˆ(1) +
ni∂i ˆ
(1)
H
)
M (1) = ˆI(1) − 4 ¯I ˆ(1). (89)
5.4. Gauge transformation at second order
At second order, the general gauge transformation of the distribution function (70) for
(ξ) = (ξ1, ξ2), (T ξ) = (T ξ1, T ξ2) is given in detail in appendix C. After simplifications,
it reads
T
(
δ
(2)
X f
)
= ∂
¯f
∂η
(T (2) + T T ′ + ∂iT ∂ iL)
+
∂ ¯f
∂π0
π0{ni∂iT (2) − 2nj [(∂i∂jE + Eij + ∂i∂jL)∂ iT −∂jT ]
+ ∂iT ∂
iT + (T ni∂iT )
′ + ni∂i(∂jL∂jT ) + 2ni∂iT }
+
∂2 ¯f
∂(π0)2
(π0)2(ni∂iT n
j∂jT ) + 2
∂2 ¯f
∂η∂π0
T ni∂iT +
∂2 ¯f
∂η2
T 2
+ 2
∂δ
(1)
X f
∂π0
π0nj∂jT + 2
∂δ
(1)
X f
∂π i
π0∂ iT + 2∂ iL∂iδ(1)X f + 2T
∂δ
(1)
X f
∂η
. (90)
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This is a cornerstone expression in our study of the second-order distribution function. As
for the fluid quantities, knowing the transformation rules under a second-order gauge change
is enough to define a second-order gauge-invariant distribution function which is required to
write the second-order Boltzmann equation only in terms of gauge-invariant variables. As for
tensors, several gauge-invariant distribution functions can be defined, and this relation is also
required to express how the different gauge-invariant distribution functions are related.
5.5. Second-order gauge-invariant distribution function for radiation
Again, we can use the results of section 2.8 to define a gauge-invariant distribution function as
ˆf (2) ≡ δ(2)NGf = δ(2)X f + T(ξ (1)→NG,ξ (2)→NG)
[
δ
(2)
X f
]
. (91)
As for tensorial quantities, we can choose for instance
(
ξ
(1)
→ FG, ξ
(2)
→ FG
)
, in order to build
another second-order gauge-invariant distribution function
˜f (2) ≡ δ(2)FGf = δ(2)X f + T(ξ (1)→FG,ξ (2)→FG)
[
δ
(2)
X f
]
. (92)
The difference between these two gauge-invariant distribution functions is also gauge
invariant and is consequently expressed only in terms of gauge-invariant quantities. For the
sake of completeness, we give the form of the relation between these two gauge-invariant
distribution functions,
˜f (2) − ˆf (2) = 1H2
∂ ¯f
∂π0
π0
{
nk∂k[H ˆ(2) + ˆ(1) ˆ(1)′ + 2H ˆ(1)2] + ∂i ˆ(1)∂ i ˆ(1)
+ nk∂k
[
−
−1
2H (
ˆ(1))2 +
−1
2H (∂
i∂j ˆ
(1)∂j∂i ˆ
(1))
]
− 2HnjEij∂ i ˆ(1) + ( ˆ(1)ni∂i ˆ(1))′ + 2H( ˆ(1) + ˆ(1))ni∂i ˆ(1)
}
+
1
H2
∂2 ¯f
∂(π0)2
(π0)2[ni∂i ˆ(1)nj∂j ˆ(1)] +
2
H2
∂2 ¯f
∂η∂π0
ˆ(1)ni∂i ˆ
(1)
+
1
H2
∂ ¯f
∂η
[
H ˆ(2) + ˆ(1) ˆ(1)′ + 2H ˆ(1)2 +H ˆ(1)
(
ˆ(1)
H
)′
− 
−1
2H (
ˆ(1))2 +
−1
2H (∂
i∂j ˆ
(1)∂j∂i ˆ
(1))
]
+
2
H
∂ ˆf (1)
∂π0
π0nj∂j ˆ
(1)
+
2
H
∂ ˆf (1)
∂π i
π0∂ i ˆ(1) + 2
ˆ(1)
H
∂ ˆf (1)
∂η
+
1
H2
∂2 ¯f
∂η2
( ˆ(1))2. (93)
This clearly demonstrates the power of our formalism since, in contrast to the first order, this
relation cannot be guessed intuitively. Also note that this is non-local as it is generally the
case for second-order gauge-invariant quantities.
5.6. The second-order gauge-invariant collisionless Boltzmann equation for radiation
Similarly to the first-order case, we define the second-order brightness as
ˆI(2)(xµ, ni) ≡ 4π
∫
ˆf (2)(xµ, π0, ni)(π0)3 dπ0. (94)
We also define the second-order gauge-invariant moments associated with this gauge-invariant
brightness by the second-order version of equation (87). The derivation of the collisionless
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Boltzmann equation in the Newtonian gauge is detailed in [27, 28]. Once the integral∫
(π0)3dπ0 is performed, it leads to an evolution equation for the brightness. As this is
a scalar equation, it is gauge invariant and scan be expressed only in terms of the gauge-
invariant quantities that we have defined and which reduce to the perturbation variables in the
Newtonian gauge. Explicitly, it reads(
∂
∂η
+ ni∂i
)
ˆI(2)
4
+H ˆI(2) + ¯Ini∂i ˆ(2) + 2 ¯I((1) −(1))ni∂i(1)
+
1
2
[∂j ( ˆ(1) + ˆ(1))ninj − ∂ i( ˆ(1) + ˆ(1))]
∂ ˆI(1)
∂ni
− 2 ˆI(1)( ˆ(1)′ − nj∂j ˆ(1))− ¯I( ˆ(2)′ + 4 ˆ(1) ˆ(1)′)
+
1
2
( ˆ(1) + ˆ(1))ni∂i ˆI(1) = 0. (95)
Up to this stage, we agree with the expressions of [27, 28].
6. Fluid approximation
If we want to recover the transformation rule and the gauge-invariant variables for the energy
density, the pressure and the velocity of radiation, we need to define a stress–energy tensor
from the distribution function of radiation. We already know from special relativity how to
define such a tensor. We generalize it by using the local Minkowskian frame
T ab(xµ) =
∫
dπ0d3π iδ(π cπc)f (xµ, πd)πaπb
=
∫
(π0)3f (xµ, πd)nanb dπ0 d2ni, (96)
where na ≡ ni = π i/π0, if a = 1, 2, 3 and na = 1 if a = 0. In order to evaluate the stress–
energy tensor, we have performed one of the integrals which removes the Dirac contribution
δ(πaπa): ∫
δ(πaπa)G(x, π
a) dπ0d3π i =
∫
G(x, π0, ni)π0 dπ0 d2ni . (97)
Several useful relations for handling integrals of the background distribution function are
reported in appendix D. If we are dealing with several species, we can still define a stress–
energy tensor for each component, as long as we are dealing with weakly interacting gases.
This is the standard kinetic approach in which the interaction between two species is encoded
in the collision term of the Boltzmann equation [2].
We define ρ, P , the velocity U a and the anisotropic stress ab,
T ab = ρU aU b + P ⊥ab +ab, (98)
with⊥ab≡ ηab +U aU b, and the properties U aUa = −1,ab ⊥ab= 0, Uaab = 0. However,
fluid quantities are usually expressed using the canonical basis associated with coordinates
∂µ and not the tetrad field. We thus define uµ = U aeµa as the coordinates of the velocity
in this canonical basis, and we decompose it as in equation (5). Similarly, we define the
anisotropic stress expressed in the canonical basis by πµν = eµa eνbab. Some confusion can
arise from the fact that physicists often design a vector by its coordinates. With this symbolic
convention, U a and uµ are mathematically the same vector, but expressed in a different basis
since U aea = uµ∂µ. The relations between U a and uµ up to second order are
¯U 0 = au¯0 = 1 ¯U i = au¯i = 0, (99)
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and
δ
(1)
X U
0 = 0
δ
(1)
X U
i = ∂ i(v(1) + B(1)),
(100)
δ
(2)
X U
0 = ∂i(v + B)∂ i(v + B)
δ
(2)
X U
i = ∂ i(v(2) + B(2))− 2∂ iB + 2∂ i(B − v) + 2∂j (v − B)(∂ i∂jE + Eij ). (101)
Similarly, the relations between the spatial components of πµν and ab are
δ
(1)
X π
ij = 1
a2
δ
(1)
X 
ij
δ
(2)
X π
ij = 1
a2
[
δ
(2)
X 
ij + 2δ(1)X 
ik
(
(1)δ
j
k − ∂k∂jE(1) − E(1)jk
)
+ 2δ(1)X 
jk
(
(1)δik − ∂k∂ iE(1) − E(1)ik
)]
. (102)
The fluid quantities can be extracted from equation (98) as follows:
ρ = T abUaUb, (103)
3P = T ab ⊥ab, (104)
ab = T cd
(⊥ca⊥db − 13 ⊥cd⊥ab ), (105)
(ρ + P)U 0U i = T 0i . (106)
It is easy to see that the factor δ (πaπa) in the integral of definition (96) of the stress–energy
tensor implies that P = ρ/3.
The system of definitions (103)–(106) determines the fluid quantities. Indeed, these
quantities can now be calculated iteratively at any order once equation (96) is pulled back to
the background spacetime. Since ¯U 0 = 1 and ¯U i = 0, ρ¯ ¯P and ¯ab are given by
ρ¯ = 3 ¯P = ¯T 00 ¯U0 ¯U0, ¯ab = 0, (107)
as expected from the background symmetries for a fluid of radiation. Then, since
U 0 =
√
U iUi + 1, and using equation (106), we can determine the first-order expression
of the velocity
δ
(1)
X U
0 = 0 δ(1)X U i =
3
4ρ¯
δ
(1)
X T
0i . (108)
Repeating this procedure, we obtain from equations (103)–(106)
δ
(1)
X ρ = 3δ(1)X P = δ(1)X T 00 ¯U0 ¯U0
δ
(1)
X 
ij = δ(1)X T ij −
δij
3
δ
(1)
X T
k
k ,
(109)
and the condition Uaab = 0 implies
δ
(1)
X 
i0 = δ(1)X 00 = 0
δ
(2)
X 
00 = 0
δ
(2)
X 
0i = 2δ(1)X ijδ(1)X Uj .
(110)
Again, using equation (106), we determine the second-order perturbation of the velocity
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δ
(2)
X U
0 = δ(1)X U iδ(1)X Ui (111)
δ
(2)
X U
i = 3
4ρ¯
(
δ
(2)
X T
0i − δ(2)X 0j
)− 2δ(1)X ρ
ρ¯
δ
(1)
X U
i . (112)
Iterating, we obtain from equations (103)–(106)
δ
(2)
X ρ = 3δ(2)X P = δ(2)X T 00 ¯U0 ¯U0 + 2 ¯T 00 ¯U0δ(2)X U0
δ
(2)
X 
ij = δ(2)X T ij −
δij
3
δ
(2)
X T
k
k −
8
3
ρ¯
(
δ
(1)
X U
iδ
(1)
X U
j − δ
ij
3
δ
(1)
X U
kδ
(1)
X Uk
)
.
(113)
This shows that, by iterating this procedure, the fluid quantities can be determined up to
order n if f , that is T ab, is known up to order n. This means that, by knowing the transformation
rule of f under a gauge transformation, we can deduce the transformation rules of the fluid
quantities built out of it (ρ, P,U a,ab). Eventually, we are interested in their expressions
in the canonical basis in order to compare with the results of section 2, and we need to use
equations (99)–(101) and (102).
6.1. First-order fluid quantities transformation
At first order, from relations (109) and (100), and the transformation rule for f , equation (80),
we deduce after some algebra that δ(1)X ρ transforms as in equation (25). Similarly, from
equation (108), relation (100) and the transformation rule for f , equation (80), we deduce
that v(1) transforms as in equation (25). By the same method, we easily recover that δ(1)π ij is
gauge invariant.
6.2. First-order fluid equations
In order to recover the gauge-invariant conservation equation and the Euler equation of the
fluid approximation at first order, we define the first-order gauge-invariant stress–energy tensor
by
ˆT ab(1)(xµ) ≡
∫
(π0)3 ˆf (1)(xµ, π c)nanb dπ0 d2 =
∫
ˆI(1)nanb d
2
4π
, (114)
and its associated first-order gauge-invariant fluid quantities, ρˆ(1), ˆP (1), vˆ(1) and πˆ ij (1), built
from the same types of relation as in the set of equations (103)–(106) and expressed in the
canonical basis with equations (100) and (102). Because of the comparison performed in the
previous section, these quantities match those defined in equation (33), and this justifies
the fact that we use the same notation. We need the useful relations between the first moments
and the fluid quantities
ˆF (1) =
∫
ˆI(1) d
4π
= δ(1)ρˆ, (115)
ˆF i(1) =
∫
ˆI(1)ni d
4π
= 4
3
ρ¯∂ i vˆ(1), (116)
ˆF ij (1) =
∫
ˆI(1)
(
ninj − δ
ij
3
)
d
4π
= ˆij (1). (117)
Performing
∫
d on the brightness evolution equation (88), we recover the first-order
conservation equation. However, performing
∫
ni d, we recover the first-order Euler equation
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as expressed in appendix E, only if we neglect the first-order anisotropic pressure. This comes
from the fact that the statistical description of radiation leads to an infinite hierarchy of
equations coupling moments of orders p − 1, p and p + 1 [39], whereas the fluid description
keeps only the equations involving the monopole and the dipole.
6.3. Second-order fluid quantities transformation
In order to establish the second-order comparison with the fluid description, we need to know
how to perform an integral involving δ(1)X f , for instance on 2
∂δ
(1)
X f
∂π0
π0nj∂jT + 2 ∂δ
(1)
X f
∂π i
π0∂ iT .
We will thus make use of the multipolar expansion
δ
(1)
X f = ¯f
δ
(1)
X ρ
ρ¯
+ 4 ¯f ∂i(v(1) + B(1))ni +
15 ¯f
2ρ¯
δ
(1)
X ijn
inj + · · · , (118)
from which it can be checked that we recover the correct fluid quantities when used to compute
δ
(1)
X T
ab in equation (96).
Using the same method as for the first order, with relations (113) and (101), and the
transformation rule for the second-order distribution function, equation (90), we deduce that
δ(2)ρ transforms as in equation (37). Additionally, from relations (111), (112), (101) and
(110), we deduce that v(2) transforms as in equation (37).
We also note that from definition (113), relations (111), (112) and the transformation rule
for f , equation (90), we deduce that δ(2)ij transforms according to
δ(2)ij → δ(2)ij + 2T (δ(1)ij )′ + 2∂kL∂k(δ(1)ij ). (119)
When expressed in the canonical basis
(
πµν ≡ eµa eνbab
)
, we recover exactly the
transformation rule of the anisotropic stress given in equation (37).
This is one of the major results of this paper. We recover the perfect fluid transformation
rules for the energy density, the pressure, the velocity and the anisotropic stress given in [40]
up to second order, when starting from the statistical description.
6.4. Second-order fluid equations
In order to recover the gauge-invariant conservation equation and the Euler equation of the
fluid approximation at the second order, we follow the same procedure as for the first-order
case. We thus define the second-order gauge-invariant stress–energy tensor by
ˆT ab(2)(xµ) ≡
∫
(π0)3 ˆf (2)(xµ, π)nanb dπ0 d2 =
∫
ˆI(2)nanb d
2
4π
, (120)
and its associated second-order gauge-invariant fluid quantities, ρˆ(2) ˆP (2)vˆ(2) and πˆ ij (2), built
from the same types of relations as in the set of equations (103)–(106) and expressed in the
canonical basis with equations (101) and (102). Because of the comparison performed in the
previous section, these quantities match those defined in equation (42), thus justifying the fact
that we use the same notation.
In order to recover the conservation and Euler equations of the fluid approximation we
perform the integral
∫ d
4π and
∫ d
4π n
i on this equation. However, at the second order this has
to be done with care since the link between the second-order gauge-invariant brightness and
the second-order fluid quantities is given by
ˆF (2) =
∫
ˆI(2) d
4π
= δ(2)ρˆ + 8
3
ρ¯∂i vˆ
(1)∂ i vˆ(1), (121)
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ˆF i(2) =
∫
ˆI(2)ni d
4π
= 4
3
ρ¯(∂ i vˆ(2) − 2 ˆ(1)∂ i vˆ(1)) + 8
3
δ(1)ρˆ∂ i vˆ(1), (122)
ˆF ij (2) =
∫
ˆI(2)
(
ninj − δ
ij
3
)
d
4π
= ˆij (2) + 8
3
ρ¯
[
∂i vˆ
(1)∂j vˆ
(1) − δij
3
(∂k vˆ
(1)∂k vˆ(1))
]
. (123)
This clearly differs from expressions (5.10) and (6.33) of [27] where the term quadratic in v in
ˆF (2), the term quadratic in  and v in ˆF i(2) are not there. The difference in the energy density
perturbation as extracted from ˆF (2) comes from the fact that the fractional energy density
(2) for the radiation is defined as seen by the observer of velocity e0µ ∼ (dη)µ, whereas
we define it in the fluid frame. The fractional energy density that they define is related to
our quantities by ρ¯(2) = δ(2)NGT 00 ¯U0 ¯U0. The difference in the expressions for the fractional
energy density can be traced using equations (113) with equation (111). However, this is
only a matter of definition and it is consistent with equation (7.2) of [27]. Implicitly, the
authors of [27] do also use a tetrad basis in their section 3 in order to identify coordinates
of the tangent space between the background and the perturbed spacetime, in the same way
as explained below equation (65). Their p is equal to our π0, and the unit vectors ni match
when restricting to the Newtonian gauge. Equations (3.6) and (3.7) of [27] are equivalent to
equation (61) when expressed in the Newtonian gauge with the use of equations (52), (B.1)
and (B.3). As for the difference in the velocity perturbation as defined from ˆF i(2), it comes
from the fact that their definition for vi(2)γ has to be interpreted in the tetrad basis, and therefore
it matches δ(2)NGU i . However, the difference between the tetrad basis and the canonical basis is
not computed as in equation (112), and it explains the discrepancy. This can also be checked on
the second-order extraction of equation (7.3) in [27]. Indeed, there is an extra term quadratic
in  and vi when compared to equation (2.15) of [41], as a trace of the difference between
our perturbed velocity, which matches the definition in the canonical basis usually given by
equations (5) and (4), and their perturbed velocity. However, the equations involving vi(2)γ
in [27, 28] such as equation (4.6) are consistent with this difference, though the physical
interpretation vi(2)γ as being the perturbed velocity of photons in the canonical basis is not
correct.
The computation of a term like ∂ ˆf
(1)
∂ni
is easily performed using the multipolar expansion
ˆf (1) = ¯f δ
(1)ρˆ
ρ¯
+ 4 ¯f ∂i vˆ(1)ni +
15 ¯f
2ρ¯
ˆ
(1)
ij n
inj + · · · . (124)
Applying this method, we recover the second-order conservation equation detailed in
appendix E. As for the Euler equation, we recover it at second order only if we neglect
the anisotropic stress up to second order (beware that the anisotropic stress is different from
the second moment of the distribution as can be seen in equation (123)) and use the first-order
Euler equation.
This is also a major result of this paper. We recover the fluid gauge-invariant equations
up to second order, only if we can neglect the anisotropic stress up to second order. It remains
to be shown that this is extended up to any order, as we expect.
Let us also stress that in [28], the term ∂ ˆf (1)
∂ni
is evaluated using ∂ ˆf
(1)
∂ni
= ∂ ˆf
∂xj
∂xj
∂ni
, in
order to derive equations (4.1) and (4.6). However, this is not correct since ˆf is a function
of the independent variables η, xi, π0, ni . Even though they are related on a photon
geodesic, they are independent in the analytic expression of ˆf . Additionally this method
is not fruitful because ∂xj
∂ni
= δji (η − ηi), since ni does not parametrize a photon geodesic.
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Consequently, the subsequent analytic expressions of this reference solving the conservation
and Euler equation are not correct (for both radiation and cold dark matter) though the
Boltzmann equation is correct. This can also be seen directly from the fact that these
equations do not match fluid approximation equations of appendix E. Once corrected for
this mistake and taking into account the differences mentioned before, we can check that the
collisionless part of the conservation and Euler equations (4.1) and (4.6) of [27] match our
equations.
6.5. Validity of the fluid approximation in the literature
In this paper, we have considered so far the fluid approximation as a theoretical framework
in which we restrict the description of a species to its energy density and its velocity. The
computations involved for the distribution function at second order were rather long, and
it was used as a consistency check for the gauge transformation rules and the collisionless
Boltzmann equation. Since the fluid approximation is built out of the kinetic theory, it was
indeed expected that all the conclusions made in this statistical description could find their
fluid approximation counterpart.
It is now necessary to determine under which conditions this can be done, that is when the
anisotropic stress can be neglected. This requires us to work on the physics of coupled species,
baryons and photons, in the cosmological context. The collision term as well as its physical
implications has been studied in [28], and it is very likely that the extraction of its quadrupole
in equation (4.18) is not affected by the previous considerations. Indeed, in the tight coupling
limit (which requires only the collision term) for a system of photons and electrons highly
coupled through the Compton diffusion, the authors of [28] find that the quadrupole satisfies
ˆF ij (2) ≃ 8
3
ρ¯
[
∂ i vˆ(1)∂j vˆ(1) − δ
ij
3
(∂k vˆ
(1)∂k vˆ(1))
]
. (125)
This result is necessary to determine in which case the fluid approximation can be used.
Comparing it with equation (123), we immediately see that the physical interpretation of this
result is that the second-order anisotropic stress of radiation ˆij (2) is suppressed in the tight
coupling limit. As a consequence, the fluid approximation can be used in the tight coupling
limit also at second order in perturbations.
7. Conclusion
In this paper, we have performed a general investigation of the gauge invariance of the
distribution function. This allows us to recover very easily the standard results at the first
order and to extend them at the second order. We derived the fluid approximation at first
and second orders. This required us to carefully define the stress–energy tensor in the local
Minkowskian frame. At the second order, our results differ from those previously derived in
the literature [27, 28]. We have tackled down the origin of the differences and shown that it was
lying in an incorrect identification between the tetrad and the canonical basis. Our analysis,
restricted to the collisionless case, puts the second-order Boltzmann equation, needed if we
intend to study non-Gaussianities in the CMB, on firm ground.
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Appendix A. Source terms in second-order transformations
The perturbation variables in the decomposition (1) are extracted as follows:
 = − 1
2a2
δg00,
 = − 1
4a2
(δij −−1∂ i∂j )δgij ,
B = 1
a2
−1∂ iδg0i,
E = 1
4a2
()−1(3∂ i∂j −δij )δgij ,
Epq =
1
2a2
(
δrp −−1∂p∂r
)(
δsq −−1∂q∂s
) (
δirδ
j
s −
1
3
δrsδ
ij
)
δgij .
(A.1)
Using this method we can read the source terms defined in equation (37), which are quadratic
in the gauge change variables T ,L and the perturbation variables ,,B,E,Eij , in equation
(16):
S = T (T ′′ + 5HT ′ + (H′ + 2H2)T + 4H + 2′) + T ′(2T ′ + 4) + ∂iL∂ i(T ′ +HT + 2)
+ ∂iL
′∂ i
(
T − 2B − L′) , (A.2)
S = −T (HT ′ + (H′ + 2H2)T − 2 ′ − 4H)− ∂i (HT − 2) ∂ iL− 12 (δij −−1∂ i∂j )
×
[
∂j (2B + L′ − T )∂iT + ∂i∂kL(2∂k∂jL ∂k∂jE Ekj + (2HT − )δkj )
+ T ∂i∂j (L
′ + 2HL) + T (2E′ij + 2∂i∂jE′ + 4HEij + 4H∂i∂jE)
+ ∂kL∂k(∂i∂jL + 2Eij + 2∂i∂jE)
]
. (A.3)
S is slightly different from [13, 44] since, in these works, the extraction of metric perturbation
variables is not performed according to equation (A.1). However, this mistake does not matter
for their study that focused on the long wavelength limit
SB = −1∂ i{T ′∂i(2B + L′ − T ) + ∂jL′[2∂i∂jL + 2(HT − 2)δij + 4(Eij + ∂i∂jE)]
+ ∂j∂iL∂j (2B + L′ − T ) + ∂jL∂j∂i(2B + L′ − T )
+ ∂iT (−4− 2T ′ − 2HT ) + T ∂i(2B + L′′ − T ′)
+ 2HT ∂i(2B + L′ − T )}, (A.4)
SE = ()−1
(
3
2
∂ i∂j − 1
2
δij
)
{∂j (2B + L′ − T )∂iT
+ ∂i∂
kL[2∂k∂jL ∂k∂jE Ekj + (2HT − )δkj ]
+ T ∂i∂j (L
′ + 2HL) + T (2E′ij + 2∂i∂jE′ + 4HEij + 4H∂i∂jE)
+ ∂kL∂k(∂i∂jL + 2Eij + 2∂i∂jE)}, (A.5)
4+4+4
4+4+4
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SEpq =
(
δrp −−1∂p∂r
)(
δsq −−1∂q∂s
) (
δirδ
j
s −
δrs
3
δij
)
×{∂i∂kL[2∂k∂jL ∂k∂jE Ekj + (2HT − )δkj ]
+ T ∂i∂j (L
′ + 2HL) + ∂j (2B + L′ − T )∂iT
+ T (2E′ij + 2∂i∂jE
′ + 4HEij + 4H∂i∂jE)
+ ∂kL∂k(∂i∂jL + 2Eij + 2∂i∂jE)}, (A.6)
Sρ = T (ρ¯ ′′T + ρ¯ ′T ′ + 2δρ ′) + ∂ iL∂i(2δρ + ρ¯ ′T ), (A.7)
SP = T ( ¯P ′′T + ¯P ′T ′ + 2δP ′) + ∂ iL∂i(2δP + ¯P ′T ), (A.8)
Sv = −1∂i[HT ∂ i(L′ − 2v) + T ∂ i(2v′ − L′′)
+Lj∂j∂
i(2v − L′) + ∂ iL′(HT + T ′ + 2) + ∂j (L′ − 2v)∂j∂ iL]. (A.9)
Appendix B. Transformation rules of the tetrad fields
Rab and Sab are defined in equation (52). The perturbation variables of the metric are defined
in equation (1).
B.1. First order
R
(1)
00,X = −S(1)00,X = (1)
R
(1)
0ai ,X = −S
(1)
0ai ,X = −∂aiB(1)
R
(1)
ai0,X = −S
(1)
ai0,X = 0
R
(1)
aiak ,X
= −S(1)aiak ,X = (1)δaiak − ∂ak∂aiE(1) − E(1)aiak .
(B.1)
We can read directly from these expressions the transformation rules for the tetrad
δ
(1)
Y e
µ
0 = T
(
δ
(1)
X e
µ
0
) = −T ((1))e¯µ0 − e¯µai∂aiT (B(1))
δ
(1)
Y e
µ
ai
= T (δ(1)X eµai ) = T ((1))e¯µai − e¯µak∂ak∂aiT (E(1)). (B.2)
B.2. Second order
R
(2)
00,X = (2) − 32 + ∂iB∂ iB
R
(2)
0ai ,X = −∂aiB(2) + (2− 4)∂aiB + 4∂ajB
(
∂ai∂ajE + Eaiaj
)
R
(2)
ai0,X = −S
(2)
ai0,X = 0
R
(2)
aiak ,X
= −S(2)aiak ,X
= (2)δaiak −
(
∂ak∂aiE
(2) + E(2)akai
)
2δaiak
+ 3
(
∂ai∂
alE + Ealai
)(
∂al∂akE + Ealak
)
− 6(∂ai∂akE + Eaiak )
−S(2)00,X = (2) −2 + ∂iB∂ iB
−S(2)0ai ,X = −∂aiB(2) − 2∂aiB + 2∂ajB
(
∂ai∂ajE + Eaiaj
)
. (B.3)
In these formulae, we have omitted the first-order superscript as there is no possible confusion.
In the following, we will also omit the first-order superscript. The transformation rules for the
+3
4+4 +4
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tetrads can be read, as we did for the first-order case:
T (δ(2)X eµ0 ) = −[T ((2))− 3T ()2 + ∂iT (B)∂ iT (B)]e¯µ0
+
{−∂aiT (B(2)) + [2T ()− 4T ()]∂aiT (B)
+ 4∂ajT (B)[∂ai∂ajT (E) + Eaiaj ]}e¯µai
T (δ(2)X eµai ) = [T ((2)) T ()2]e¯µai
+
{−∂ak∂aiT (E(2)) + 3[∂ai∂ajT (E) + Eajai ][∂ak∂ajT (E) + Eakaj ]
− 6T ()[∂ak∂aiT (E) + Eakai ]}e¯µak . (B.4)
Appendix C. Transformation of δ(2)f
T (δ(2)X f ) =
{(LT λ2 + L2T λ1)[ ¯f (xν, apµ)] + 2LT λ1[δ(1)X f (xν, apµ)]
+
[T (R(2)ca,X ) + S(2)ca,X + 2S(1)da,X T (R(1)cd,X )]πa ∂ ¯f∂π c
+
[T (R(1)ba,X )T (R(1)dc,X ) + S(1)ba,X S(1)dc,X + 2S(1)ba,X T (R(1)dc,X )]πaπ c ∂2 ¯f∂πb∂πd
+ 2T (R(1)ba,X )πa ∂∂πbLT λ1 [ ¯f (xν, apµ)] + 2LT λ1
[
S
(1)b
a,X π
a ∂
∂πb
¯f (xν, apµ)
{
+ 2
[T (R(1)ba,X ) + S(1)ba,X ]πa ∂∂πb δ(1)X f (xν, apµ)
}
. (C.1)
These individual terms are explicitly given by
[T (R(2)00,X ) + S(2)00,X + 2S(1)00,X T (R(1)00,X )]π0 ∂ ¯f∂π0
= [−(T (2)′ +HT (2) + S(T , L)) + 4(T ′ +HT ) + 3(T ′ +HT )2
− 2∂iB∂ i(−T + L′)− ∂i(−T + L′)∂ i(−T + L′)]π0
∂ ¯f
∂π0
, (C.2)
[T (R(1)00,X )T (R(1)00,X ) + S(1)00,X S(1)00,X + 2S(1)00,X T (R(1)00,X )]π0π0 ∂2 ¯f∂π0∂π0 = ∂
2
¯f
∂(π0)2
(π0)2(T ′ +HT )2,
(C.3)
2
[T (R(1)ba,X ) + S(1)ba,X ]πa ∂∂πb δ(1)X f (xν, apµ)
= −2∂δ
(1)
X f
∂π0
π0(T ′ +HT )− 2∂δ
(1)
X f
∂π i
π0(−∂ iT + ∂ iL′)
− 2∂δ
(1)
X f
∂π i
(π j∂ i∂jL +Hπ iT ), (C.4)
2T (R(1)ba,X )πa ∂∂πbLT λ1 [ ¯f (xν, apµ)]
= −2
[
∂2 ¯f
∂(π0)2
(π0)2 +
∂ ¯f
∂π0
π0
{
(T ′ +HT )( + T ′ +HT )
+3
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− 2 ∂
2
¯f
∂(π0)2
(π0)2(ni∂iT )( + T
′ +HT )− 2T ∂
2
¯f
∂η∂π0
( + T ′ +HT )
− 2 ∂
¯f
∂π0
π0(B i − ∂ iT + ∂ iL′)∂iT
−2 ∂
¯f
∂π0
π0
[
nj∂ i∂j (E + L) + n
jEij + n
i(− +HT )]∂iT , (C.5)
2LT ξ1
[
S
(1)b
c,X aπ
c ∂
∂πb
¯f (xν, apµ)
] = 2 ∂2 ¯f
∂η∂π0
π0T + 2
∂ ¯f
∂π0
π0
(
′T + ∂i∂ iL
)
+ 2
[
∂2 ¯f
∂
(
π0
)2 (π0)2 + ∂ ¯f∂π0π0
]

(
T ′ +HT + ni∂iT
)
, (C.6)
(LT ξ2 + L2T ξ1)[ ¯f (xν, apµ)] = T (2) ∂ ¯f∂η + ∂
¯f
∂π0
π0(T (2)
′
+HT (2) + ni∂iT (2))
+
∂2 ¯f
∂η2
T 2 +
∂ ¯f
∂η
(T T ′ + ∂iT ∂ iL) +
∂2 ¯f
∂π0∂η
π02T (T ′ +HT + ni∂iT )
+
∂2 ¯f
∂(π0)2
(π0)2[2ni∂iT (HT +T ′)+ (ni∂iT )(nj∂jT )+H2T 2 + 2HT T ′ + (T ′)2]
+
∂ ¯f
∂π0
π0[T T ′′ +H′T 2 + 3HT T ′ + T ni∂iT ′ + T ′ni∂iT +H2T 2 + 2HT ni∂iT
+ ∂jT
′∂jL + ∂jT ∂jL′ +H∂jT ∂jL + ∂jLni∂i∂jT + ∂jT ni∂i∂jL + (T ′)2],
(C.7)
2LT ξ1
[
δ
(1)
X f (x
ν, apµ)
] = 2(π0T ′ + π j∂jT )∂δ(1)X f
∂π0
+ 2(π0∂ iL′ + π j∂ i∂jL)
∂δ
(1)
X f
∂π i
+ 2∂ iL
∂δ
(1)
X f
∂xi
+ 2T
(
∂δ
(1)
X f
∂η
+
∂δ
(1)
X f
∂π0
Hπ0 + ∂δ
(1)
X f
∂π i
Hπ i
)
. (C.8)
In the above formulae, we have omitted to write the fact that the derivatives with respect
to η or xi are taken at fixed πa .
Appendix D. Integral relations necessary to derive the fluid limit
The integrations on angular directions can be handled with the general formulae (see [43])∫
ni1 . . . nik
d2
4π
= 0 if k = 2p + 1 (D.1)
∫
ni1 . . . nik
d2
4π
= 1
k + 1
(δ(i1i2 . . . δi(k−1)ik)) if k = 2p. (D.2)
By successive integration by parts, we also obtain the following useful results:∫
¯f (xµ, π0)(π0)3 dπ0 d2 = ρ¯(xµ),∫
∂ ¯f (xµ, π0)
∂π0
(π0)4 dπ0 d2 = −4ρ¯(xµ),∫
∂2 ¯f (xµ, π0)
∂2π0
(π0)5 dπ0 d2 = 20ρ¯(xµ).
(D.3)
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Appendix E. The fluid limit for radiation
As explained in section 2.1, second-order quantities involve either purely second-order
perturbation variables or terms quadratic in first-order perturbation variables. As long as
the order of the quantity is known, we can omit the order superscript in order to simplify
notations.
E.1. Geometric quantities
In the Newtonian gauge, ignoring vector perturbations for simplicity, the non-vanishing
Christoffel symbols associated with the metric (1) are for the background
(0)Ŵ000 = H, (0)Ŵ0jk = Hδjk, (0)Ŵi0j = Hδij . (E.1)
At the first order, we get
(1)Ŵ000 = ′, (1)Ŵ00j = ∂j, (1)Ŵi00 = ∂ i, (E.2)
(1)Ŵ0jk = 2HEjk + E′jk − (2H +  ′ + 2H)δjk, (E.3)
(1)Ŵi0j = E′i j − ′δij , (E.4)
(1)Ŵijk = 2∂(k
[
Eij) −δij)
]− ∂ i(Ejk −δjk), (E.5)
where A(ij) ≡ (Aij + Aji)/2. At the second order, we obtain
(2)Ŵ000 = ′ − 4′, (2)Ŵ00j = ∂j− 4∂j, (E.6)
(2)Ŵi00 = ∂ i− 4Eij∂j + 4∂ i, (E.7)
(2)Ŵ0jk = [−2H − ′ + 4 ′ − 2H + 8H( + )]δjk
+ 2HEjk − 8HEjk + E′jk − 4E′jk, (E.8)
(2)Ŵi0j = Ei
′
j + 4
′Eij − ′δij − 4 ′δij − 4EikE′kj + 4Eij
′
, (E.9)
(2)Ŵijk = 2∂(k
[
Eij) −δij)
]− ∂ i(Ejk −δjk)
+ 4(Eil −δil){[∂l(Ejk −δjk) + ∂j (Eik −δik)]
− [l → kk → jj → l]− [l → jk → lj → k]}. (E.10)
E.2. The radiation fluid equations
The conservation equation ∇µT µν for the stress–energy tensor (7) with a radiation equation
of state P = ρ/3 and where we assume πµν = 0 are the conservation equation
(δ(1)ρ)′ + 4Hδ(1)ρ + 43 ρ¯(v(1) − 3(1)′) = 0,
(δ(2)ρ)′ + 4Hδ(2)ρ + 43 ρ¯(v(2) − 3(2)′) = Sc,
(E.11)
and the Euler equation
v(1)′ + (1) +
δ(1)ρ
4ρ¯
= 0, v(2)′ + (2) + δ
(2)ρ
4ρ¯
= Se, (E.12)
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where the source terms in the second-order equations, which are quadratic in the first-order
perturbation variables, are given by
Sc =
8
3
{δρ ′ + 6ρ¯ ′ − ( + δ)ρ¯v + ∂iv[−∂ iδρ − 2ρ¯∂ iv′ − 2ρ¯∂ i + 3ρ¯∂ i]}, (E.13)
∂iSe = −2
(
δρ
ρ¯
∂iv
)′
+ 10 ′∂iv + 4∂iv′ − 2∂j (∂jv∂iv) + 2∂iv′ − 2
δρ
ρ
∂i + 4∂i.
(E.14)
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❉❡❢▼❛♥✐❢♦❧❞ ❬▼✹✱ ✹ ✱ ④ ❛ ✱ ❜ ✱ ❝ ✱ ❞⑥ ✱ ✐♥❞ ❪ ❀
❉❡❢▼❡tr✐❝ ❬−✶ ✱ ❣❜❛r ❬−❛✱−❜ ❪ ✱❈❉❪ ❀
❆✉t♦♠❛t✐q✉❡♠❡♥t ❧❡s t❡♥s❡✉rs ❞❡ ❘✐❡♠❛♥♥ ✭❘✐❡♠❛♥♥❈❉✮ ❞❡ ❘✐❝❝✐ ✭❘✐❝❝✐❈❉✮ ❧❡ s❝❛❧❛✐r❡ ❞❡
❘✐❝❝✐ ✭❘✐❝❝✐❙❝❛❧❛r❈❉✮✱ ❧❡ t❡♥s❡✉r ❞✬❊✐♥st❡✐♥ ✭❊✐♥st❡✐♥❈❉✮ ❡t ❧❡s s②♠❜♦❧❡s ❞❡ ❈❤r✐st♦✛❡❧
✭❈❤r✐st♦❢❢❡❧❈❉✮ s♦♥t ❝réés✱ ❝❡❝✐ ❞❡ ❢❛ç♦♥ ❢♦r♠❡❧❧❡ ♣✉✐sq✉❡ ❧❛ ♠étr✐q✉❡ ♥✬❡st ♣❛s ❡①♣❧✐❝✐té❡✳
✺✳✸✳✷ ❆❧❣♦r✐t❤♠❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥
❖♥ ré❛❧✐s❡ ❡♥s✉✐t❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡s t❡♥s❡✉rs ❞❡ ❘✐❡♠❛♥♥✱ ❞❡ ❘✐❝❝✐ ❡t ❞✬❊✐♥st❡✐♥ ♣❛r ❧❛
♠ét❤♦❞❡ ❞❡ P❛❧❛t✐♥✐ ❬❲❛❧❞ ✽✹❪✳ ◆♦✉s s✉✐✈♦♥s ✐❝✐ ❧❡s ♠ét❤♦❞❡s ❡①♣♦sé❡s ❞❛♥s ❬❇r✐③✉❡❧❛ ❡t ❛❧✳ ✵✻❪✳
❖♥ r❡❧✐❡ ❝❡s t❡♥s❡✉rs ❛ss♦❝✐és à g¯µν à ❝❡✉① ❛ss♦❝✐és à gµν ≡ g¯µν + δgµν ❡♥ ✉t✐❧✐s❛♥t
δΓρνσ =
gρα
2
(∇¯νδgασ + ∇¯σδgνα − ∇¯αδgνσ)
δRµν = ∇¯αδΓαµν − ∇¯νδΓααµ − δΓβµλδΓλβν + δΓββλδΓλµν . ✭✺✳✺✮
P✉✐sq✉❡ [g¯µα + δ (gµα)] [g¯αν + δgαν ] = δ
µ
ν ✱ ♦♥ ♣❡✉t r❡❧✐❡r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ♠é✲
tr✐q✉❡ δ (gµα) à ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ δgµν ♣❛r
δ (gµν) = −δgµα
[ ∞∑
k=0
[
(−δg)k
]α
β
]
g¯βν , ♦ù
[
− (δg)k
]α
β
≡ (−1)kδgαλ1δgλ1λ2 . . . δg
λk−1
β . ✭✺✳✻✮
❖♥ r❛♣♣❡❧❧❡ q✉❡ (δg)µν 6= δ (gµν) ❝❛r ❧❡s ✐♥❞✐❝❡s s♦♥t ❜❛✐ssés ❡t ❧❡✈és ❛✈❡❝ ❧❛ ♠étr✐q✉❡ ❞❡ ❢♦♥❞ g¯µν
❛✐♥s✐ q✉❡ s♦♥ ✐♥✈❡rs❡ g¯µν ✳ ❉❛♥s ❧❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❡♥ ♣❡rt✉r❜❛t✐♦♥ ❞✬✉♥❡ q✉❛♥t✐té X✱ ♦♥ ❛❞♦♣t❡
❝♦♠♠❡ é✈♦q✉é ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✷✱ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ♦r❞r❡ ♣❛r ♦r❞r❡ ❞❡ ❧❛ ❢♦r♠❡
δX =
∞∑
k=1
lk
δ(k)X
k!
. ✭✺✳✼✮
✶✵✹ ▲❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ❧❡ ré❣✐♠❡ ♥♦♥✲❧✐♥é❛✐r❡
▲❡ ♣❛r❛♠ètr❡ l ♥✬❡st ❧à q✉❡ ♣♦✉r ♣♦✉✈♦✐r ✐❞❡♥t✐✜❡r ❧✬♦r❞r❡ n à ✉♥❡ ♣✉✐ss❛♥❝❡ n ❞❡ l✳ ❖♥ ♣r❡♥❞r❛
❡♥s✉✐t❡ l = 1✳ ❖♥ ♣❡✉t é❝r✐r❡ ❞❡s ❢♦r♠✉❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❣é♥ér❛❧❡s ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❝♦♥❝❡♣t ❞❡
♣❛rt✐t✐♦♥ ❛rr❛♥❣é❡✳ ❈❡❧❛ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❢r✉❝t✉❡✉① s✐ ❧✬♦♥ s♦✉❤❛✐t❡ ♦r❣❛♥✐s❡r ❧❡ ❝❛❧❝✉❧ ❞❡
♣❡rt✉r❜❛t✐♦♥s ❞❡ ♠❛♥✐èr❡ r❡❝✉rs✐✈❡✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ♣❛rt✐t✐♦♥ ❛rr❛♥❣é❡s✶ {ki}m,n ❡st ❧✬❡♥s❡♠❜❧❡
❞❡s 2n−1 ❝♦♠❜✐♥❛✐s♦♥s ❞✬✐♥❞✐❝❡s k1 . . . km ♣♦s✐t✐❢s t❡❧s q✉❡ k1 + · · ·+ km = n✳ ❆✈❡❝ ❝❡tt❡ ♦✉t✐❧ ♦♥
♣❡✉t ré❝r✐r❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ à ✉♥ ♦r❞r❡ n ❞❡ ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ♠étr✐q✉❡ ❝♦♠♠❡
δ(n) (gµν) =
∑
{ki}m,n
n! (−1)m
k1! . . . km!
δ(km)gµα δ
(km−1)gαβ . . . δ
(k2)gτρ δ
(k1)gρν ,
δ(n)Γαµν =
∑
{ki}m,n
n! (−1)m+1
k1! . . . km!
δ(km)gαβ δ
(km−1)gβγ . . . δ
(k2)gτρ δ(k1)Cρµν ,
δ(n)Cρµν =
1
2
(
∇¯µδ(n)gρν + ∇¯νδ(n)gµρ − ∇¯ρδ(n)gµν
)
. ✭✺✳✽✮
▲❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡s s②♠❜♦❧❡s ❞❡ ❈❤r✐st♦✛❡❧ ♣❡✉t ❡♥s✉✐t❡ êtr❡ ✉t✐❧✐sé❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✺✳✺✮ ❡t
δ(n)Rµν = ∇¯αδ(n)Γαµν − ∇¯νδ(n)Γααµ +
n−1∑
k=1
n!
(n− k)!k!
(
−δ(k)Γβµλδ(n−k)Γλβν + δ(k)Γββλδ(n−k)Γλµν
)
.
✭✺✳✾✮
❖♥ ❝♦♥str✉✐t ❡♥s✉✐t❡ ❡♥ ✉t✐❧✐s❛♥t ❧✬❡①♣r❡ss✐♦♥ ♣ré❝é❞❡♥t❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ t❡♥s❡✉r ❞✬❊✐♥st❡✐♥✳
▲❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ s❡ ❢❛✐t ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❧✐❜r❛✐r✐❡ ①P❡rt q✉✐ s✬❛❥♦✉t❡ à ①❆❝t✳ ❯♥❡
❢♦✐s ❝❤❛r❣é❡✱ ♦♥ ❞é✜♥✐t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ ❡♥ ❞é✜♥✐ss❛♥t ✉♥ ♣❛r❛♠ètr❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥
✭❧✮ q✉✐ s❡r✈✐r❛ à ❝♦❧❧❡❝t❡r ❧❡s ❞✐✛ér❡♥ts ♦r❞r❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥✱ ♣✉✐s ♦♥ ❞é✜♥✐t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡
❧❛ ♠étr✐q✉❡ δg ✭❞❣✮✳
❉❡❢P❛r❛♠❡t❡r ❬ ❧ ❪
❉❡❢▼❡tr ✐❝P❡rt✉r❜❛t ✐♦♥ ❬ ❣❜❛r ✱ ❞❣ ✱ ❧ ❪
❈❡❝✐ ❝ré❡ ❛✉t♦♠❛t✐q✉❡♠❡♥t ❧❡s ❞✐✛ér❡♥ts ♦r❞r❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ ❞é✜♥✐s ♣❛r ❧❛
❞é❝♦♠♣♦s✐t✐♦♥ ✭✺✳✼✮✱ ❝✬❡st à ❞✐r❡ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ t❡♥s❡✉rs ❞❣❬✶✱✲❛✱✲❜❪ ❞❣❬✷✱✲❛✱✲❜❪✳ ✳ ✳ ❈❡❧❛ ❝ré❡
é❣❛❧❡♠❡♥t ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s à ❝❤❛q✉❡ ♦r❞r❡ ❞❡s t❡♥s❡✉rs ❞❡ ❘✐❡♠❛♥♥ ❞❡ ❘✐❝❝✐
❡t ❞✬❊✐♥st❡✐♥ ❛✐♥s✐ q✉❡ ❝❡✉① ❛ss♦❝✐és ❛✉① s②♠❜♦❧❡s ❞❡ ❈❤r✐st♦✛❡❧s✱ ♣✉✐s ❧❡s ♠❡t ❡♥ r❡❧❛t✐♦♥ ❛✈❡❝
❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ ❡♥ s✉✐✈❛♥t ❧❡s r❡❧❛t✐♦♥s ✭✺✳✽✲✺✳✾✮✳
❯♥❡ ❢♦✐s ❝❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ♦❜t❡♥✉s✱ ✐❧ ♥♦✉s ❢❛✉t sé♣❛r❡r ❧❡s ❝♦♦r❞♦♥♥é❡s ❞✬❡s♣❛❝❡ ❞❡s ❝♦✲
♦r❞♦♥♥é❡s ❞❡ t❡♠♣s✳ ◆♦✉s ✉t✐❧✐s♦♥s ♣♦✉r ❝❡❧❛ ❧❡ ❢♦r♠❛❧✐s♠❡ 1 + 3 s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✳ ▲❡s
♦❜s❡r✈❛t❡✉rs ❝♦♠♦❜✐❧❡s ❞❡ q✉❛❞r✐✈✐t❡ss❡ u¯µ ≡ (dt)µ s✉✐✈❡♥t ❞❡s ❣é♦❞és✐q✉❡s ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✱
❝✬❡st✲à✲❞✐r❡ q✉❡ a¯µ = 0✳ ❉❡ ♣❧✉s✱ ❛✜♥ ❞❡ ♣♦✉✈♦✐r ❞é✜♥✐r ❞❡s s✉r❢❛❝❡s ♦rt❤♦❣♦♥❛❧❡s ❛✉① ♦❜s❡r✈❛✲
t❡✉rs✱ ❝❡ ✢♦t ❡st ♥é❝❡ss❛✐r❡♠❡♥t ✐rr♦t❛t✐♦♥♥❡❧✱ ❝✬❡st✲à✲❞✐r❡ ω¯µν = 0✳ ❖♥ ♦❜t✐❡♥t ❞♦♥❝
∇¯µu¯ν = ∇¯ν u¯µ = K¯µν . ✭✺✳✶✵✮
❖♥ ❞é✜♥✐t ❧❡ ❝❤❛♠♣ ❞❡ ✈❡❝t❡✉r u¯µ s✉r ❧❛ ✈❛r✐été ▼✹✱ q✉❡ ❧✬♦♥ ♥♦r♠❛❧✐s❡ ♣❛r u¯µu¯µ = −1 ❡♥ ❝ré❛♥t
✉♥❡ rè❣❧❡ ❛✉t♦♠❛t✐q✉❡✱ ❛✐♥s✐ q✉❡ ❧❛ ♠étr✐q✉❡ ✐♥❞✉✐t❡ h¯µν ✭♠s♣❛t✮ ♣❛r
❉❡❢❚❡♥s♦r ❬ ✉ ❬ ❛ ❪ ✱ ④▼✹⑥ ❪
❆✉t♦♠❛t✐❝❘✉❧❡s ❬ ✉ ✱ ▼❛❦❡❘✉❧❡ ❬ ④ ✉ ❬ ❛ ❪ ✉❬−❛ ✱ −✶⑥❪❪
❉❡❢▼❡tr✐❝ ❬ ✶ ✱ ♠s♣❛t❬−❛✱−❜ ❪ ✱ ❝❞ ✱ ■♥❞✉❝❡❞❋r♦♠ −❃ ④❣❜❛r ✱ ✉ ⑥ ❪
✶❈❡❝✐ ♥✬❛ r✐❡♥ ❛ ✈♦✐r ❛✈❡❝ ❧❡s ❛rr❛♥❣❡♠❡♥ts s✉r ✉♥❡ ♣❛rt✐t✐♦♥✳
❚r❛✐t❡♠❡♥t ✐♥❢♦r♠❛t✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✶✵✺
❈❡❧❛ ❣é♥èr❡ t♦✉s ❧❡s t❡♥s❡✉rs ❛ss♦❝✐és ❝♦♠♠❡ ♣♦✉r ❧❛ ♠étr✐q✉❡ ❣❧♦❜❛❧❡ ❣❜❛r ♠❛✐s ❛✈❡❝ ❧❡s s✉❢✲
✜①❡s ❈❉ r❡♠♣❧❛❝és ♣❛r ❝❞✳ ❉❡ ♣❧✉s ❝❡❧❛ ❣é♥èr❡ ❛✉t♦♠❛t✐q✉❡♠❡♥t ❧❛ ❝♦✉r❜✉r❡ ❡①tr✐♥sèq✉❡ ❛ss♦❝✐é❡
✭❊①tr✐♥s✐❝❑♠s♣❛t✮ ❡t s✉♣♣♦s❡ ✐♠♣❧✐❝✐t❡♠❡♥t q✉❡ ❧❛ ✈♦rt✐❝✐té ❡st ♥✉❧❧❡ ❝❡ q✉✐ ❢❛✐t q✉❡ ♥♦✉s ♣♦✉✲
✈♦♥s ♣❛r❧❡r ❞❡ s❡❝t✐♦♥s s♣❛t✐❛❧❡s✳ ❈❡❧❛ ❣é♥èr❡ é❣❛❧❡♠❡♥t ❧✬❛❝❝é❧ér❛t✐♦♥ aµ ✭❆❝❝❡❧❡r❛t✐♦♥✉✮ ❡t
❝♦♠♠❡ ♥♦✉s s♦✉❤❛✐t♦♥s q✉❡ ❧❡s ♦❜s❡r✈❛t❡✉rs ❞❡ ❢♦♥❞ ❞❡ q✉❛❞r✐✈✐t❡ss❡ u¯µ s♦✐❡♥t ❡♥ ❝❤✉t❡ ❧✐❜r❡
♥♦✉s ❞❡♠❛♥❞♦♥s
❆❝❝❡ ❧ ❡ r❛ t ✐ ♦♥✉ ❬ ❛❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗❪❂✵❀
❉✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ Kµν ✭✷✳✶✵✾✮✱ ❡t ❧❛ r❡❧❛t✐♦♥ ❞❡ ●❛✉ss✲❈♦❞❛③③✐ ✭✷✳✶✶✵✮✱ ✐❧ s✉✣t ❞❡ ❝❤♦✐s✐r Θ
❡t σµν ❛✐♥s✐ q✉❡ ❧❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❛ss♦❝✐é à h¯µν ❛✜♥ ❞❡ ❝❛r❛❝tér✐s❡r ❧✬❡s♣❛❝❡✲t❡♠♣s ❞❡ ❢♦♥❞✳
▲❛ ♠ét❤♦❞❡ ❡st ♣♦✉r ❧✬✐♥st❛♥t ❣é♥ér❛❧❡ ❡t ♣❡r♠❡t ❞❡ ❝♦♥s✐❞ér❡r ❞❡s ❡s♣❛❝❡s✲t❡♠♣s ♣❧✉s ❣é♥ér❛✉①
q✉❡ ❞❡s ❡s♣❛❝❡s ❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛îtr❡ s❛♥s ❝♦✉❜✉r❡✳ ❆✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡s ❡①♣❧✐❝❛t✐♦♥s✱ ♥♦✉s
♥♦✉s r❡str❡✐❣♥♦♥s ♣♦✉rt❛♥t à ❝❡ ❝❛s✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❞♦♥❝ ❧❡ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ✭❛✮✱ ❧❡ ❝❤❛♠♣ ❞❡
❍✉❜❜❧❡ H = Θ/3 ✭❍✮ ❡t ❡①♣❧✐❝✐t♦♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ❝♦✉r❜✉r❡ ❡①tr✐♥sèq✉❡ ♣❛r Kµν = Hh¯µν
❛✐♥s✐ q✉❡ ❧❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s✱ ❝✬❡st✲à✲❞✐r❡ ❛ss♦❝✐é à h¯µν ✳
❉❡❢❚❡♥s♦r ❬ ❛ ❬ ❪ ✱ ④▼✹⑥ ❪
❉❡❢❚❡♥s♦r ❬❍❬ ❪ ✱ ④▼✹⑥ ❪
❊①tr✐♥s✐❝❑♠s♣❛t ❬ ❛❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱❜❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗❪ ❂ ❍❬ ❪ ♠s♣❛t ❬ ❛ ✱ ❜ ❪
❘✐❡♠❛♥♥❝❞ ❬ ❛❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱❜❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱ ❝❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱
❞❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗❪❂✵
❖♥ r❡❧✐❡ ❡♥s✉✐t❡ ❧❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❛ss♦❝✐é à g¯µν ❛✉ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❛ss♦❝✐é à h¯µν ❡♥
✉t✐❧✐s❛♥t ❧❛ r❡❧❛t✐♦♥ ❞❡ ●❛✉ss✲❈♦❞❛③③✐ ✭✷✳✶✶✵✮✳
❘✉❧❡❘✐❡♠❛♥♥ ❂ ❋❧❛t t❡♥ ❬ ④
▼❛❦❡❘✉❧❡ ❬ ④
❘✐❡♠❛♥♥❈❉ ❬❛❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱❜❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱ ❝❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱
❞❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗❪❂❘✐❡♠❛♥♥❝❞ ❬ ❛ ✱ ❜ ✱ ❝ ✱ ❞ ❪ ✰ ✳ ✳ ✳ ⑥ ❪ ✱
▼❛❦❡❘✉❧❡ ❬ ④
❘✐❝❝✐❈❉ ❬❛❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱❜❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗❪❂❘✐❝❝ ✐ ❝❞ ❬ ❛ ✱ ❜ ❪ ✰ ✳ ✳ ✳ ⑥ ❪ ✱
▼❛❦❡❘✉❧❡ ❬ ④ ❘✐❝❝✐❈❉ ❬ ❪❂ ❘✐❝❝ ✐ ❝❞ ❬ ❪ ✰ ✳ ✳ ✳ ⑥ ❪ ✱
⑥ ❪
■❧ ♥♦✉s ❢❛✉t ❞é❝♦♠♣♦s❡r ❡♥ 1+3 t♦✉s ❧❡s t❡♥s❡✉rs ❞♦♥t ♥♦✉s s♦✉❤❛✐t♦♥s ❝❛❧❝✉❧❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s✳
◆♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❛✐♥s✐ ♣❛r ❡①❡♠♣❧❡ à ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❥✉sq✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❡ G00 ♦✉
❜✐❡♥ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞❡ Gij ✱ ❝✬❡st✲à✲❞✐r❡(
G¯µν + δ
(1)Gµν
)
u¯µu¯ν(
G¯αβ + δ
(1)Gαβ +
1
2
δ(2)Gαβ
)
h¯αµh¯
β
ν . ✭✺✳✶✶✮
●❞❞✵✵ ❬ ❪❂ ❚♦●❡♥❡r❛❧ ❬ P❡rt✉r❜❡❞ ❬ ❊✐♥st❡✐♥❈❉❬−❛✱−❜ ✱ ✶ ❪ ❪ ✉ ❬ ❛ ❪ ✉ ❬ ❜ ❪ ✴✴ ❚♦❈❛♥♦♥✐❝❛❧ ❀
●❞❞✐❥ ❬−❛❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱ −❜❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗❪❂❚♦●❡♥❡r❛❧ ❬ P❡rt✉r❜❡❞ ❬
❊✐♥st❡✐♥❈❉❬−❝ ✱ −❞ ❪ ✱ ✷ ❪ ❪ ♠s♣❛t ❬ ❝ ✱ −❛ ❪ ❪ ♠s♣❛t ❬ ❞ ✱ −❜ ❪ ✴✴❚♦❈❛♥♦♥✐❝❛❧ ❀
▲❛ ❢♦♥❝t✐♦♥ ❚♦❈❛♥♦♥✐❝❛❧ ❛ ♦r❞♦♥♥é ❞❛♥s ❧❡s ❡①♣r❡ss✐♦♥s ♣ré❝é❞❡♥t❡s ❧❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s
❞♦✉❜❧❡s ❡t ❢❛✐t ❛♣♣❛r❛îtr❡ ♣♦✉r ❝❡❧❛ ❧❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❡♥ ✉t✐❧✐s❛♥t ❧❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉✲
t❛t✐♦♥ ❞❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s✳ ❈✬❡st ❧❛ r❛✐s♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ♥♦✉s ❛✈♦♥s ❡✉ ❜❡s♦✐♥ ❞❡ s♣é❝✐✜❡r
✶✵✻ ▲❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ❧❡ ré❣✐♠❡ ♥♦♥✲❧✐♥é❛✐r❡
❧✬❡①♣r❡ss✐♦♥ ❞✉ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥✳ ■❧ ♥♦✉s r❡st❡ à s♣é❝✐✜❡r ❡①♣❧✐❝✐t❡♠❡♥t ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ♣❡r✲
t✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ à t♦✉t ♦r❞r❡ ❛✜♥ ❞✬♦❜t❡♥✐r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ♣❡rt✉r❜❛t✐❢ r❡❝❤❡r❝❤é✳ ❊♥
t♦✉t❡ ❣é♥ér❛❧✐té ♦♥ ♣❡✉t ❞é❝♦♠♣♦s❡r ❧❛ ♠étr✐q✉❡ ♣❡rt✉r❜é❡ ❡♥ s✉✐✈❛♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ✭✺✳✷✮
δgµν ≡ −2Φu¯µu¯ν + 2a
(
D¯αB +Bα − 2K¯αλD¯λE
)
u¯(ν h¯
α
µ)
−2ΨK¯µν
H
+ 2a2D¯µD¯νE + 2a
2D¯(µEν) + 2a
2Eµν , ✭✺✳✶✷✮
❛✈❡❝
D¯µa = 0, D¯
µEµν = 0, E
µ
µ = 0, D¯
µEµ = 0, D¯
µBµ=0. ✭✺✳✶✸✮
◆♦✉s ❥✉st✐✜❡r♦♥s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✽ ♣♦✉rq✉♦✐ ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡st très ❣é♥ér❛❧❡ ❡♥ ❡①♣❧✐q✉❛♥t
❡♥ ❞ét❛✐❧ s♦♥ ✐♥térêt✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❡s ✐♥❞✐❝❡s s♦♥t ❧❡✈és ❡t ❜❛✐ssés ❛✈❡❝ ❧❛ ♠étr✐q✉❡ g¯µν ✳ ❙✐
❧✬♦♥ s♦✉❤❛✐t❡ tr❛✈❛✐❧❧❡r ❞❛♥s ❧❛ ❥❛✉❣❡ ◆❡✇t♦♥✐❡♥♥❡ ❡♥ ♥é❣❧✐❣❡❛♥t ❞❡ ♣❧✉s ❧❡s q✉❛♥t✐tés ✈❡❝t♦r✐❡❧❧❡s✱
❛❧♦rs ♦♥ s✉♣♣♦s❡ ❞❡ ♣❧✉s q✉❡ B = E = 0 ❡t Bµ = Eµ = 0✳ ❈✬❡st ❧❡ ❝❤♦✐① q✉❡ ♥♦✉s ❢❛✐s♦♥s ✐❝✐ ❡t
♥♦✉s ❞é✜♥✐ss♦♥s ❞♦♥❝ ❧❡s ❝❤❛♠♣s ❞❡ ♣❡rt✉r❜❛t✐♦♥s s❝❛❧❛✐r❡s Ψ ✭Ps✐✮✱ Φ ✭P❤✐✮ ❡t Eij ✭❊t✮ ❛✈❡❝
❧❡✉rs ♣r♦♣r✐étés✳ ◆♦✉s ❧❡s ✉t✐❧✐s♦♥s ❡♥s✉✐t❡ ♣♦✉r ❡①♣❧✐❝✐t❡r ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛
♠étr✐q✉❡✱ ❡♥ ♥♦✉s r❡str❡✐❣♥❛♥t ✐❝✐ ♣❛r s♦✉❝✐s ❞❡ s✐♠♣❧✐❝✐té ❛✉ ♣r❡♠✐❡r ♦r❞r❡✳
❉❡❢❚❡♥s♦r ❬ Ps ✐ ❬ ❪ ✱ ④▼✹⑥ ❪
❉❡❢❚❡♥s♦r ❬ P❤✐ ❬ ❪ ✱ ④▼✹⑥ ❪
❉❡❢❚❡♥s♦r ❬ ❊t❬−❛✱−❜ ❪ ✱ ④▼✹⑥ ✱ ❙②♠♠❡tr✐❝ ❬④−❛✱−❜ ⑥ ❪ ✱ ❖rt❤♦❣♦♥❛❧❚♦ −❃ ④✉ ❬ ❛ ❪ ✱ ✉ ❬ ❜ ❪ ⑥ ✱
Pr♦❥❡❝t❡❞❲✐t❤ −❃ ④♠s♣❛t ❬ ❛✱−❝ ❪ ✱ ♠s♣❛t ❬ ❜✱−❝ ❪ ⑥ ❪
❞❣ ❬ ▲■ ❬ ✶ ❪ ✱ ❛❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱ ❜❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗❪ ✿❂
−✷ P❤✐ ❬ ❪ ✉ ❬ ❛ ❪ ✉ ❬ ❜ ❪ −✷ Ps✐ ❬ ❪ ❊①tr✐♥s✐❝❑♠s♣❛t ❬ ❛ ✱ ❜ ❪ ✴❍ ❬ ❪ ✰✷ ❛ ❬ ❪ ❫ ✷ ❊t ❬ ❛ ✱ ❜ ❪
❉✬❛♣rès ❧❡s ❡①♣r❡ss✐♦♥s ✭✺✳✽✱✺✳✾✮✱ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡s t❡♥s❡✉rs ❞❡ ❘✐❝❝✐✱ ❞✬❊✐♥st❡✐♥✱ ❡t ❞❡s s②♠✲
❜♦❧❡s ❞❡ ❈❤r✐st♦✛❡❧ ♥❡ ❢♦♥t ✐♥t❡r✈❡♥✐r ❛✉ ✜♥❛❧ q✉❡ ❞❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s ❞❡ ❢♦♥❞ ❞❡s ♣❡rt✉r❜❛✲
t✐♦♥s ❞❡ ♠étr✐q✉❡✳ ❉✬❛♣rès ❧✬❡①♣r❡ss✐♦♥ ✭✺✳✶✷✮✱ ♦♥ ❝♦♥st❛t❡ q✉✬✐❧ ✈❛ ❢❛❧❧♦✐r ❝♦♥♥❛îtr❡ ❧❡s ❞ér✐✈é❡s
❝♦✈❛r✐❛♥t❡s ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥s Φ✱ Ψ ❡t Eµν ❛✐♥s✐ q✉❡ ❝❡❧❧❡s ❞❡ u¯µ ❡t h¯µν ✳ ❈♦♠♠❡
h¯µν = g¯µν + u¯µu¯ν ❡t ∇¯αg¯µν = 0✱ ✐❧ s✉✣t ❞❡ ❝♦♥♥❛îtr❡ ❧❛ ❞ér✐✈é❡ ❝♦✈❛r✐❛♥t ❞❡ u¯µ ♣♦✉r ❝♦♥♥❛îtr❡
❝❡❧❧❡s ❞❡ h¯µν ✳ ❖r ❝❡❝✐ ❡st ❞♦♥♥é ♣❛r ❧❛ ❝♦✉r❜✉r❡ ❡①tr✐♥sèq✉❡ K¯µν = Hh¯µν ❣râ❝❡ à ❧❛ r❡❧❛t✐♦♥ ✭✺✳✶✵✮✳
❖♥ ❞é✜♥✐t ❞♦♥❝ ❧❛ rè❣❧❡ s✉✐✈❛♥t❡ q✉✐ ♣❡r♠❡t ❞❡ ❢❛✐r❡ ❛♣♣❛r❛îtr❡ uµ ♣❧✉tôt q✉❡ hµν ✳
❘✉❧❡♠s♣❛tt♦❣❜❛r ❂ ▼❛❦❡r✉❧❡ ❬ ④
♠s♣❛t ❬ ❛❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱ ❜❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗❪ ✱ ❣❜❛r ❬ ❛ ✱ ❜❪✰✉ ❬ ❛ ❪ ✉ ❬ ❜ ❪
⑥ ❪
❆ ❝❡ st❛❞❡ ❞✉ ❝❛❧❝✉❧ ♥♦✉s ❛✈♦♥s ❞❡s ❡①♣r❡ss✐♦♥s ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ❞❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s ✭∇¯µ✮
❞❡ Φ✱ Ψ ❡t Eab ❛✐♥s✐ q✉❡ ❞❡ a ❡t H✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ a ❡t H s♦♥t ❝♦♥st❛♥ts s✉r ❧❡s
s❡❝t✐♦♥s s♣❛t✐❛❧❡s✱ ♦♥ tr❛♥s❢♦r♠❡ ❧❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s ❞❡ a ❡t H ❡♥ ❞ér✐✈é❡s ❞✐r❡❝t✐♦♥♥❡❧❧❡s
♣✉✐sq✉❡ ∇¯µa = −aHu¯µ ❡t ∇¯µH = −u¯µH˙✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ Φ Ψ ❡t Eab ✐❧ ♥♦✉s ❢❛✉t sé♣❛r❡r
❧❡s ✈❛r✐❛t✐♦♥s s♣❛t✐❛❧❡s ❞❡s ✈❛r✐❛t✐♦♥s t❡♠♣♦r❡❧❧❡s ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥s✱ ♦♥ ré❛❧✐s❡r❛ ✉♥❡
♣r♦❥❡❝t✐♦♥ 1 + 3 ❞❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s✳ ❖♥ ✉t✐❧✐s❡r❛ ❞♦♥❝ ❧❡s ❢♦r♠✉❧❡s ❞❡ ♣r♦❥❡❝t✐♦♥s 1 + 3
❚r❛✐t❡♠❡♥t ✐♥❢♦r♠❛t✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✶✵✼
s✉✐✈❛♥t❡s q✉✐ s♦♥t r❡str❡✐♥t❡s ❛✉ ❝❛s ω¯µν = 0 a¯µ = 0
∇¯αS = −uαS˙ + D¯αS
∇¯αD¯βS = D¯αD¯βS − u¯αD¯βS˙ + 2K¯γ(αu¯β)D¯γS
∇¯α∇¯βS = uαuβS¨ + D¯αD¯βS + 2K¯γ(αu¯β)D¯γS − 2u¯(αD¯β)S˙ − K¯αβS˙
∇¯αTµν = −uαT˙µν + D¯αTµν + 2K¯αλT λ(ν u¯µ)
∇¯αD¯βTµν = D¯αD¯βTµν − u¯αD¯βT˙µν + 2K¯γ(αu¯β)D¯γTµν + 2K¯ γα D¯βTγ(µu¯ν) . ✭✺✳✶✹✮
❖♥ ❝ré❡r❛ ❞♦♥❝ ❞❡s ❝❤❛♠♣s ❞❡ t❡♥s❡✉rs ❝♦rr❡s♣♦♥❞❛♥t à H˙✱ Ψ˙✱ Ψ¨✱ Φ˙✱ ❡t Φ¨ ♣✉✐s ✉♥❡ rè❣❧❡ ❞❡
r❡♠♣❧❛❝❡♠❡♥t q✉✐ ♣❡r♠❡ttr❛ ❞❡ ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥ 1 + 3 ♣ré❝é❞❡♥t❡s✳ ❉❡ ♣❧✉s✱
❧❡ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ❡t ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❍✉❜❜❧❡ s♦♥t ❝♦♥st❛♥ts s✉r ❧❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s✳ ◆♦✉s
✉t✐❧✐s❡r♦♥s ❞♦♥❝ ❧❡ ❢❛✐t q✉❡ D¯µa = D¯µH = 0✳
❉❡❢❚❡♥s♦r ❬❍♣ ❬ ❪ ✱ ④▼✹⑥ ❪
❉❡❢❚❡♥s♦r ❬ Ps✐♣ ❬ ❪ ✱ ④▼✹⑥ ❪
❉❡❢❚❡♥s♦r ❬ Ps✐♣✷ ❬ ❪ ✱ ④▼✹⑥ ❪
❉❡❢❚❡♥s♦r ❬ P❤✐♣ ❬ ❪ ✱ ④▼✹⑥ ❪
❉❡❢❚❡♥s♦r ❬ P❤✐♣✷ ❬ ❪ ✱ ④▼✹⑥ ❪
❘✉❧❡◆❛❜❧❛ ❂ ❋❧❛t t❡♥ ❬ ④
▼❛❦❡❘✉❧❡ ❬ ④❈❉❬ ❜ ❪ ❬ ❛ ❬ ❪ ❪ ✱ −❛ ❬ ❪❍ ❬ ❪ ✉ ❬ ❜ ❪ ⑥ ❪ ✱
▼❛❦❡❘✉❧❡ ❬ ④❈❉❬ ❜ ❪ ❬❍ ❬ ❪ ❪ ✱ −❍♣ ❬ ❪ ✉ ❬ ❜ ❪ ⑥ ❪ ✱
▼❛❦❡❘✉❧❡ ❬ ④❈❉❬ ❜ ❪ ❬ Ps ✐ ❬ ❪ ❪ ✱ −Ps✐♣ ❬ ❪ ✉ ❬ ❜ ❪ ✰❝❞ ❬ ❜ ❪ ❬ Ps ✐ ❬ ❪ ❪ ⑥ ❪ ✱
▼❛❦❡❘✉❧❡ ❬ ④❈❉❬ ❜ ❪ ❬ P❤✐ ❬ ❪ ❪ ✱ −P❤✐♣ ❬ ❪ ✉ ❬ ❜ ❪ ✰❝❞ ❬ ❜ ❪ ❬ P❤✐ ❬ ❪ ❪ ⑥ ❪ ✱
▼❛❦❡❘✉❧❡ ❬ ④❈❉❬ ❛ ❪❈❉❬ ❜ ❪ ❬ Ps ✐ ❬ ❪ ❪ ✱ Ps✐♣✷ ❬ ❪ ✉ ❬ ❛ ❪ ✉ ❬ ❜ ❪ ✰❝❞ ❬ ❛ ❪ ❬ ❝❞ ❬ ❜ ❪ ❬ Ps ✐ ❬ ❪ ❪ ❪
−❊①tr✐♥s✐❝❑♠s♣❛t ❬ ❛❜ ❪ Ps✐♣ ❬ ❪ ✰ ✳ ✳ ✳ ⑥ ❪ ✱
✳ ✳ ✳
⑥ ❪
◆♦✉s s♦✉❤❛✐t♦♥s ❡♥s✉✐t❡ ♣♦✉✈♦✐r ✐♥t❡r♣rét❡r ❧❡s rés✉❧t❛ts ❡♥ t❡r♠❡s ❞❡ ❞ér✐✈é❡s ♦r❞✐♥❛✐r❡s✳
▲❡s ❞ér✐✈é❡s s♣❛t✐❛❧❡s ✭D¯µ✮ ✈♦♥t ❝♦rr❡s♣♦♥❞r❡ à ❞❡s ❞ér✐✈é❡s ♦r❞✐♥❛✐r❡s s♣❛t✐❛❧❡s ❞❛♥s ❧❡ ❝❛s ♣❧❛t✳
❊♥ r❡✈❛♥❝❤❡ ❧❛ ❞ér✐✈é❡ ❞✐r❡❝t✐♦♥♥❡❧❧❡ u¯µ∇¯µ ♥❡ ❝♦rr❡s♣♦♥❞ ♣❛s à ✉♥❡ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt à ❧❛
❝♦♦r❞♦♥♥é❡ ❞❡ t❡♠♣s s✐ ❧❛ q✉❛♥t✐té ❞ér✐✈é❡ ♥✬❡st ♣❛s ✉♥ s❝❛❧❛✐r❡✳ ■❧ ❢❛✉❞r❛ ❛❧♦rs ✉t✐❧✐s❡r ✉♥❡
❞ér✐✈é❡ ❞❡ ▲✐❡✱ ❛✜♥ ❞✬✉t✐❧✐s❡r ❧❛ ♣r♦♣r✐été ✭✷✳✶✶✹✮✳ ❖♥ ✉t✐❧✐s❡r❛ ❞♦♥❝ ❧❡s r❡❧❛t✐♦♥s
T˙µν = Lu¯Tµν − 2Kα(µTαν) ✭✺✳✶✺✮
T¨µν = L2u¯Tµν − 4Lu¯Tα(µK¯αν) + 2TαβK¯αµK¯βν + 2Tα(µK¯ν)βK¯αβ − 2Tα(µ ˙¯Kν)α, ✭✺✳✶✻✮
❡t ♦♥ ❞é✜♥✐r❛ ✉♥❡ ❧✐st❡ ❞❡ rè❣❧❡s ❞❡ r❡♠♣❧❛❝❡♠❡♥t ❝♦rr❡s♣♦♥❞❛♥t❡ ♣♦✉r Eab ♣✉✐sq✉✬✐❧ s✬❛❣✐t ❞❡ ❧❛
s❡✉❧❡ q✉❛♥t✐té t❡♥s♦r✐❡❧❧❡✳
❘✉❧❡❚♦▲✐❡ ❂ ❋❧❛t t❡♥ ❬ ④
▼❛❦❡❘✉❧❡ ❬ ④ ✉ ❬ ❛ ❪❈❉❬−❛ ❪ ❬ ❊t❬−❜✱−❝ ❪ ❪ ✱ ▲✐❡❉ ❬ ✉ ❬ ✐♥❞ ❪ ❪ ❬ ❊t❬−❜✱−❝ ❪ ❪
−❊①tr✐♥s✐❝❑♠s♣❛t ❬−❞✱−❜ ❪ ❊t ❬ ❞✱−❝ ❪−❊①tr✐♥s✐❝❑♠s♣❛t ❬−❞✱−❝ ❪ ❊t ❬ ❞✱−❜ ❪ ⑥ ❪ ✱
✳ ✳ ✳ ✳ ✳
❪ ⑥
❯♥❡ ❢♦✐s ❛♣♣❧✐q✉é❡s ❝❡s rè❣❧❡s✱ t♦✉t❡s ❧❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s ❛✉r♦♥t été ♣r♦❥❡té❡s ❡♥ 1+3 s✐ ❜✐❡♥
q✉❡ ❧✬♦♥ ♦❜t✐❡♥❞r❛ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡s q✉❛♥t✐tés r❡❝❤❡r❝❤é❡s ❡♥ t❡r♠❡s ❞❡ ❞ér✐✈é❡s s♣❛t✐❛❧❡s ✭D¯µ✮
✶✵✽ ▲❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ❧❡ ré❣✐♠❡ ♥♦♥✲❧✐♥é❛✐r❡
s✉r ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡✱ ❛✐♥s✐ q✉✬❡♥ t❡r♠❡s ❞❡ ❞ér✐✈é❡s ❞✐r❡❝t✐♦♥♥❡❧❧❡s
s❡❧♦♥ u¯µ ♣♦✉r ❧❡s s❝❛❧❛✐r❡s a H Φ ❡t Ψ✱ ♦✉ ❞❡ ❞ér✐✈é❡s ❞❡ ▲✐❡ s❡❧♦♥ u¯µ ♣♦✉r ❧❡ t❡♥s❡✉r Eab✳ ❚♦✉t❡s
❝❡s ❞ér✐✈é❡s ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ❞ér✐✈é❡s ♦r❞✐♥❛✐r❡s✱ ❡t ❧✬♦♥ ♦❜t✐❡♥t ❧❡ rés✉❧t❛t r❡❝❤❡r❝❤é✳
❙✐ ❧✬♦♥ ♥❡ s♦✉❤❛✐t❡ ♣❛s q✉❡ ❧❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s s♦✐❡♥t ♣❧❛t❡s✱ ❛❧♦rs ✐❧ ❢❛✉❞r❛ ✉t✐❧✐s❡r ❧✬éq✉❛✲
t✐♦♥ ✭✶✳✷✮ ♣♦✉r s♣é❝✐✜❡r ❧❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s✳ ▲❡s ❞ér✐✈é❡s s♣❛t✐❛❧❡s ✭D¯µ✮
❝♦rr❡s♣♦♥❞r♦♥t ❛❧♦rs à ❞❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s ❛ss♦❝✐é❡s à h¯µν ✳ ❙✐ ♦♥ s♦✉❤❛✐t❡ ❞❡ ♣❧✉s q✉❡ ❧✬❡s♣❛❝❡
♣✉✐ss❡ êtr❡ ❛♥✐s♦tr♦♣❡ ❛❧♦rs ✐❧ ❢❛✉❞r❛ t❡♥✐r ❝♦♠♣t❡ ❞❡ σ¯µν ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞✉ t❡♥s❡✉r ❞❡ ❝♦✉r✲
❜✉r❡ ❡①tr✐♥sèq✉❡✳ P♦✉r ✉♥ ❡s♣❛❝❡ ❞❡ ❇✐❛♥❝❤✐ ❞❡ t②♣❡ I ✭✈♦✐r ♣❛rt✐❡ ■■■✮ ❧❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❞❡s
s❡❝t✐♦♥s s♣❛t✐❛❧❡s ❡st ♥✉❧✱ t❛♥❞✐s q✉✬✐❧ ❢❛✉❞r❛ ❧✬❡①♣r✐♠❡r ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❝♦♥st❛♥t❡s ❞❡ str✉❝t✉r❡s
❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❇✐❛♥❝❤✐ ❝♦♥s✐❞éré ❬❊❧❧✐s ✫ ▼❛❝❈❛❧❧✉♠ ✻✾❪ ♣♦✉r ❧❡ ❝❛s ❣é♥ér❛❧✳ ❊♥ ❛♣♣❧✐q✉❛♥t ❧❛
♠ét❤♦❞❡ ❞é❝r✐t❡ ♣ré❝é❞❡♠♠❡♥t✱ ❧❛ s❡✉❧❡ ❞✐✛ér❡♥❝❡ s❡r❛ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ❝♦✉r❜✉r❡ ❡①tr✐♥sèq✉❡✱
❡t s❡s ❞ér✐✈é❡s ❞✐r❡❝t✐♦♥♥❡❧❧❡s ❢❡r♦♥t ❛♣♣❛r❛îtr❡ ❡♥ ♣❧✉s ❞❡s ❞ér✐✈é❡s ❞✐r❡❝t✐♦♥♥❡❧❧❡s s❡❧♦♥ u¯µ ❞✉
❝✐s❛✐❧❧❡♠❡♥t σ¯µν ✳ ❖♥ ✉t✐❧✐s❡r❛ ❛❧♦rs ❛ ♣r♦✜t ❧❛ r❡❧❛t✐♦♥
˙¯σµν = Lu¯σ¯µν , ✭✺✳✶✼✮
♣♦✉r ♣♦✉✈♦✐r ✐♥t❡r♣rét❡r ❧❡s rés✉❧t❛ts ❡♥ t❡r♠❡s ❞❡ ❞ér✐✈é❡s ♦r❞✐♥❛✐r❡s ♣❛r r❛♣♣♦rt à ❧❛ ❝♦♦r❞♦♥♥é❡
t❡♠♣♦r❡❧❧❡✳ ◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ❝❡tt❡ ♠ét❤♦❞❡ ❛✜♥ ❞❡ ❝❛❧❝✉❧❡r t♦✉s ❧❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❛✉ s❡❝♦♥❞
♦r❞r❡ ❞❡ ❝❡tt❡ t❤ès❡ ❞❛♥s ❧❡ ❝❛s ❤♦♠♦❣è♥❡ ❡t ✐s♦tr♦♣❡ ❛✐♥s✐ q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❡s♣❛❝❡ ❞❡ ❇✐❛♥❝❤✐ ■
❞❛♥s ❧❡ ♣❛rt✐❡ ■■■✳
✺✳✸✳✸ ❯♥ ❡①❡♠♣❧❡ s✐♠♣❧❡ ✿ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞✉ s❝❛❧❛✐r❡ ❞❡
❘✐❝❝✐
❏✉sq✉✬à ♣rés❡♥t ♥♦✉s ♥✬❛✈♦♥s ♣rés❡♥té q✉❡ ❧❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡♥ ❞é✜♥✐ss❛♥t ❧❡s
q✉❛♥t✐tés t❡♥s♦r✐❡❧❧❡s ♥é❝❡ss❛✐r❡s✱ ❛✐♥s✐ q✉❡ ❞❡s rè❣❧❡s ❞❡ r❡♠♣❧❛❝❡♠❡♥t ♣❡r♠❡tt❛♥t ❞❡ ♠❡ttr❡ ❡♥
❢♦r♠❡ ❧❡s q✉❛♥t✐tés ♣❡rt✉r❜é❡s r❡❝❤❡r❝❤é❡s✳ ❆✜♥ ❞❡ r❡♥❞r❡ ❧✬❡①♣❧✐❝❛t✐♦♥ ♣❧✉s ✈✐s✉❡❧❧❡✱ ♥♦✉s ❛❧❧♦♥s
❞é❝r✐r❡ ❧❡s ét❛♣❡s ♣r✐♥❝✐♣❛❧❡s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ♣♦✉r ❧❡ ❝❛s ❧❡ ♣❧✉s s✐♠♣❧❡✱ ❝❡❧✉✐ ❞❡ R(1) ♣♦✉r ❧❡ ❝❛s
❞❡ ♣❡rt✉r❜❛t✐♦♥s s❝❛❧❛✐r❡s✳ ❖♥ s✉♣♣♦s❡ q✉❡ t♦✉t❡s ❧❡s ❝❤❛♠♣s ♥é❝❡ss❛✐r❡s ♦♥t été ❞é✜♥✐s ❛✐♥s✐
q✉❡ ❧❡s rè❣❧❡s ❞❡ r❡♠♣❧❛❝❡♠❡♥t ♥é❝❡ss❛✐r❡s✱ ♠❛✐s q✉❡ ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ♠étr✐q✉❡ ♣❡rt✉r❜é❡ ♥✬❛ ♣❛s
été ❡①♣❧✐❝✐té❡✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛r ❞é✜♥✐r ❧❛ q✉❛♥t✐té q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ ♣❡rt✉r❜❡r ❡t q✉✐ ✈❛ êtr❡
❡①♣r✐♠é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡✳
❘✶ ❬ ❪ ❂ ❚♦●❡♥❡r❛❧ ❬ P❡rt✉r❜❡❞ ❬ ❘✐❝❝✐❙❝❛❧❛r❈❉ ❬ ✶ ❪ ❪ ✴ ✴ ❚♦❈❛♥♦♥✐❝❛❧
■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♣ré❝✐s❡r ♣♦✉r t♦✉t❡s ❧❡s q✉❛♥t✐tés ✉♥❡ ❢♦r♠❡ ❛✣❝❤é❡ q✉✐ s❡r❛ ❧✐s✐❜❧❡✳ ❖♥ ❞❡✲
♠❛♥❞❡r❛ ❞♦♥❝ q✉❡ ❈❉ s♦✐t ❢♦r♠❛té ❡♥ ∇¯✱ Ps✐ ❡♥ Ψ✱ ❡t ❛✐♥s✐ ❞❡ s✉✐t❡✳ ▲❡ rés✉❧t❛t ❞❡ ❧✬❛✛❡❝t❛t✐♦♥
♣ré❝é❞❡♥t❡ r❡♥✈♦✐❡ ❞♦♥❝ ✉♥ rés✉❧t❛t ❞❡ ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡✳
R¯+ l
(
−δg(1)ab R¯ab + ∇¯b∇¯aδg(1)ab − ∇¯b∇¯bδg(1)aa
)
❖♥ s♣é❝✐✜❡ ❡♥s✉✐t❡ ❧❛ ♠étr✐q✉❡ ♣❡rt✉r❜é❡ ❡♥ ♥♦✉s r❡str❡✐❣♥❛♥t à ❞❡s ♣❡rt✉r❜❛t✐♦♥s s❝❛❧❛✐r❡s✳
❞❣ ❬ ▲■ ❬ ✶ ❪ ✱ ❛❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗✱ ❜❴❄❚❛♥❣❡♥t▼✹ ❵♣♠◗❪ ✿❂
−✷ P❤✐ ❬ ❪ ✉ ❬ ❛ ❪ ✉ ❬ ❜ ❪ −✷ Ps✐ ❬ ❪ ❊①tr✐♥s✐❝❑♠s♣❛t ❬ ❛ ✱ ❜ ❪ ✴❍ ❬ ❪
−2uaubΦ− 2Ψ(gab + uaub)
❯♥❡ ❢♦✐s ❧❡ t❡♥s❡✉r ❞❡ ❘✐❝❝✐ ❡t ❧❡ s❝❛❧❛✐r❡ ❞❡ ❘✐❝❝✐ r❡♠♣❧❛❝és✱ ❧❛ q✉❛♥t✐té r❡❝❤❡r❝❤é❡ ♣r❡♥❞ ❛❧♦rs
✉♥❡ ❢♦r♠❡ ❞é✈❡❧♦♣♣é❡ q✉✬✐❧ ❢❛✉❞r❛ s✐♠♣❧✐✜❡r✳
❚r❛✐t❡♠❡♥t ✐♥❢♦r♠❛t✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✶✵✾
❈♦ ❧ ❧ ❡ ❝ t ❬ ❈♦♥tr❛❝t▼❡tr ✐❝ ❬❘✶ ❬ ❪ ✴ ✳ ❘✉❧❡❘✐❡♠❛♥♥ ❪ ✴ ✳ ❘✉❧❡♠s♣❛tt♦❣❜❛r ✴✴ ❚♦❈❛♥♦♥✐❝❛❧ ✱ ❧ ❪
12H2 + 6H˙
+l
[
−6H˙Φ− 6H2Φ+ 18H2Ψ+ 6H˙Ψ− 2∇¯a∇¯aΦ+ 4∇¯a∇¯aΨ
−2Φua∇¯a∇¯bub − 2Ψua∇¯a∇¯bub − 2Φ(∇¯aua)∇¯bub − 2Ψ(∇¯aua)∇¯bub
−4ua(∇¯aub)∇¯bΨ− 4ua(∇¯aub)∇¯bΦ− 2Φua∇¯b∇¯aub − 2Ψua∇¯b∇¯aub − 4ua(∇¯aΨ)∇¯bub
−2uaub∇¯b∇¯aΨ− 2uaub∇¯b∇¯aΦ− 2Φ(∇¯aub)∇¯bua − 2Ψ(∇¯aub)∇¯bua − 4ua(∇¯aΦ)∇¯bub
]
❖♥ tr❛♥s❢♦r♠❡ ❧❡s t❡r♠❡s ❞✉ t②♣❡ ∇¯aub ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉✬✐❧s s♦♥t é❣❛✉① à ❧❛ ❝♦✉r❜✉r❡
❡①tr✐♥sèq✉❡✳ ❈❡❝✐ ❡st ré❛❧✐sé ❣râ❝❡ à ❧❛ ❢♦♥❝t✐♦♥ ●r❛❞◆♦r♠❛❧❚♦❊①tr✐♥s✐❝❑ q✉✐ ❡st ❢♦✉r♥✐❡ ♣❛r
①❆❝t✳
❈♦♥tr❛❝t▼❡tr ✐❝ ❬✪✴✴●r❛❞◆♦r♠❛❧❚♦❊①tr✐♥s✐❝❑ ❪
✴ ✳ ❘✉❧❡♠s♣❛tt♦❣❜❛r ✴✴●r❛❞◆♦r♠❛❧❚♦❊①tr✐♥s✐❝❑ ❀
❈♦ ❧ ❧ ❡ ❝ t ❬✪ ✴✴ ❚♦❈❛♥♦♥✐❝❛❧ ✱ ❧ ❪
12H2 + 6H˙
+l
[
−6H˙Φ− 6H2Φ+ 18H2Ψ+ 6H˙Ψ− 2∇¯a∇¯aΦ+ 4∇¯a∇¯aΨ− 6HΦub∇¯bH
−6HΨub∇¯bH + 12Hua∇¯aΦ+ 12Hua∇¯aΨ− 2uaub∇¯b∇¯aΨ− 2uaub∇¯b∇¯aΦ
]
■❧ ♥❡ r❡st❡ ♣❧✉s q✉✬à ré❛❧✐s❡r ❧❛ ♣r♦❥❡❝t✐♦♥ ❡♥ 1 + 3 ❞❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s ❣râ❝❡ à ❧❛ ❢♦♥❝t✐♦♥
❘✉❧❡◆❛❜❧❛✳
❈♦ ❧ ❧ ❡ ❝ t ❬✪✴✴✳ ❘✉❧❡◆❛❜❧❛ ✴✴❚♦❈❛♥♦♥✐❝❛❧ ✱ ❧ ❪
12H2 + 6H˙ + l
[
−12H˙Φ− 24H2Φ− 6HΨ˙− 24HΨ˙− 6Ψ¨− 2D¯aD¯aΦ+ 4D¯aD¯aΨ
]
❈♦♠♠❡ ♥♦✉s ♥✬❛✈♦♥s ♣❛s ❞❡ q✉❛♥t✐té t❡♥s♦r✐❡❧❧❡✱ ❝❡❝✐ ♣❛r❝❡ q✉❡ ♥♦✉s ♥❡ ❧❡s ❛✈♦♥s ♣❛s ❝♦♥s✐❞éré❡s
❞❛♥s ❝❡t ❡①❡♠♣❧❡ ♠❛✐s ❛✉ss✐ ♣❛r❝❡ q✉✬♦♥ ♠♦♥tr❡ q✉✬❡❧❧❡s ♥✬✐♥t❡r✈✐❡♥♥❡♥t ♣❛s ❞❛♥s R(1) s✐ ♦♥
❧❡s ♣r❡♥❞ ❡♥ ❝♦♠♣t❡✱ t♦✉t❡s ❧❡s ❞ér✐✈é❡s ❞✐r❡❝t✐♦♥♥❡❧❧❡s s✬✐❞❡♥t✐✜❡♥t à ❞❡s ❞ér✐✈é❡s ♣❛r r❛♣♣♦rt
❛✉ t❡♠♣s ❝♦s♠✐q✉❡✳ ❖♥ ♣❡✉t ❡♥s✉✐t❡✱ s✐ ♦♥ ❧❡ ❞és✐r❡✱ ❡①♣r✐♠❡r ❧❡ rés✉❧t❛t ❡♥ t❡♠♣s ❝♦♥❢♦r♠❡✱
❝❡ q✉✐ r❡✈✐❡♥t à ❝♦♥s✐❞ér❡r ❞❡s ❞ér✐✈é❡s ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ q✉❛❞r✐✈❡❝t❡✉r auµ ♣❧✉tôt q✉❡ uµ
❬P✐tr♦✉ ✫ ❯③❛♥ ✵✼❪✳
✶✶✵ ▲❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ❧❡ ré❣✐♠❡ ♥♦♥✲❧✐♥é❛✐r❡
✶✶✶
Chapitre 6
❉②♥❛♠✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
❙♦♠♠❛✐r❡
✻✳✶ ➱t❛t ❞❡s ❧✐❡✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶
✻✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷
✻✳✷✳✶ ➱q✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷
✻✳✷✳✷ ▲♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹
✻✳✷✳✸ ➮r❡ ❞❡ r❛❞✐❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✻✳✷✳✹ ➮r❡ ❞❡ ♠❛t✐èr❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
✻✳✷✳✺ ❚r❛♥s✐t✐♦♥ r❛❞✐❛t✐♦♥✲♠❛t✐èr❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾
✻✳✷✳✻ ■♥tér❛❝t✐♦♥s ❜❛r②♦♥s✲♣❤♦t♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶
✻✳✷✳✼ P❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶
✻✳✸ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸
✻✳✸✳✶ ➱q✉❛t✐♦♥ ❞❡s ❣é♦❞és✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸
✻✳✸✳✷ ❚❡r♠❡ ❞❡ ▲✐♦✉✈✐❧❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹
✻✳✸✳✸ ❍✐ér❛r❝❤✐❡ ❞❡ ❇♦❧t③♠❛♥♥ ❡t ❧✐❡♥ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺
✻✳✸✳✹ ▲✐♠✐t❡ ✢✉✐❞❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻
✻✳✶ ➱t❛t ❞❡s ❧✐❡✉①
▲♦rs q✉❡ ❥✬❛✐ ❞é❜✉té ♠❛ t❤ès❡ ❡♥ 2005✱ ❧✬ét✉❞❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉ s❡❝♦♥❞
♦r❞r❡ ét❛✐t ❡ss❡♥t✐❡❧❧❡♠❡♥t ré❛❧✐sé❡ ♣♦✉r ❞❡s é❝❤❡❧❧❡s s✉♣❡r✲❍✉❜❜❧❡ ❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✹❜❪✱ ❞❛♥s ❧✬❛♣✲
♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡✱ ♣♦✉r ✉♥ ✉♥✐✈❡rs ❞♦♠✐♥é s♦✐t ♣❛r ❧❛ ♠❛t✐èr❡ s♦✐t ♣❛r ❧❛ r❛❞✐❛t✐♦♥✱ ♦✉ ♣♦✉r ❞❡s
é❝❤❡❧❧❡s s✉❜✲❍✉❜❜❧❡ ❞❛♥s ❧❡ ré❣✐♠❡ ◆❡✇t♦♥✐❡♥ ❬❇❡r♥❛r❞❡❛✉ ❡t ❛❧✳ ✵✷❪✳ ▲❛ ❝♦♥str✉❝t✐♦♥ ❞❡ q✉❛♥✲
t✐tés ❝♦♥s❡r✈é❡s ❛✐♥s✐ q✉❡ ❧❡✉r ✉t✐❧✐s❛t✐♦♥ ✈❡♥❛✐t ❞✬êtr❡ ré❛❧✐sé❡ ❡♥ ❣é♥ér❛❧✐s❛♥t ❧❡s rés✉❧t❛ts ❞✉
♣r❡♠✐❡r ♦r❞r❡ ❬▼❛❧✐❦ ✫ ❲❛♥❞s ✵✹✱ ❱❡r♥✐③③✐ ✵✺❪ ❞❡ ♠❛♥✐èr❡ ♣❡rt✉r❜❛t✐✈❡✱ ♣✉✐s ❝❡tt❡ ♣r♦❝é❞✉r❡ ❛
ét❡ ét❡♥❞✉❡ à t♦✉s ❧❡s ♦r❞r❡s ❛✉ ❝♦✉rs ❞❡ ♠❛ t❤ès❡ ❬❘✐❣♦♣♦✉❧♦s ✫ ❙❤❡❧❧❛r❞ ✵✸✱ ▲②t❤ ❡t ❛❧✳ ✵✺✱
▲❛♥❣❧♦✐s ✫ ❱❡r♥✐③③✐ ✵✺✱ ❊♥q✈✐st ❡t ❛❧✳ ✵✼❪✳ ❏❡ ♠❡ s✉✐s ❞♦♥❝ ✐♥tér❡ssé à ❧❛ ❞②♥❛♠✐q✉❡ ❧♦rsq✉❡ ❧❡s
♠♦❞❡s ❞❡✈✐❡♥♥❡♥t s✉❜✲❍✉❜❜❧❡✱ ♣❡♥❞❛♥t ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥ ♣✉✐s ♣❡♥❞❛♥t ❧✬èr❡ ❞❡ ♠❛t✐èr❡✳ ❊♥s✉✐t❡
❥❡ ♠❡ s✉✐s ❝♦♥❝❡♥tré ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t s✉r ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉①✱ t♦✉❥♦✉rs ❞❛♥s ❧✬❛♣✲
♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡✱ ❡♥ ét✉❞✐❛♥t ♣❧✉s ♣ré❝✐sé♠❡♥t ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❜❛r②♦♥✐q✉❡s ❛✉ s❡❝♦♥❞ ♦r❞r❡
✶✶✷ ❉②♥❛♠✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
❞❛♥s ❧❡ ❜✉t ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡s ❡✛❡ts ♥♦♥✲❧✐♥é❛✐r❡s s✉r ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ✳ P❛r
❛✐❧❧❡✉rs ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡✱ q✉✐ ♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❝♦rr❡❝t❡♠❡♥t ❧❛ r❛❞✐❛t✐♦♥ ❡t ❧❡s ❜❛r②♦♥s ❡t
❞❡ ❥✉st✐✜❡r r✐❣♦✉r❡✉s❡♠❡♥t ❧❡ t❡r♠❡ ❞❡ ❝♦❧❧✐s✐♦♥ ❡♥tr❡ ❧❡s ❜❛r②♦♥s ❡t ❧❡s ♣❤♦t♦♥s✱ ♥✬❛✈❛✐t ♣❛s
été ét✉❞✐é❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ❉❡s tr❛✈❛✉① ♦♥ été ré❛❧✐sés s✉r ❝❡ s✉❥❡t ❛✉ ❝♦✉rs ❞❡ ♠❛ t❤ès❡
❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✻✱ ❇❛rt♦❧♦ ❡t ❛❧✳ ✵✼❪✱ ❡t ❥❡ ♠❡ s✉✐s ❜❛sé s✉r ❝❡tt❡ ét✉❞❡ ♣♦✉r ❡♥ ❛♣♣r♦❢♦♥❞✐r ❧❡s
❢♦♥❞❡♠❡♥ts t❤é♦r✐q✉❡s✳ ❯♥❡ ❢♦✐s ❞é❝♦♠♣♦sé❡ ❡♥ ♠✉❧t✐♣ô❧❡s✱ ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥ ❢❛✐t ✐♥t❡r✈❡✲
♥✐r ✉♥❡ ✐♥✜♥✐té ✭♣♦✉r ❝❤❛q✉❡ ℓ✮ ❞✬éq✉❛t✐♦♥s t♦✉t❡s ❝♦✉♣❧é❡s ❡♥tr❡ ❡❧❧❡s✳ ▲❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡
♥✬❡st ❞♦♥❝ ♣❛s ❛✐sé❡ ❡t ❝❡❝✐ ❥✉st✐✜❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ q✉❡ ♥♦✉s ❡①♣♦s♦♥s ❞❛♥s
❝❡ ❝❤❛♣✐tr❡✱ ❞♦♥t ❧❡ ❜✉t ❡st ❞✬❡①tr❛✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞♦♠✐♥❛♥t ❞❡s s♦❧✉t✐♦♥s✳ ❈❡tt❡ ét✉❞❡
♣❡r♠❡t ❞✬❡♥tr❡✈♦✐r ❧❡s s♦✉r❝❡s ❞❡ ♥♦♥✲❣❛✉ss✐❛♥✐té ❞✉❡s à ❧✬é✈♦❧✉t✐♦♥ ♥♦♥✲❧✐♥é❛✐r❡ ❞❡s ♣❡rt✉r❜❛✲
t✐♦♥s✱ q✉✐ ✈✐❡♥♥❡♥t s✬❛❥♦✉t❡r à ❧❛ ♥♦♥✲❣❛✉ss✐❛♥✐té ♣r✐♠♦r❞✐❛❧❡ ❞ét❡r♠✐♥❛♥t ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s✳
❉❛♥s ❧❡ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❛❧♦rs ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t à ❧❛ ♥♦♥✲❣❛✉ss✐❛♥✐té
♣r✐♠♦r❞✐❛❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬✐♥✢❛t✐♦♥ à ✉♥ ❝❤❛♠♣✳
✻✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡
✻✳✷✳✶ ➱q✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❞❡s ♣❡rt✉r❜❛t✐♦♥s
❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à ✐♥❞✐q✉é✱ t♦✉t❡s ❧❡s q✉❛♥t✐tés ♣❡rt✉r❜é❡s s♦♥t ❞é❝♦♠♣♦sé❡s ❡♥ ♦r❞r❡
❞❡ ♣❡rt✉r❜❛t✐♦♥ s❡❧♦♥ ❧❛ r❡❧❛t✐♦♥ ✭✷✳✶✼✮✳ ▲❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ t❡♥s❡✉r ❞✬❊✐♥st❡✐♥ ❡t ❞✉ t❡♥s❡✉r
é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♠étr✐q✉❡ ✭✷✳✶✶✮ s♦♥t r❛♣♣♦rté❡s ❞❛♥s ❧✬❛♣♣❡♥❞✐❝❡ ❇✳ ▲❡s
éq✉❛t✐♦♥s ♣❡✉✈❡♥t êtr❡ é❝r✐t❡s ♦r❞r❡ ♣❛r ♦r❞r❡✱ ❡t ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❛ ♥♦t❛t✐♦♥ ❝♦♠♣❛❝t❡
E [δg, δT ] = S[δg, δT ]. ✭✻✳✶✮
❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ♦r❞r❡ ♣❛r ♦r❞r❡✱ ❡❧❧❡ s❡ ❧✐t
E [δ(1)g, δ(1)T ] = 0, E [δ(2)g, δ(2)T ] = S[δ(1)g, δ(1)T ], ✭✻✳✷✮
❝❛r ❧❡s ✈❛r✐❛❜❧❡s ❞❡ s❡❝♦♥❞ ♦r❞r❡ s❛t✐s❢♦♥t ❧❡s ♠ê♠❡s éq✉❛t✐♦♥s ❧✐♥é❛✐r❡s E q✉❡ ❧❡s ✈❛r✐❛❜❧❡s ❞✉
♣r❡♠✐❡r ♦r❞r❡✱ ♠❛✐s ❛✈❡❝ ✉♥ t❡r♠❡ ❞❡ s♦✉r❝❡ S q✉❛❞r❛t✐q✉❡ ❞❛♥s ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣r❡♠✐❡r ♦r❞r❡✳
❉❛♥s ❧❡s éq✉❛t✐♦♥s ♣rés❡♥té❡s ❝✐✲❞❡ss♦✉s✱ ♥♦✉s ♥❡ ❝♦♥s✐❞ér♦♥s q✉❡ ❧❡s ♠♦❞❡s s❝❛❧❛✐r❡s ❞❛♥s ❧❡s
t❡r♠❡s ❞❡ s♦✉r❝❡ ❞❡s éq✉❛t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡✳ ◆♦✉s ❛✈♦♥s ✈✉ ❡♥ ❡✛❡t q✉❡ ❧❡s ♠♦❞❡s ✈❡❝t♦r✐❡❧s ❡t
t❡♥s♦r✐❡❧s s♦♥t ❞é❝r♦✐ss❛♥ts ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡t q✉✬✐❧ ❡st ♣❛r ❝♦♥séq✉❡♥t ❥✉st✐✜é ❞❡ ❧❡s ♥é❣❧✐❣❡r✶✳
◆♦✉s r❡♣♦rt♦♥s ♥é❛♥♠♦✐♥s ❞❛♥s ❧✬❛♣♣❡♥❞✐❝❡ ❇ ❧❡s t❡r♠❡s ❞❡ s♦✉r❝❡ ❡♥ ✐♥❝❧✉❛♥t ❧❡s ♣❡rt✉r❜❛t✐♦♥
t❡♥s♦r✐❡❧❧❡s✳ ◆♦✉s ❛❧❧♦♥s é❣❛❧❡♠❡♥t ♥♦✉s r❡str❡✐♥❞r❡ ❛✉ ❝❛s s✐♠♣❧✐✜é ❞✬✉♥ ♠é❧❛♥❣❡ ❞❡ ♠❛t✐èr❡
♥♦✐r❡ ❡t ❞❡ r❛❞✐❛t✐♦♥✳
▼♦❞❡s s❝❛❧❛✐r❡s
▲❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ s❝❛❧❛✐r❡s s♦♥t ❞♦♥♥é❡s ♣❛r
✕ (δG00 − κδT00) = 0✱
✕ ❧❛ tr❛❝❡ ❞❡ (δGij − κδTij) = 0
✕ ❧❡ ♠♦❞❡ s❝❛❧❛✐r❡ ❞❡ ❧❛ ♣❛rt✐❡ s❛♥s tr❛❝❡ ❞❡ (δGij − κδTij) = 0
✶▲❡s ♠♦❞❡s t❡♥s♦r✐❡❧s ♥❡ s♦♥t ❞é❝r♦✐ss❛♥ts q✉❡ ❧♦rsq✉✬✐❧s s♦♥t s✉❜✲❍✉❜❜❧❡✳ ▲♦rsq✉✬✐❧s s♦♥t s✉♣❡r✲❍✉❜❜❧❡✱ ✐❧s
s♦♥t ❝♦♥st❛♥ts ❡t ✐❧ ❡st ❥✉st✐✜é ❞❡ ❧❡s ♥é❣❧✐❣❡r ❞❛♥s ❧❡s t❡r♠❡s ❞❡ s♦✉r❝❡ ❝❛r ✐❧s ♥✬✐♥t❡r✈✐❡♥♥❡♥t q✉✬❛✈❡❝ ✉♥❡ ❞ér✐✈é❡✳
❆♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ✶✶✸
✕ ❧❡ ♠♦❞❡ s❝❛❧❛✐r❡ ❞❡ (δG0i − κδT0i) = 0
♣♦✉r ♦❜t❡♥✐r r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s éq✉❛t✐♦♥s
(∆ + 3K)Ψ− 3HΨ′ − 3H2Φ− 1
2
∑
e=r,m
κρ¯eδe = S1 ✭✻✳✸✮
Ψ′′ +H2Φ+ 1
3
∆(Φ−Ψ) +HΦ′ + 2HΨ′ −KΨ+ 2H′Φ− 1
6
κρ¯rδr = S2 ✭✻✳✹✮
Ψ− Φ = S3 ✭✻✳✺✮
Ψ′ +HΦ+ 1
2
∑
e=r,m
κρ¯e(1 + we)ve = S4. ✭✻✳✻✮
▲❡s t❡r♠❡s ❞❡ s♦✉r❝❡ s♦♥t ❞♦♥♥és ♣❛r
S1 = −8Ψ∆Ψ− 3DiΨDiΨ− 3Ψ′2 +
∑
e=r,m
κρ¯e(1 + we)DiveD
ive − 12H2Ψ2 ✭✻✳✼✮
S2 = 4H2Ψ2 + 7
3
DiΨD
iΨ+
8
3
Ψ∆Ψ+ 8HΨΨ′ + 8H′Ψ2 +Ψ′2
+
1
3
∑
e=r,m
κρ¯e(1 + we)DiveD
ive , ✭✻✳✽✮
S3 = −4Ψ2 −∆−1
[
2DiΨD
iΨ+
∑
e=r,m
κρ¯e(1 + we)DiveD
ive
]
+3(∆∆)−1DiDj
[
2DiΨDjΨ+
∑
e=r,m
κρ¯e(1 + we)D
iveD
jve
]
, ✭✻✳✾✮
S4 = 2HΨ2 − 4ΨΨ′ + 2D−1i (Ψ′DiΨ)
+
∑
e=r,m
κρ¯eD
−1
i
[
(1 + we)ΨDive − (1 + c2s,e)δeDive)
]
. ✭✻✳✶✵✮
P♦✉r ❞❡s ✢✉✐❞❡s s❛♥s ✐♥tér❛❝t✐♦♥✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s s✐ ♦♥ tr❛✐t❡ ✉♥✐q✉❡♠❡♥t ✉♥ ♠é❧❛♥❣❡ ❞❡ r❛❞✐❛t✐♦♥
❡t ❞❡ ♠❛t✐èr❡ ♥♦✐r❡✱ ♥♦✉s ♦❜t❡♥♦♥s ❞❡✉① éq✉❛t✐♦♥s s❝❛❧❛✐r❡s ❞✬é✈♦❧✉t✐♦♥ ❞✉ ✢✉✐❞❡ ❡♥ ❝♦♥s✐❞ér❛♥t
∇¯µTµe 0 = 0 ❛✐♥s✐ q✉❡ ❧❡ ♠♦❞❡ s❝❛❧❛✐r❡ ❞❡ ∇µTµe i = 0✳ ■❧ s✬❛❣✐t r❡s♣❡❝t✐✈❡♠❡♥t ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❝❤❛q✉❡ ✢✉✐❞❡ ❛✐♥s✐ q✉❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r ❞❡ ❝❤❛q✉❡ ✢✉✐❞❡✳ ❉❛♥s ❧❡ ❝❛s ♦ù w
❡st ❝♦♥st❛♥t ❡t ❞♦♥❝ w = c2s ❝❡s éq✉❛t✐♦♥s s♦♥t
δ′e + (1 + we)
(
∆ve − 3Ψ′
)
= Sc,e , ✭✻✳✶✶✮
v′e +H(1− 3c2s,e)ve +Φ+
c2s,e
1 + we
δe = Se,e. ✭✻✳✶✷✮
▲❡s t❡r♠❡s ❞❡ s♦✉r❝❡ ❞❡ ❝❡s éq✉❛t✐♦♥s s♦♥t ❞♦♥♥és ♣❛r
Sc,e = 2(1 + we)
{
3δeΨ
′ + 6ΨΨ′ − (Φ + δe)∆ve
+Dive
[−Diδe − (1− 3we)HDive − 2Div′e − 2DiΦ+ 3DiΨ]} , ✭✻✳✶✸✮
DiSe,e = −2(δeDive)′ − 2H(1− 3c2s,e)δeDive + 2H(1− 3c2s,e)(Φ + 2Ψ)Dive + 10Ψ′Dive
+4ΨDiv
′
e − 2Dj
(
DjveDive
)
+ 2ΦDiv
′
e − 2δDiΦ+ 4ΦDiΦ . ✭✻✳✶✹✮
✶✶✹ ❉②♥❛♠✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
❉❛♥s ❧❡ ❝❛s ♦✉ w ♥✬❡st ♣❛s ❝♦♥st❛♥t ❝✬❡st✲à✲❞✐r❡ ♣♦✉r w 6= c2s✱ ❧❡s éq✉❛t✐♦♥s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s♦♥t
❞♦♥♥é❡s ❡♥ ❛♣♣❡♥❞✐❝❡ ❉✳✶ t❛♥❞✐s q✉❡ ❧❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ s♦♥t ❞♦♥♥é❡s ❡♥ ❛♣♣❡♥❞✐❝❡ ❉✳✷✳
❙✐ ❞❡ ♣❧✉s ❧❡s ♣❡rt✉r❜❛t✐♦♥s ♥❡ s♦♥t ♣❛s ❛❞✐❛❜❛t✐q✉❡s✱ ❝✬❡st✲à✲❞✐r❡ s✐ ❧❛ ♣r❡ss✐♦♥ ♥❡ ❞é♣❡♥❞ ♣❛s
✉♥✐q✉❡♠❡♥t ❞❡ ρ✱ ❛❧♦rs ✐❧ ❢❛✉t ❝♦♥s✐❞ér❡r ✉♥❡ ❝♦♠♣♦s❛♥t❡ ♥♦♥✲❛❞✐❛❜❛t✐q✉❡ ❞❛♥s ❧❡s éq✉❛t✐♦♥ ♣ré✲
❝é❞❡♥t❡s✳ ◆♦✉s ♥❡ ❝♦♥s✐❞ér❡r♦♥s ♣❛s ❝❡tt❡ s✐t✉❛t✐♦♥ ❡t ♥♦✉s r❡str❡✐♥❞r♦♥s ❞❛♥s ❝❡ q✉✐ s✉✐t à ❞❡s
♣❡rt✉r❜❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s✳ ❙✐ ❞❡ ♣❧✉s ♦♥ s♦✉❤❛✐t❡ ✐♥❝❧✉r❡ ❧❡s ❜❛r②♦♥s ❞❛♥s ❧❡s éq✉❛t✐♦♥s ♣ré❝é✲
❞❡♥t❡s✱ ✐❧ ❢❛✉❞r❛ ❝♦♥s✐❞ér❡r ❧❛ ❢♦r❝❡ q✉✬❡①❡r❝❡♥t ❧❡s ❜❛r②♦♥s s✉r ❧❡s ♣❤♦t♦♥s ✭❡t ré❝✐♣r♦q✉❡♠❡♥t✮
❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ❈❡❧❧❡✲❝✐ ♥❡ ♣❡✉t êtr❡ ❥✉st✐✜é❡ q✉✬à ♣❛rt✐r ❞❡ ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❡t s❛ ❢♦r♠❡ ❡st
❞♦♥♥é❡ ❞❛♥s ❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✻❪✳ ❚♦✉t ❝♦♠♠❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ♥♦✉s ét✉❞✐❡r♦♥s ❧❛ ❞②♥❛♠✐q✉❡
❞❡s ♣❡rt✉r❜❛t✐♦♥s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s s❛♥s ❝♦♥s✐❞ér❡r ❝❡t ❛s♣❡❝t ét❛♥t ❞♦♥♥é q✉❡ ❧❛ ♠❛t✐èr❡ ♥♦✐r❡
❢r♦✐❞❡ ❡st ❞♦♠✐♥❛♥t❡✳
▼♦❞❡s t❡♥s♦r✐❡❧s
▲❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ t❡♥s♦r✐❡❧❧❡s s♦♥t ❞♦♥♥é❡s ♣❛r ❧❡ ♠♦❞❡ t❡♥s♦r✐❡❧ ❞❡ (δGij − κδTij) = 0
E′′ij + 2HE′ij + (2K −∆)Eij = STTij , ✭✻✳✶✺✮
♦ù
STTij = PklT,ij [4DkΦDlΦ+ 2κρ¯(1 + w)DkvDlv] . ✭✻✳✶✻✮
❉❛♥s ❧✬❡①♣r❡ss✐♦♥ ♣ré❝é❞❡♥t❡✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ Φ = Ψ ♣♦✉r ✉♥ ✢✉✐❞❡
♣❛r❢❛✐t ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✻✳✺✮✳
◆♦✉s ✉t✐❧✐s❡r♦♥s ❧❡s s♦❧✉t✐♦♥s tr♦✉✈é❡s ♣♦✉r ❧❡s éq✉❛t✐♦♥s ❤♦♠♦❣è♥❡s s❛t✐s❢❛✐t❡s ♣❛r ❧❡s ✈❛✲
r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ♣r❡♠✐❡r ♦r❞r❡ ❛✜♥ ❞❡ rés♦✉❞r❡ ❧❡s éq✉❛t✐♦♥s ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❛✈❡❝ ❧❛
♠ét❤♦❞❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥✳
✻✳✷✳✷ ▲♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
❊♥ s✉✐✈❛♥t ❧❛ ♠ê♠❡ ♣r♦❝é❞✉r❡ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ♦♥ ♣❡✉t ♠♦♥tr❡r ✭✈♦✐r s❡❝t✐♦♥ ✼✳✺✳✷✮ q✉❡
♣♦✉r ❞❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡✱ ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬❛❞✐❛❜❛t✐❝✐té ❞✉ ♠é❧❛♥❣❡ r❛❞✐❛t✐♦♥✲♠❛t✐èr❡ ♥♦✐r❡
❢r♦✐❞❡ ❡st ❡♥❝♦r❡ s❛t✐s❢❛✐t❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡✱ ❡t ♦♥ ♣❡✉t ❡①♣r✐♠❡r ❧❡s ❝♦♥tr❛st❡s ❞❡ ❞❡♥s✐té ❛✉
s❡❝♦♥❞ ♦r❞r❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞✉ ✢✉✐❞❡ t♦t❛❧ ♣❛r ❧❛ ✈❡rs✐♦♥ ❛✉ s❡❝♦♥❞ ♦r❞r❡
❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✼✻✮✳ ▲❡ ✢✉✐❞❡ t♦t❛❧ à ❝❡s é❝❤❡❧❧❡s ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t ❞❡
♣❛r❛♠ètr❡ ❞✬ét❛t ✈❛r✐❛❜❧❡✳ ❉❡ ❢❛ç♦♥ ♣❧✉s ❣é♥ér❛❧❡✱ ♣♦✉r ✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t✱ ♦♥ ♠♦♥tr❡ ❡♥ s✉✐✈❛♥t
❧❛ ♠ê♠❡ ♣r♦❝é❞✉r❡ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ à ♣❛rt✐r ❞❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ❞❡ ❧✬❛♣♣❡♥❞✐❝❡ ❉✳✷✱ q✉❡
❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ♣♦✉r Ψ(2) s✬é❝r✐t
Ψ′′+Ψ′3H(1+ c2s)+ 3Ψ(c2s −w)− c2s∆Ψ = S2− c2sS1+
1
3
∆S3+3S3(c
2
s −w)+HS′3 ≡ S. ✭✻✳✶✼✮
❉❡ ❢❛ç♦♥ éq✉✐✈❛❧❡♥t❡✱ ❝❡tt❡ éq✉❛t✐♦♥ s✬é❝r✐t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Φ(2) ❡t Ψ(2)
Ψ′′ +HΦ′ +HΨ′(2 + 3c2s) + 3Φ(c2s − w)− c2s∆Ψ = S2 − c2sS1 +
1
3
∆S3 . ✭✻✳✶✽✮
❖♥ ♣❡✉t ♠♦♥tr❡r ❛❧♦rs ✭✈♦✐r ❧✬❛♣♣❡♥❞✐❝❡ ❊✮ q✉✬❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❡♥ ❥❛✉❣❡
❝♦♠♦❜✐❧❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞❛♥s s❛ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡
R(2) = Ψ(2) − 2QH
(
Ψ′(2) +HΦ(2) − 4HΨ2 − Ψ
′2
H
)
+
(
1 + 3c2s
)
(Qδ)2 − 4QδΨ , ✭✻✳✶✾✮
❆♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ✶✶✺
♦ù ♦♥ r❛♣♣❡❧❧❡ q✉❡ Q = −1/[3(1+w)]✱ ♦♥ ♣❡✉t ré❝r✐r❡ ❝❡tt❡ éq✉❛t✐♦♥ ♣♦✉r ❧❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡
s♦✉s ❧❛ ❢♦r♠❡
−H
2Q
R(2)′ ≃ 0. ✭✻✳✷✵✮
◆♦✉s ✉t✐❧✐s❡r♦♥s ❞♦♥❝ ❝❡tt❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♣♦✉r ét❛❜❧✐r ❧❡s ❧✐❡♥s ❡♥tr❡ ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡r✲
t✉r❜❛t✐♦♥s ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❛✈❛♥t ❡t ❛♣rès ✉♥ ❝❤❛♥❣❡♠❡♥t ❞✬èr❡ ♣♦✉r ❞❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡✱
❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ✜①❡r ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❞❛♥s ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥ à ♣❛rt✐r ❞❡s ♣ré❞✐❝t✐♦♥s
✐♥✢❛t✐♦♥♥❛✐r❡s✳
✻✳✷✳✸ ➮r❡ ❞❡ r❛❞✐❛t✐♦♥
❊♥ s✉✐✈❛♥t ❧❛ ♠ê♠❡ ♠ét❤♦❞❡ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ♠❛✐s ❡♥ ❣❛r❞❛♥t t♦✉s ❧❡s t❡r♠❡s ❞❡ s♦✉r❝❡
q✉❛❞r❛t✐q✉❡s ❞❛♥s ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣r❡♠✐❡r ♦r❞r❡✱ ♥♦✉s ♣♦✉✈♦♥s ❞ér✐✈❡r ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥
♣♦✉r ❧❡s ♣❡rt✉r❜❛t✐♦♥s s❝❛❧❛✐r❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧✬✉♥✐✈❡rs ❡st ❞♦♠✐♥é ♣❛r ❧❛
r❛❞✐❛t✐♦♥
Ψ′′ + 4HΨ′ − 1
3
∆Ψ = S2 − 1
3
S1 +
1
3
∆S3 +HS′3 ≡ Sr . ✭✻✳✷✶✮
❈❡tt❡ éq✉❛t✐♦♥ ♣❡✉t êtr❡ ❝♦♥✈❡rt✐❡ ❡♥ ✉♥❡ éq✉❛t✐♦♥ s❛t✐s❢❛✐t❡ ♣♦✉r Φ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❝♦♥tr❛✐♥t❡
Ψ−Φ = S3✳ ❆✜♥ q✉❡ ❧✬éq✉❛t✐♦♥ ✭✻✳✷✶✮ s♦✐t ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✉♥✐q✉❡♠❡♥t s✉r ❧❡ t❡♠♣s✱
♥♦✉s ♣❛ss♦♥s ❡♥ ❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✳ ▲❡s t❡r♠❡s ❞❡ s♦✉r❝❡ ♥❡ ❢♦♥t ✐♥t❡r✈❡♥✐r q✉❡ ❞❡s t❡r♠❡s
q✉❛❞r❛t✐q✉❡s ❞❛♥s ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳ ❖♥ r❡❧✐❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡
❋♦✉r✐❡r ❞✬✉♥ ♣r♦❞✉✐t XY à ❝❡❧❧❡ ❞❡ X ❡t Y ♣❛r
[XY ](k) =
1
(2π)3/2
∫
d3k1d
3k2δ
3
❉(k1 + k2 − k)X(k1)Y (k2) . ✭✻✳✷✷✮
❆✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❛ ♥♦t❛t✐♦♥ ♥♦✉s ♥✬✉t✐❧✐s♦♥s ♣❛s ❞❡ ♥♦t❛t✐♦♥ ❞✐✛ér❡♥t❡ ♣♦✉r ✉♥❡ ✈❛r✐❛❜❧❡ ❡t s❛
tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r✳ ◆♦✉s ♦♠❡ttr♦♥s é❣❛❧❡♠❡♥t ❞❡ s♣é❝✐✜❡r ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ k ❧à ♦ù ❛✉❝✉♥❡
❝♦♥❢✉s✐♦♥ ♥❡ ♣❡✉t êtr❡ ❢❛✐t❡✳ ❖♥ ✉t✐❧✐s❡r❛ é❣❛❧❡♠❡♥t ❞♦ré♥❛✈❛♥t ❧❛ ♥♦t❛t✐♦♥ ❝♦♠♣❛❝t❡
C(k1,k2) ≡ 1
(2π)3/2
∫
d3k1d
3k2δ
3
❉(k1 + k2 − k). ✭✻✳✷✸✮
❈❡tt❡ ❡①♣r❡ss✐♦♥ ❢❛✐t ✐♥t❡r✈❡♥✐r ♥é❝❡ss❛✐r❡♠❡♥t t♦✉t❡s ❧❡s ✈❛❧❡✉rs ❞❡ k1 ❡t k2 ❝❡ q✉✐ ❡♥tr❡r❛ ❡♥
❝♦♥tr❛❞✐❝t✐♦♥ ❛✈❡❝ ❧❛ ♥♦t✐♦♥ ❞❡ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡ ♦✉ s✉❜✲❍✉❜❜❧❡ ♣♦✉r ❧❡sq✉❡❧❧❡s ♦♥ s♦✉❤❛✐t❡
❝♦♠♣❛r❡r k à 1/η✱ ♠❛✐s ❛✉ss✐ k1 ❡t k2 à 1/η✳ ❈❡♣❡♥❞❛♥t ❧❡ ❜✉t s♦✉s✲❥❛❝❡♥t à ♥♦s ❝❛❧❝✉❧s ❛✉
s❡❝♦♥❞ ♦r❞r❡ ❡st ❞✬♦❜t❡♥✐r ✉♥❡ ❡①♣r❡ss✐♦♥ ♣♦✉r ❧❡ ❜✐s♣❡❝tr❡ ❡t ♥♦✉s ✈❡rr♦♥s ❛❧♦rs q✉❡ ❧✬✐♥té❣r❛❧❡
r❡♣rés❡♥té❡ ♣❛r C(k1,k2) ♥✬❡st ❥❛♠❛✐s ré❛❧✐sé❡✱ ❡t ❞❛♥s ❝❡ ❝❛s✱ ✐❧ ② ❛ ❜✐❡♥ ✉♥ s❡♥s ♣♦✉r ❧❡s
❧✐♠✐t❡s s✉❜✲❍✉❜❜❧❡ ❡t s✉♣❡r✲❍✉❜❜❧❡✳ ◆♦✉s ♣rés❡♥t❡r♦♥s ❞♦♥❝ ❧❡s rés✉❧t❛ts ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞❛♥s
❧❡s ❧✐♠✐t❡s s✉♣❡r✲❍✉❜❜❧❡ ❡t s✉❜✲❍✉❜❜❧❡ ❛✈❡❝ C(k1,k2) ❡♥ ❢❛❝t❡✉r ❡♥ ♥♦✉s s♦✉✈❡♥❛♥t q✉❡ ❝❡❧❛ à ✉♥
s❡♥s ✉♥✐q✉❡♠❡♥t ❧♦rsq✉❡ ❧✬♦♥ ✉t✐❧✐s❡ ❝❡s ❡①♣r❡ss✐♦♥s ❞❛♥s ❧❡ ❝❛❧❝✉❧ ❞✬✉♥ ❜✐s♣❡❝tr❡✳ ◆♦✉s ♥♦t♦♥s
Ψ1 ❡t Ψ2 ❧❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ❛ss♦❝✐é❡ à ❧✬éq✉❛t✐♦♥ ✭✻✳✷✶✮ q✉❡ ♥♦✉s s♦✉❤❛✐t♦♥s
rés♦✉❞r❡✳ ❖♥ ❞é✜♥✐t ❛❧♦rs ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ♣❛r
Gr(η, η
′) =
Ψ
(1)
1 (η
′)Ψ(1)2 (η)−Ψ(1)1 (η)Ψ(1)2 (η′)
Ψ
(1)
1 (η
′)Ψ
′(1)
2 (η
′)−Ψ(1)2 (η′)Ψ
′(1)
1 (η
′)
. ✭✻✳✷✹✮
✶✶✻ ❉②♥❛♠✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❡st ❛❧♦rs ❞❡ ❧❛ ❢♦r♠❡
Ψ(η) = C1Ψ1(η) + C2Ψ2(η) +
∫ η
0
Gr(η, η
′)Sr(η′)dη′. ✭✻✳✷✺✮
▲❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ❛ss♦❝✐é❡ à ❧✬éq✉❛t✐♦♥ ✭✻✳✷✶✮ s✬é❝r✐t ❡①♣❧✐❝✐t❡♠❡♥t
Gr
(
η, η′
)
=
√
3η′
k3η3
{(
ηη′k2 + 3
)
sin
[
k(η − η′)√
3
]
−
√
3k(η − η′) cos
[
k(η − η′)√
3
]}
. ✭✻✳✷✻✮
▼♦❞❡s s✉♣❡r✲❍✉❜❜❧❡
P♦✉r ❧❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡✱ ♥♦✉s ♣♦✉✈♦♥s s♦✐t ✉t✐❧✐s❡r ❧❛ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡ ❞✉ rés✉❧t❛t
♣ré❝é❞❡♥t✱ ❝✬❡st✲à✲❞✐r❡ ❡♥ ♥❡ ❣❛r❞❛♥t ❞❛♥s Sr q✉❡ ❧❡s t❡r♠❡s ❞♦♠✐♥❛♥t ❞❛♥s ❝❡tt❡ ❧✐♠✐t❡ q✉✐ s♦♥t
Sr ≃ 8HΨΨ′ +Ψ′2 + 3wΨ′2 +HS′3 , ✭✻✳✷✼✮
s♦✐t ✉t✐❧✐s❡r ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ R(2)✳ ❈❡tt❡ ❞❡r♥✐èr❡ ♠ét❤♦❞❡ ❡st ✉♥❡ ✐♥té❣r❛❧❡ ♣r❡♠✐èr❡ ❞✬✉♥❡
éq✉❛t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❡t ❡st ❞♦♥❝ ✉♥❡ éq✉❛t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❝♦♠♠❡ ♦♥ ♣❡✉t ❧❡ ✈♦✐r
❞✐r❡❝t❡♠❡♥t s✉r ❧✬❡①♣r❡ss✐♦♥ ❞❡ R(2)✳ ❙✐ à ❧❛ ✜♥ ❞❡ ❧✬✐♥✢❛t✐♦♥ ❧❛ ✈❛❧❡✉r ❞❡ R(2) ❡st R(2)I ✱ ❛❧♦rs ♦♥
♣❡✉t ✉t✐❧✐s❡r ❝❡tt❡ ✈❛❧❡✉r ❝♦♠♠❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ❛✉ ❞é❜✉t ❞❡ ❧✬èr❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ r❛❞✐❛t✐♦♥✳
▲✬é✈♦❧✉t✐♦♥ ❞❡ Ψ(2) ❡st ❡♥s✉✐t❡ ♦❜t❡♥✉❡ ❡♥ rés♦❧✈❛♥t R(2)(η) = R(2)I ✱ ❝✬❡st✲à✲❞✐r❡
Ψ(2) − 2QH
(
Ψ′(2) +HΦ(2)
)
= R(2)I −
(
1 + 3c2s
)
(Qδ)2 + 4QδΨ− 2QH
(
4HΨ2 + Ψ
′2
H
)
. ✭✻✳✷✽✮
◆♦✉s ❛✈♦♥s ✈✉ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ q✉❡ ♣♦✉r ❞❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡ ❞❛♥s ✉♥❡ èr❡ ❞♦♠✐♥é❡ ♣❛r ✉♥
✢✉✐❞❡ ❞❡ ♣❛r❛♠ètr❡ ❞✬ét❛t w ❝♦♥st❛♥t✱ ✉♥❡ ❢♦✐s ❧❛ s♦❧✉t✐♦♥ ❞é❝r♦✐ss❛♥t❡ ♥é❣❧✐❣❡❛❜❧❡✱ ❝✬❡st✲à✲❞✐r❡
q✉❛♥❞ Ψ(1)
′ ≪ HΨ(1)✱ ♥♦✉s ♣♦✉✈♦♥s r❡❧✐❡r Ψ(1) à R(1) ♣❛r ❧❛ r❡❧❛t✐♦♥ ✭✷✳✽✻✮✳ ❉❛♥s ❝❡ ❝❛s ♥♦✉s
♣♦✉✈♦♥s é❣❛❧❡♠❡♥t r❡❧✐❡r v à Ψ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✷✳✷✹✮ ♣❛r
v(1) =
−2Ψ(1)
3H(1 + w) , ✭✻✳✷✾✮
❡t ♥é❣❧✐❣❡r δ ❞❡✈❛♥t Ψ✳ ❖♥ ❛♣♣❧✐q✉❡ ❧❛ ♠ê♠❡ ♠ét❤♦❞❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ❯♥❡ ❢♦✐s ❧❛ s♦❧✉t✐♦♥ ❞é✲
❝r♦✐ss❛♥t❡ ♥é❣❧✐❣❡❛❜❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ❛ss♦❝✐é❡ à ❧✬éq✉❛t✐♦♥ ✭✻✳✷✽✮✱
❡t ❞♦♥❝ q✉❡ Ψ(2)
′ ≪ HΨ(2)✱ ♥♦✉s ♣♦✉✈♦♥s ❞é❞✉✐r❡ ✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ Ψ(2) ❡t R(2)I ✳ ❊♥ ✉t✐❧✐s❛♥t
❧✬éq✉❛t✐♦♥ ✭✻✳✷✾✮ ❡t ❡♥ ❡①♣r✐♠❛♥t Φ(2) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Ψ(2) ❣râ❝❡ à ❧❛ ❝♦♥tr❛✐♥t❡ ✭✻✳✺✮✱ ❝❡tt❡ r❡❧❛t✐♦♥
q✉✐ ❝♦rr❡s♣♦♥❞ à ❧❛ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✻✳✷✽✮ s✬é❝r✐t
Ψ
(2)
I (w) =
1
5 + 3w
{
3(1 + w)R(2)I + 4
5 + 3w
3(1 + w)
Ψ
(1)2
I − 2∆−1
[
10 + 6w
3(1 + w)
∂iΨ
(1)
I ∂
iΨ
(1)
I
]
+6∆−2∂j∂i
[
10 + 6w
3(1 + w)
∂jΨ
(1)
I ∂
iΨ
(1)
I
]}
. ✭✻✳✸✵✮
❉❛♥s ❧❡ ❝❛s ❞❡ ❧✬èr❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ r❛❞✐❛t✐♦♥
Ψ
(2)
I,r =
2
3
R(2)I,r +Ψ(1)2I,r −∆−1
[
∂iΨ
(1)
I,r∂
iΨ
(1)
I,r
]
+ 3∆−2∂j∂i
[
∂jΨ
(1)
I,r∂
iΨ
(1)
I,r
]
, ✭✻✳✸✶✮
❆♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ✶✶✼
♦ù ♥♦✉s r❛♣♣❡❧♦♥s q✉❡ Ψ(1)I,r = 2R(1)I /3✳ ■❧ ❢❛✉t r❡♠❛rq✉❡r q✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ Φ(2) 6= Ψ(2) ❡t ❞♦♥❝
❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✻✳✺✮✱ ♦♥ ❧❡s r❡❧✐❡ ❞❛♥s ❧❡ ❝❛s s✉♣❡r✲❍✉❜❜❧❡ ♣❛r
Φ
(2)
I = Ψ
(2)
I +4Ψ
(1)2
I +∆
−1
[
10 + 6w
3(1 + w)
∂iΨ
(1)
I ∂
iΨ
(1)
I
]
−3∆−2∂j∂i
[
10 + 6w
3(1 + w)
∂jΨ
(1)
I ∂
iΨ
(1)
I
]
. ✭✻✳✸✷✮
▼♦❞❡s s✉❜✲❍✉❜❜❧❡
▲♦rsq✉❡ ♥♦✉s s♦✉❤❛✐t♦♥s ét✉❞✐❡r ❧❛ r❡♥tré❡ ❞✬✉♥ ♠♦❞❡ s♦✉s ❧✬❤♦r✐③♦♥✱ ✐❧ ♥✬❡st ♣❧✉s ♣♦ss✐❜❧❡
❞✬✉t✐❧✐s❡r ❧❛ ♠ét❤♦❞❡ ✐♥té❣r❛❧❡ ♣ré❝é❞❡♥t❡ ❡t ♥♦✉s ✉t✐❧✐s❡r♦♥s ❞♦♥❝ ❧❛ ♠ét❤♦❞❡ ❣é♥ér❛❧❡ ❞❡ ❧❛
❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥✳ ▲❛ s♦❧✉t✐♦♥ ❞♦♠✐♥❛♥t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡✱ ♥♦té❡ Ψ(2)h ❛ ❧❛ ❢♦r♠❡ ❞♦♥♥é❡
♣❛r ❧❛ ❢♦♥❝t✐♦♥ ✭✷✳✸✼✮ ❛✈❡❝ ✉♥❡ ✈❛❧❡✉r ❧✐♠✐t❡ q✉❛♥❞ kη ≫ 1 ❞♦♥♥é❡ ♣❛r Ψ(2)I,r
Ψ
(2)
h = Ψ
(2)
I,r
9
√
3
(kη)3
[
sin
(
kη/
√
3
)
− kη√
3
cos
(
kη/
√
3
)]
. ✭✻✳✸✸✮
◗✉❛♥t à ❧❛ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡✱ ♦✉ s♦❧✉t✐♦♥ s♦✉r❝é❡ Ψ(2)S ✱ ♥♦✉s ♣♦✉✈♦♥s ♥♦✉s ✐♥tér❡ss❡r ❞❛♥s ✉♥
❜✉t ❞❡ s✐♠♣❧✐✜❝❛t✐♦♥ à s♦♥ ♦r❞r❡ ❞♦♠✐♥❛♥t ❡♥ kη q✉✐ ❡st
Ψ
(2)
S (k, η) ≃ C(k1,k2)F (k1,k2,k)Ψ(1)I (k1)Ψ(1)I (k2)
∫ η
0
I
(
k1,k2,k, η, η
′) dη′ , ✭✻✳✸✹✮
♦ù
F (k1,k2,k, η) =
27
√
3k1k2
k3η2
[
1 + 2
(
1
k21
+
1
k22
)
k1.k2 + 3
(
k1.k2
k1k2
)2]
, ✭✻✳✸✺✮
I(k1,k2,k, η, η
′) = sin
(
k1η
′
√
3
)
sin
(
k2η
′
√
3
)
sin
[
k(η′ − η)√
3
]
. ✭✻✳✸✻✮
❆✜♥ ❞❡ ❞ér✐✈❡r ❝❡ rés✉❧t❛t✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧❡ ❢❛✐t q✉❡ ❞❛♥s ❧❡ t❡r♠❡ ❞❡ s♦✉r❝❡ Sr✱ ❧❡s t❡r♠❡s
❞♦♠✐♥❛♥ts s♦♥t ❧❡s t❡r♠❡s q✉❛❞r❛t✐q✉❡s ❡♥ v q✉✐ s♦♥t t♦✉s ❞✉ t②♣❡ ∼ H2∂iv∂iv ∼ η−2✱ t❛♥❞✐s
q✉❡ ❧❡s ❛✉tr❡s t❡r♠❡s s❡ ❝♦♠♣♦rt❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t ❛✉ ♠✐❡✉① ❝♦♠♠❡ k−2η−4✳
❖♥ ♣❡✉t ❝❛❧❝✉❧❡r ❧✬✐♥té❣r❛❧❡ s✉r I✱ ❡t ♦♥ ♦❜t✐❡♥t ❛❧♦rs ♣♦✉r ❧❡s ♠♦❞❡s s✉❜✲❍✉❜❜❧❡ ✭k1η ≫
1, k2η ≫ 1, kη ≫ 1✮✱ ❡♥ ♥♦t❛♥t µ = k1.k2/(k1k2)
Ψ
(2)
S (k, η) ≃ C(k1,k2)
81Ψ
(1)
I (k1)Ψ
(1)
I (k2)
2k2η2(1− µ2)
[
1 + 2
(
1
k21
+
1
k22
)
k1.k2 + 3
(
k1.k2
k1k2
)2]
[
µ sin
(
k1η√
3
)
sin
(
k2η√
3
)
+ cos
(
kη√
3
)
− cos
(
k1η√
3
)
cos
(
k2η√
3
)]
. ✭✻✳✸✼✮
▲❛ s♦❧✉t✐♦♥ t♦t❛❧❡ Ψ(2)r ❡st ❧❛ s♦♠♠❡ ❞❡ Ψ
(2)
S ✱ q✉✐ ✈✐❡♥t ❞❡ ❧✬é✈♦❧✉t✐♦♥✱ ❡t ❞❡ Ψ
(2)
h ✱ q✉✐ ♣♦rt❡ ✉♥❡
✐♥❢♦r♠❛t✐♦♥ s✉r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ à ❧❛ ✜♥ ❞❡ ❧✬✐♥✢❛t✐♦♥ R(2)I ✳ ❖✉tr❡ ❧❛ ❞é♣❡♥❞❛♥❝❡
❞❛♥s ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ k1✱ k2 ❡t µ ❛✐♥s✐ q✉❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ♦s❝✐❧❧❛♥t✱ ♦♥ r❡♠❛rq✉❡ q✉❡
❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❞é❝r♦ît ❝♦♠♠❡ (kη)−2✳ ❖♥ ❝♦♥❧✉t ❞♦♥❝ q✉❡ ❧❡
♣r❡♠✐❡r ♦r❞r❡ ❝♦♠♠❡ ❧❡ s❡❝♦♥❞ ♦r❞r❡ ❡st ❛♠♦rt✐ ❧♦rsq✉✬✐❧ r❡♥tr❡ s♦✉s ❧✬❤♦r✐③♦♥ ❞❛♥s ❧✬èr❡ ❞♦♠✐♥é❡
♣❛r ❧❛ r❛❞✐❛t✐♦♥✳ ❖♥ ♣❡✉t ❡♥s✉✐t❡ ❡♥ ❞é❞✉✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞✉ ❝♦♥tr❛st❡ ❞❡
✶✶✽ ❉②♥❛♠✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
❞❡♥s✐té ❣râ❝❡ à ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ✭✻✳✸✮✳ ❈♦♠♠❡ ❧❡s t❡r♠❡s ❞♦♠✐♥❛♥ts ❞❛♥s ❧❡ t❡r♠❡ ❞❡
s♦✉r❝❡ s♦♥t ❞❡ ❧✬♦r❞r❡ ❞❡ k2Ψ(1)2/(kη)4✱ ♦♥ ♣❡✉t ❧❡s ♥é❣❧✐❣❡r ❞❡✈❛♥t ∆Ψ(2) ❡t ρ¯δ(2)✳ ❖♥ ❡♥ ❞é❞✉✐t
q✉✬❛s②♠♣t♦t✐q✉❡♠❡♥t ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ s✬é❝r✐t ❞❛♥s ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥
δ(2)r = −
2
3
(kη)2Ψ(2)r . ✭✻✳✸✽✮
✻✳✷✳✹ ➮r❡ ❞❡ ♠❛t✐èr❡
❉❛♥s ❧❡ ❝❛s ♦ù ❧✬✉♥✐✈❡rs ❡st ❞♦♠✐♥é ♣❛r ❧❛ ♠❛t✐èr❡✱
Ψ′′ + 3HΨ′ = S2 + 1
3
∆S3 +HS′3 ≡ Sm . ✭✻✳✸✾✮
▲❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ❛ss♦❝✐é❡ ❡st
Gm
(
η, η′
)
=
1
5
(
η′ − η
′6
η5
)
. ✭✻✳✹✵✮
▼♦❞❡s s✉♣❡r✲❍✉❜❜❧❡
P♦✉r ❧❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡✱ ♦♥ s✉✐t ❧❛ ♠ê♠❡ ❞é♠❛r❝❤❡ q✉❡ ♣♦✉r ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥✳ ❯♥❡
❢♦✐s ❧❛ s♦❧✉t✐♦♥ ❞é❝r♦✐ss❛♥t❡ ♥é❣❧✐❣❡❛❜❧❡✱ Ψ(2) ❝♦♥✈❡r❣❡ ✈❡rs Ψ(2)I (w = 0)✱ ❝✬❡st✲à✲❞✐r❡
Ψ
(2)
I,m =
[
3
5
R(2)I +
4
3
Ψ
(1)2
I,m −∆−1
(
4
3
∂iΨ
(1)
I,m∂
iΨ
(1)
I,m
)
+∆−2∂j∂i
(
4∂jΨ
(1)
I,m∂
iΨ
(1)
I,m
)]
, ✭✻✳✹✶✮
❛✈❡❝ Ψ(1)I,m = 3R(1)I /5✳ ❖♥ r❡❧✐❡ ❝❡tt❡ ✈❛❧❡✉r à Φ(2)I,m ❡♥ ✉t✐❧✐s❛♥t ❧ ✬éq✉❛t✐♦♥ ✭✻✳✸✷✮ é✈❛❧✉é❡ ❡♥ w = 0✳
▼♦❞❡s ❞❡✈❡♥❛♥t s✉❜✲❍✉❜❜❧❡ ♣❡♥❞❛♥t ❧✬èr❡ ❞❡ ♠❛t✐èr❡
❉❛♥s ❧❛ ❧✐♠✐t❡ kη ≫ 1✱ k1η ≫ 1✱ k2η ≫ 1✱ ✉♥❡ ❢♦✐s ❧❡ ♠♦❞❡ ❞é❝r♦✐ss❛♥t ❞✉ ♣r❡♠✐❡r ♦r❞r❡
♥é❣❧✐❣❡❛❜❧❡✱ Ψ(1) ❡st ❝♦♥st❛♥t ❡t ❧❡ t❡r♠❡ ❞❡ s♦✉r❝❡ Sm s✬é❝r✐t
Sm = C(k1,k2)Ψ(1)I,m(k1)Ψ(1)I,m(k2)
14k21k
2
2
3k2
[
5
7
+
1
2
k1.k2
(
1
k21
+
1
k22
)
+
2
7
(k1.k2)
2
k21k
2
2
]
, ✭✻✳✹✷✮
♦ù ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧❛ r❡❧❛t✐♦♥ ✭✻✳✷✾✮ ✈❛❧❛❜❧❡ q✉❛♥❞ Ψ ❡st ❝♦♥st❛♥t✳ ❖♥ ❡♥ ❞é❞✉✐t ❡♥ ✉t✐❧✐s❛♥t
❧✬❡①♣r❡ss✐♦♥ ✭✻✳✹✵✮ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ♣♦✉r ❧✬èr❡ ❞❡ ♠❛t✐èr❡ q✉❡
Ψ
(2)
S = −C(k1,k2)Ψ(1)I,m(k1)Ψ(1)I,m(k2)
k21k
2
2η
2
3k2
[
5
7
+
1
2
k1.k2
(
1
k21
+
1
k22
)
+
2
7
(k1.k2)
2
k21k
2
2
]
. ✭✻✳✹✸✮
◗✉❛♥t à ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ Ψ(2)h ✱ ❡❧❧❡ ❡st é❣❛❧❡ à Ψ
(2)
I,m ♣✉✐sq✉❡ ❧✬éq✉❛t✐♦♥ ❤♦✲
♠♦❣è♥❡ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ▲❛ s♦❧✉t✐♦♥ t♦t❛❧❡ Ψ(2)m ❡st ❧❛ s♦♠♠❡ ❞❡ Ψ
(2)
h
❡t Ψ(2)I,m✱ ♠❛✐s ❛s②♠♣t♦t✐q✉❡♠❡♥t ❝❡tt❡ ❞❡r♥✐èr❡ ✈❛ ❞❡✈❡♥✐r ♥é❣❧✐❣❡❛❜❧❡✳ ❖♥ ♣r♦❝è❞❡ ❞❡ ♠ê♠❡
q✉❡ ♣♦✉r ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥ ❛✜♥ ❞❡ ❞é❞✉✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡ δ(2)✳ ◆♦✉s ♣♦✉✲
✈♦♥s ♥é❣❧✐❣❡r ❧❡ t❡r♠❡ ❞❡ s♦✉r❝❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ✭✻✳✸✮✱ q✉✐ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ k2Ψ(1)2✱
❆♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ✶✶✾
❞❡✈❛♥t ∆Ψ(2) ❡t ρ¯δ(2) q✉✐ s♦♥t ❞❡ ❧✬♦r❞r❡ ❞❡ k2(kη)2Ψ(1)2✳ ❖♥ ❡♥ ❞é❞✉✐t ❛❧♦rs ❧❡ ❝♦♠♣♦rt❡♠❡♥t
❛s②♠♣t♦t✐q✉❡ ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ♣❛r
δm = −1
6
(kη)2Ψm ✭✻✳✹✹✮
✈❛❧❛❜❧❡ à ❧❛ ❢♦✐s ♣♦✉r ❧❡ ♣r❡♠✐❡r ❡t ❧❡ s❡❝♦♥❞ ♦r❞r❡✳ ❈❡❝✐ ♥♦✉s ♣❡r♠❡t ❛❧♦rs ❞❡ r❡tr♦✉✈❡r ❧❡ rés✉❧t❛t
st❛♥❞❛r❞ ❞❡ ❧✬❡✛♦♥❞r❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ❡♥ ré❣✐♠❡ ◆❡✇t♦♥✐❡♥ ❬❇❡r♥❛r❞❡❛✉ ❡t ❛❧✳ ✵✷❪
1
2
δ(2)m = C(k1,k2)
[
5
7
+
1
2
k1.k2
(
1
k21
+
1
k22
)
+
2
7
(k1.k2)
2
k21k
2
2
]
δ(1)m (k1)δ
(1)
m (k2). ✭✻✳✹✺✮
✻✳✷✳✺ ❚r❛♥s✐t✐♦♥ r❛❞✐❛t✐♦♥✲♠❛t✐èr❡
◆♦✉s ❞é❝r✐✈♦♥s ❧❛ tr❛♥s✐t✐♦♥ r❛❞✐❛t✐♦♥✲♠❛t✐èr❡ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❢❛✐t ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ ❧❛
♣❛r❛♠étr❛♥t ♣❛r ❧❡ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ ♥♦r♠❛❧✐sé à ❧✬✉♥✐té à ❧✬é❣❛❧✐té y✳ ▲✬éq✉❛t✐♦♥ ✭✷✳✺✼✮ ❛✉ s❡❝♦♥❞
♦r❞r❡ s✬é❝r✐t
d2Ψ(2)
dy2
+
6 + 7y
2y(1 + y)
dΨ(2)
dy
+
1
y
dΦ(2)
dy
+
2
3(1 + y)k2❡q
k2Ψ(2)+
Ωm
2y2
δ(2)m +
1
y(1 + y)
Φ(2) = Srm, ✭✻✳✹✻✮
❛✈❡❝
Srm =
2
1 + y
(
S2 − S1
3
− k
2S3
3
)
, ✭✻✳✹✼✮
♦ù Φ(2) ❡st r❡❧✐é à Ψ(2) ❣râ❝❡ à ❧✬éq✉❛t✐♦♥ ✭✻✳✺✮✳ ❈♦♠♠❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ✐❧ ❢❛✉t ❞ét❡r♠✐♥❡r
❧❡ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❛✜♥ ❞❡ ♣♦✉✈♦✐r ✐♥té❣r❡r ❝❡tt❡ éq✉❛t✐♦♥✳ ▲✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❡t
❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r ❛✉ s❡❝♦♥❞ ♦r❞r❡ ♣❡✉✈❡♥t êtr❡ ❝♦♠❜✐♥é❡s ❛✜♥ ❞❡ ❞♦♥♥❡r
d2δ
(2)
m
dy2
+
2 + 3y
2y(1 + y)
dδ
(2)
m
dy
− 3d
2Ψ(2)
dy2
−
[
6 + 9y
2y(1 + y)
]
dΨ(2)
dy
+
2k2
(1 + y)k2❡q
Φ(2) = Sδm , ✭✻✳✹✽✮
❛✈❡❝
Sδm ≡
√
2
k❡q
√
1 + y
(
dSc
dy
+
Sc
y
)
+
2k2
k2❡q(1 + y)
Se . ✭✻✳✹✾✮
❉❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ♥♦✉s ❛✈♦♥s ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❝♦✉♣❧é❡s✳
❉❡ ♣❧✉s✱ ✐❧ ♥♦✉s ❢❛✉t ❞ét❡r♠✐♥❡r ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ♣♦✉r δ(2)m ✳ ▲❡ ♠é❧❛♥❣❡ ❞❡ ✢✉✐❞❡s ♣❛r❢❛✐ts
♥✬ét❛♥t ♣❛s ❛ ♣r✐♦r✐ ♣❛r❢❛✐t✱ ♦♥ s✉♣♣♦s❡ ❞❡ ♣❧✉s q✉❡ ❧❡ ♠é❧❛♥❣❡ ❞✉ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥ ❡t ❞✉ ✢✉✐❞❡
❞❡ ♠❛t✐èr❡ s❡ ❝♦♠♣♦rt❡♥t ❝♦♠♠❡ ✉♥ s❡✉❧ ✢✉✐❞❡ ♣❛r❢❛✐t ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡
✢✉✐❞❡ t♦t❛❧ ❞♦♥t ❧❡s q✉❛♥t✐tés t❤❡r♠♦❞②♥❛♠✐q✉❡s s♦♥t ❞♦♥♥é❡s ♣❛r ❧❡s r❡❧❛t✐♦♥s ✭✷✳✹✼✮ s❛t✐s❢❛✐t
δP =
dP
dρ
δρ+
1
2
d2P
dρ2
(δρ)2
= c2sδρ+
1
2
dc2s
dρ
(δρ)2 , ✭✻✳✺✵✮
♦ù cs ❡st ❞♦♥♥é ❞❛♥s ❧❡s r❡❧❛t✐♦♥s ✭✷✳✺✺✮✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs q✉❡ ❧❡s ❝♦♥tr❛st❡s ❞❡ ❞❡♥s✐té ❞♦✐✈❡♥t
s❛t✐s❢❛✐r❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬❛❞✐❛❜❛t✐❝✐té ❞♦♥♥é❡ ♣❛r
δ
(1)
r
4
=
δ
(1)
m
3
,
δ
(2)
r
4
=
δ
(2)
m
3
+
(
δ
(1)
r
4
)2
. ✭✻✳✺✶✮
✶✷✵ ❉②♥❛♠✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
❖♥ ✉t✐❧✐s❡r❛ ❞♦♥❝ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❝❛r ♦♥ s✉♣♣♦s❡r❛ ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛❞✐❛❜❛t✐q✉❡s✳ ❖♥
♣❡✉t ♠♦♥tr❡r ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✻✳✶✶✮ q✉❡ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❛❞✐❛❜❛t✐q✉❡ ❡st
❝♦♥s❡r✈é❡ ❛✉① é❝❤❡❧❧❡s s✉♣❡r✲❍✉❜❜❧❡✳
◆♦✉s ❛❧❧♦♥s ét✉❞✐❡r ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❞❡s ♠♦❞❡s r❡♥trés s♦✉s ❧✬❤♦r✐③♦♥ s✉✣s❛♠♠❡♥t ❛✈❛♥t
❧✬é❣❛❧✐té ♣♦✉r q✉❡ ❧❡ ♣♦t❡♥t✐❡❧ Ψ(2) ❝réé ♣❛r ❧❡ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞û à ❧❛ r❛❞✐❛t✐♦♥ s♦✐t ❞❡✈❡♥✉
♣❧✉s ❢❛✐❜❧❡ q✉❡ ❝❡❧✉✐ ❞û à ❧❛ ♠❛t✐èr❡ ❢r♦✐❞❡✳ ■❧ s✬❛❣✐t ❞♦♥❝ ❞✬ét❛❜❧✐r ❧✬❡✛❡t ▼és③ár♦s ❛✉ s❡❝♦♥❞
♦r❞r❡✳ ❉❛♥s ❝❡ ❝❛❞r❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ s❡ ré❞✉✐t à
k2Φ(2) ≃ k2Ψ(2) ≃ − 3
4y
k2❡qδ
(2)
m . ✭✻✳✺✷✮
❖♥ ❛ ♥é❣❧✐❣é S1 ❞❛♥s ❝❡tt❡ r❡❧❛t✐♦♥ ❝❛r ❧❡s t❡r♠❡s ❞♦♠✐♥❛♥ts ❞❡ S1/k2❡q s♦♥t ❞❡ ❧✬♦r❞r❡ ❞❡
(k❡q/k)
2 ≪ 1✳ ◗✉❛♥t ❛✉① ❝♦♥tr✐❜✉t✐♦♥s ❞♦♠✐♥❛♥t❡s ❞❡ Sδm ✱ ❡❧❧❡s ♣r♦✈✐❡♥♥❡♥t ❞❡
Sc ≃ −2∂i
(
δ∂iv
)
, ∂iSe ≃ −2
(
∂jv∂
j∂iv
)
, ✭✻✳✺✸✮
❡t ❝♦♥tr✐❜✉❡♥t ❞❡ ❧✬♦r❞r❡ ❞❡ (k❡q/k)0 à Sδm ✳ ❋✐♥❛❧❡♠❡♥t ❧✬éq✉❛t✐♦♥ ❞❡ ▼és③ár♦s ❛✉ s❡❝♦♥❞ ♦r❞r❡
s✬é❝r✐t
d2δ
(2)
m
dy2
+
2 + 3y
2y(1 + y)
dδ
(2)
m
dy
− 3
2y(1 + y)
δ(2)m = SM , ✭✻✳✺✹✮
❛✈❡❝ ✭❡♥ ♥♦t❛♥t δ ≡ δ(1)m ❡t δ˙ ≡ dδdy ♣♦✉r s✐♠♣❧✐✜❡r✮
SM = C(k1,k2)
{[
2δδ¨ + 2δ˙2 +
δδ˙
y(1 + y)
]
+
[
δδ¨ + 2δ˙2 +
δδ˙
2y(1 + y)
]
k1.k2
(
1
k21
+
1
k22
)
+ 2
k1.k2
k21k
2
2
δ˙2
}
.
✭✻✳✺✺✮
▲✬éq✉❛t✐♦♥ ❞❡ ●r❡❡♥ ❛ss♦❝✐é❡ à ❧✬éq✉❛t✐♦♥ ✭✻✳✺✹✮ ❡st
G(y, y′) =
3
2
y′
√
1 + y′(2+3y)(2+3y′)
{√
1 + y
2 + 3y
−
√
1 + y′
2 + 3y′
+
1
6
ln
[
(
√
1 + y′ + 1)(
√
1 + y − 1)
(
√
1 + y′ − 1)(√1 + y + 1)
]}
.
✭✻✳✺✻✮
▲❛ ❧✐♠✐t❡ ❛s②♠♣t♦t✐q✉❡ q✉❛♥❞ y ≫ 1, y′ ≫ 1 ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ❡st
G(y, y′) ≃ 2
5
y
[
1−
(
y′
y
)5/2]
, ✭✻✳✺✼✮
t❛♥❞✐s q✉❡ ❧❛ ❧✐♠✐t❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ SM s✬♦❜t✐❡♥t ❡♥ ✉t✐❧✐s❛♥t δδ¨ ≪ δ˙2 ❡t δ˙ ∼ δ/y
SM ≃ C(k1,k2)7
[
5
7
+
1
2
k1.k2
(
1
k21
+
1
k22
)
+
2
7
(k1.k2)
2
k21k
2
2
]
δ(k1)δ(k2)
y2
. ✭✻✳✺✽✮
❖♥ r❡tr♦✉✈❡ ❜✐❡♥ à ♣❛rt✐r ❞❡ ❝❡s ❞❡✉① ❧✐♠✐t❡s ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ s♦✉s ❧✬❤♦r✐③♦♥ ❡♥ èr❡
❞❡ ♠❛t✐èr❡ ❞♦♥♥é ♣❛r ❧✬éq✉❛t✐♦♥ ✭✻✳✹✺✮✳ Pr♦❝❤❡ ❞❡ ❧✬éq✉✐✈❛❧❡♥❝❡ ❝❡tt❡ ❧✐♠✐t❡ ❛s②♠♣♦t✐q✉❡ ♥✬❡st
é✈✐❞❡♠♠❡♥t ♣❛s ✈❛❧❛❜❧❡✳
❆♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ ✶✷✶
✻✳✷✳✻ ■♥tér❛❝t✐♦♥s ❜❛r②♦♥s✲♣❤♦t♦♥s
◆♦✉s ✈❡♥♦♥s ❞♦♥❝ ❞❡ ✈♦✐r q✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ ♣♦✉r ❞❡s ♠♦❞❡s s✉❜✲❍✉❜❜❧❡✱ ❧❡ ♣♦t❡♥t✐❡❧ Ψ(2) ≃
Φ(2) ❡st ❝r♦✐ss❛♥t à ❝❛✉s❡ ❞❡ ❧✬❡✛♦♥❞r❡♠❡♥t ❞❡ ❧❛ ♠❛t✐èr❡ ♥♦✐r❡ ❢r♦✐❞❡✱ ❡t ❞❡ ♣❧✉s s❡ ♥♦✉rr✐t ❞❡s
♣❡rt✉r❜❛t✐♦♥s ❞✉ ♣r❡♠✐❡r ♦r❞r❡ q✉✐ ♦♥t s✉❜✐ ✉♥❡ ❝r♦✐ss❛♥❝❡ ❧♦❣❛r✐t❤♠✐q✉❡ à ❧❛ ✜♥ ❞❡ ❧✬èr❡ ❞❡
r❛❞✐❛t✐♦♥✳ ❉❛♥s ❧❡s t❡r♠❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ ♦♥ s✬❛tt❡♥❞ ❞♦♥❝ à ❝❡ q✉❡ ❧❡s t❡r♠❡s q✉❛❞r❛t✐q✉❡s
❞❛♥s ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ s♦✐❡♥t ❞❡ ♠❛❣♥✐t✉❞❡ ✐♥❢ér✐❡✉r❡ ❛✉ ♣♦t❡♥t✐❡❧
❞✉ s❡❝♦♥❞ ♦r❞r❡✳ ◆♦✉s ❛❧❧♦♥s ❞♦♥❝ ét✉❞✐❡r ❞❡ ♣❧✉s ♣rès ❧❡ s②stè♠❡ ❝♦✉♣❧é ❜❛r②♦♥s✲♣❤♦t♦♥s ♣♦✉r
❧❡s ♠♦❞❡s t❡❧s q✉❡ k/k❡q ≫ 1✱ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞♦♠✐♥❛♥t❡s ❞✉ ♣♦t❡♥t✐❡❧ ❞✉
s❡❝♦♥❞ ♦r❞r❡ s♦♥t ❞✉❡s à ❧✬❡✛♦♥❞r❡♠❡♥t ❞❡ ❧❛ ♠❛t✐èr❡ ♥♦✐r❡ ❢r♦✐❞❡✳ ▲❡s ❜❛r②♦♥s ét❛♥t ♠✐♥♦r✐t❛✐r❡s
❞❛♥s ❧❛ ♠❛t✐èr❡ t♦t❛❧❡✱ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡st ❥✉st✐✜é❡ s✐ ❧✬♦♥ ❞és✐r❡ ❝♦♠♣r❡♥❞r❡ ❧❛ ❢♦r♠❡ ❞❡s
s♦❧✉t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❝❡ ♣r♦❜❧è♠❡✳ ◆♦✉s ❛❧❧♦♥s ❞♦♥❝ ♥é❣❧✐❣❡r t♦✉s ❧❡s t❡r♠❡s q✉❛❞r❛t✐q✉❡s ❞❛♥s
❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❛♥s ❧❡s éq✉❛t✐♦♥s ❞❡ ❝♦♥s❡r✈❛t✐♦♥s ❡t ❞✬❊✉❧❡r✳
❖♥ ♣♦s❡ ❞❡ ♠ê♠❡ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ Q(2) = δ(2)r4 −Ψ(2)✱ ❞♦♥t ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❡st ❞♦♥♥é❡
❞✬❛♣rès ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢❛✐t❡ ♣❛r
[(1 +R)Q(2)′ ]′ + k
2
3
Q(2) ≃ −k
2
3
(2 +R)Φ(2) . ✭✻✳✺✾✮
▲❛ ❞✐✛ér❡♥❝❡ ❡ss❡♥t✐❡❧❧❡ ♣❛r r❛♣♣♦rt ❛✉ ♣r❡♠✐❡r ♦r❞r❡ rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉❡ Ψ(2) ♥❡ ♣❡✉t ♣❧✉s
êtr❡ s✉♣♣♦sé ❝♦♥st❛♥t ♠❛✐s ❡st ❛✉ ❝♦♥tr❛✐r❡ ❝r♦✐ss❛♥t ❝♦♠♠❡ (kη)2✳ ▲❡ s②stè♠❡ ♣♦ssè❞❡ ❞♦♥❝ ❧❛
♠ê♠❡ ❛♥❛❧♦❣✐❡ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ s❛✉❢ q✉✬✉♥❡ s♦❧✉t✐♦♥ ❲❑❇ ♥❡ ✈❛ ♣❧✉s êtr❡ ♣♦ss✐❜❧❡ ❞❛♥s ❧❡
❝❛s ♦ù ❧✬❛♠♣❧✐t✉❞❡ ❞❡ Q(2) ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ❝❡❧❧❡ ❞❡ Φ(2)✳ ■❧ s✬❛❣✐t ❞✬✉♥ s②stè♠❡ ❧❛r❣❡♠❡♥t ❢♦r❝é
❞♦♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❡st ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t
Q(2) ≃ −(2 +R)Φ(2) + 6(1 +R)(2 +R)
(kη)2
Ψ(2) +O[1/(kη)4]. ✭✻✳✻✵✮
❉❡ ♠ê♠❡✱ ❧❛ ✈❡rs✐♦♥ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✾✶✮ ❡st ❞❛♥s ❝❡ ❝❛❞r❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ à
❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s ❞❛♥s ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❝♦✉♣❧❛❣❡ ❢♦rt[
(1 +R)v(2)r
]′
= −Q
(2)
4
− (2 +R)Φ(2). ✭✻✳✻✶✮
❖♥ ❡♥ ❞é❞✉✐t ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞❡ v(2)r
kv(2)r (y) ≃ −
3(2 +R)k❡q
k
√
2y
Ψ(2). ✭✻✳✻✷✮
❖♥ r❛♣♣❡❧❧❡ q✉❡ ❝❡tt❡ s♦❧✉t✐♦♥ ♥✬❡st ✈❛❧❛❜❧❡ q✉❡ ❧♦rsq✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞✐r✐❣❡ ❧❡s
♦s❝✐❧❧❛t✐♦♥s ❜❛r②♦♥✐q✉❡s✳ ❊♥ ♣r❛t✐q✉❡✱ ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s ❡♥tr❡ ❧✬éq✉✐✈❛❧❡♥❝❡ ❡t ❧❛ r❡❝♦♠❜✐♥❛✐s♦♥
✭y▲❙❙ ≃ 3.3✮ ♥✬❡st ♣❛s ❛ss❡③ ❣r❛♥❞ ♣♦✉r q✉❡ ❝❡ ré❣✐♠❡ s♦✐t ❛tt❡✐♥t✱ ♠ê♠❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ♣r❡ss✐♦♥
❛♥✐s♦tr♦♣❡✱ s❛✉❢ ♣♦✉r ❞❡s ♠♦❞❡s ♣❧✉s ❣r❛♥❞s q✉❡ kD✳
✻✳✷✳✼ P❤②s✐q✉❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡
◆♦✉s s✉✐✈♦♥s ❧❛ ♠ê♠❡ ❞é♠❛r❝❤❡ q✉✬à ❧✬♦r❞r❡ ❧✐♥é❛✐r❡✳ ▲❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞✬✉♥ ♣❤♦t♦♥
s❡ ❞é✜♥✐t ❛❧♦rs ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ ♣❛r E ≡ E¯ (1 + δE) ≡ E¯
(
1 + δ
(1)
E +
1
2δ
(2)
E
)
✳ ❖♥ ♦❜t✐❡♥t ♣❛r
❧❡ ♠ê♠❡ t②♣❡ ❞❡ r❛✐s♦♥♥❡♠❡♥t q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❬▼♦❧❧❡r❛❝❤ ✫ ▼❛t❛rr❡s❡ ✾✼❪
δ
(2)
E =
[
δ
(2)
E +Φ
(2) − e¯ivi(2)b − 2Φ2 + 2vivi − 2viδei − 4Eijvj e¯i + 4Ψvie¯i
]
. ✭✻✳✻✸✮
✶✷✷ ❉②♥❛♠✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
❚♦✉t ❞✬❛❜♦r❞ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ t❡♠♣ér❛t✉r❡ s❡r❛ ❞é✜♥✐❡ ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ♣♦✉r ❧❛ t❤é♦r✐❡
❧✐♥é❛✐r❡ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❧♦✐ ✭✸✳✾✮✳ ❆✉ s❡❝♦♥❞ ♦r❞r❡ ♦♥ ♦❜t✐❡♥t ❞♦♥❝ q✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡st ❞é✜♥✐❡
à ♣❛rt✐r ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ s❡❧♦♥
Θ(2)[η▲❙❙,x(η▲❙❙)] = δ
(2)
r [η▲❙❙,x(η▲❙❙)]/4−
3
16
δ(1)2r [η▲❙❙,x(η▲❙❙)], ✭✻✳✻✹✮
♠ê♠❡ s✐ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ♥❡ s✉✐t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❝❡❧❧❡ ❞✬✉♥ ❝♦r♣s ♥♦✐r✳ ❆✜♥ ❞❡
r❡❧✐❡r δ(2)E à ❧✬é♠✐ss✐♦♥ ❛✈❡❝ s❛ ✈❛❧❡✉r à ❧❛ ré❝❡♣t✐♦♥✱ ✐❧ ❢❛✉❞r❛ s✉✐✈r❡ ❧❛ ♠ê♠❡ ❞é♠❛r❝❤❡ ♠❛✐s ❡♥
t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ❞✐✣❝✉❧tés s✉✐✈❛♥t❡s✳ ❚♦✉t ❞✬❛❜♦r❞ ❧❡ ♣♦✐♥t ❞✬✐♥t❡rs❡❝t✐♦♥ ❡♥tr❡ ❧❛ ❣é♦❞és✐q✉❡
s✉✐✈✐❡ ♣❛r ✉♥ ♣❤♦t♦♥ ❡t ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥✱ ❞❡ ❝♦♦r❞♦♥♥é❡s [η▲❙❙,x(η▲❙❙)] ♥✬❡st
♣❛s ❝♦♥❢♦♥❞✉ ❛✈❡❝ ❧❡ ♣♦✐♥t ❞✬✐♥t❡rs❡❝t✐♦♥ ❞❡ ❧❛ ❣é♦❞és✐q✉❡ ❛✈❡❝ ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥
♠♦②❡♥♥❡ ❞❡ ❝♦♦r❞♦♥♥é❡s [η¯▲❙❙,x(η¯▲❙❙)]✳ ■❧ ❢❛✉t ❧❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ s✐ ❧✬♦♥ s♦✉❤❛✐t❡ s❡ r❛♠❡♥❡r
à ❧❛ s✉r❢❛❝❡ ❞é✜♥✐❡ ♣❛r η¯▲❙❙✳ ❉❡ ♣❧✉s ✐❧ ❢❛✉❞r❛ t❡♥✐r ❝♦♠♣t❡ ❞✉ ❢❛✐t q✉❡ ❧❛ ❣é♦❞és✐q✉❡ ❛✉ ♣r❡♠✐❡r
♦r❞r❡ s❡ ❞✐st✐♥❣✉❡ ❞❡ ❧❛ ❣é♦❞és✐q✉❡ ♦❜t❡♥✉❡ à ❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✸✳✻✮✱ ❝❡ q✉✐ ❡♥
♣❧✉s ❞✬❛✛❡❝t❡r ❧❡ ♣♦✐♥t ❞✬✐♥t❡rs❡❝t✐♦♥ ❛✈❡❝ ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ✈❛ ♠♦❞✐✜❡r ❧✬✐♥té❣r❛t✐♦♥
❞❡ ❧❛ ✈❡rs✐♦♥ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✹✮✳ ❊♥ ❡✛❡t✱ ❧❡s ✈❛r✐❛❜❧❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡ s❡r♦♥t à
é✈❛❧✉❡r s✉r ❧❛ tr❛❥❡❝t♦✐r❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳ ❉❡ ♣❧✉s✱ s✐ ♦♥ ✐♥tè❣r❡ ❧❡ ❧♦♥❣ ❞❡s ❣é♦❞és✐q✉❡s ❛✈❡❝ ❧❡
♣❛r❛♠ètr❡ ❛✣♥❡ λ✱ ✐❧ ❢❛✉❞r❛ t❡♥✐r ❝♦♠♣t❡ ❞✉ ∆λ ♥é❝❡ss❛✐r❡ ♣♦✉r ♣❛rt✐r ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡
❞✐✛✉s✐♦♥ ❥✉sq✉✬à ❛rr✐✈❡r à ❧✬♦❜s❡r✈❛t❡✉r✳ ❈❡❝✐ ♣❡✉t êtr❡ ❝♦♥t♦✉r♥é ❡♥ ♣❛r❛♠étr❛♥t ❧❛ ❣é♦❞és✐q✉❡
♣❛r η✳ ❊♥✜♥ ❝❡tt❡ ♠ét❤♦❞❡ r❡♣♦s❡ s✉r ❧❡ ❢❛✐t q✉❡ ❧❡ s♣❡❝tr❡ ❞❡ ❝♦r♣s ♥♦✐r ♥✬❡st ♣❛s ♠♦❞✐✜é✱ ❝✬❡st✲
à✲❞✐r❡ q✉❡ ❧❡s ✐♥tér❛❝t✐♦♥s ❢♦rt❡s ❛✈❡❝ ❧❡s ❜❛r②♦♥s ❛✐♥s✐ q✉❡ ❧❡ ❧✐❜r❡ ♣❛r❝♦✉rs s✉r ✉♥❡ ❣é♦❞és✐q✉❡
❛✛❡❝t❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ ❞❡s ♣❤♦t♦♥s ❛②❛♥t ❞❡s é♥❡r❣✐❡s ❞✐✛ér❡♥t❡s ✭❧❡ r❛♣♣♦rt ❞❡ ❧❡✉rs é♥❡r❣✐❡s
r❡st❡ ❝♦♥st❛♥t✮✳ ❈❡❝✐ ❡st ✈ér✐✜é ♣♦✉r ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡ ♣❛r❝♦✉rs s✉r ❞❡s ❣é♦❞és✐q✉❡s ♥✉❧❧❡s ♠❛✐s
♥✬❡st ♣❛s ❛ ♣r✐♦r✐ ✈ér✐✜é ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ✐♥tér❛❝t✐♦♥s ❛✈❡❝ ❧❡s ❜❛r②♦♥s✳ ❆✉ ♣r❡♠✐❡r ♦r❞r❡✱
❧❡s ❞✐✛✉s✐♦♥ ❈♦♠♣t♦♥ ❛✈❡❝ ❧❡s é❧❡❝tr♦♥s ♥❡ ❝❤❛♥❣❡♥t ♣❛s ❧✬é♥❡r❣✐❡ ❞❡s ♣❤♦t♦♥s ❡t ✐❧ ❡st ❥✉st✐✜é ❞❡
❝❛r❛❝tér✐s❡r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ♣❤♦t♦♥s ♣❛r ✉♥❡ t❡♠♣ér❛t✉r❡ ❞❡ ❝♦r♣s ♥♦✐r✳ ❊♥ r❡✈❛♥❝❤❡ ❝❡ ♥✬❡st
♣❧✉s ❧❡ ❝❛s ❛✉ s❡❝♦♥❞ ♦r❞r❡ ♦ù ✐❧ ② ❛ ✉♥❡ ❞✐st♦rs✐♦♥ s♣❡❝tr❛❧❡ ♠ê♠❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞❡ ❧❛ ❞✐✛✉s✐♦♥
❚❤♦♠s♦♥✱ q✉✐ ♣♦✉rt❛♥t ♥✬✐♥❞✉✐t ♣❛s ❞❡ ❞✐st♦rs✐♦♥ s♣❡❝tr❛❧❡ ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ❞❡s ❜❛r②♦♥s✱ ♠❛✐s
✐♥❞✉✐t t♦✉t ❞❡ ♠ê♠❡ ✉♥❡ ❞✐st♦rs✐♦♥ s♣❡❝tr❛❧❡ ✉♥❡ ❢♦✐s r❛♠❡♥é ❛✉ ré❢ér❡♥t✐❡❧ ❞❡s ♦❜s❡r✈❛t❡✉rs
❝♦♠♦❜✐❧❡s ❬❉♦❞❡❧s♦♥ ✫ ❏✉❜❛s ✾✺✱ ❇❛rt♦❧♦ ❡t ❛❧✳ ✵✻❪✳ P❛r❧❡r ❞❡ t❡♠♣ér❛t✉r❡ ♥✬❛ ❞❡ s❡♥s q✉❡ ✈✐❛
❧✬é♥❡r❣✐❡ t♦t❛❧❡ ❡t ❧✬éq✉❛t✐♦♥ ✭✸✳✾✮ q✉✐ ❝♦♥st✐t✉❡ ❛❧♦rs ✉♥❡ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡✱ s❛♥s q✉✬❡❧❧❡
♣✉✐ss❡ êtr❡ ❛ss♦❝✐é❡ à ✉♥ ❝♦r♣s ♥♦✐r✳ ❈❡tt❡ ❛♣♣r♦❝❤❡✱ ❡ss❡♥t✐❡❧❧❡♠❡♥t ▲❛❣r❛♥❣✐❡♥♥❡✱ q✉✐ ❝♦♥s✐st❡ à
✐♥té❣r❡r s❡❧♦♥ ❧❡s ❝ô♥❡s ❞❡ ❧✉♠✐èr❡ ❡st ❞♦♥❝ ❝♦♠♣❧❡①❡✱ t❛♥❞✐s q✉❡ ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡✱ q✉✐ ❝♦♥s✐st❡
à r❡❣❛r❞❡r ✉♥ ♣♦✐♥t ❞❡ ❧✬❡s♣❛❝❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥✱ ❝❡ q✉✐ ❡st ✉♥❡ ❛♣♣r♦❝❤❡
❊✉❧❡r✐❡♥♥❡ ♠❡ s❡♠❜❧❡ ♣❧✉s ♣r♦♠❡tt❡✉s❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡✱ ❡t ♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❝♦rr❡❝t❡♠❡♥t ❧❛
r❡❝♦♠❜✐♥❛✐s♦♥✳
❈❡♣❡♥❞❛♥t ❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s ✭s✉♣❡r✲❍✉❜❜❧❡✮ ♦♥ ♣❡✉t ♥é❣❧✐❣❡r ❧❛ ✈✐t❡ss❡ ❞❡s ❜❛r②♦♥s ❡t ❞♦♥❝
❧❛ ❞✐st♦rs✐♦♥ s♣❡❝tr❛❧❡✳ ❉❡ ♣❧✉s ❧❛ ✈❛r✐❛t✐♦♥ ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❧♦rsq✉❡ ❧❛ r❛❞✐❛t✐♦♥
♣❡✉t êtr❡ tr❛✐té❡ ❝♦♠♠❡ ✉♥ ✢✉✐❞❡ ♣❡♥❞❛♥t ✉♥ t❡♠♣s ∆η ❡st ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞♦♥♥é❡
♣❛r δ′∆η✳ ❖r t♦✉❥♦✉rs ❞❛♥s ❧❛ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡✱ ❧❛ ✈❛r✐❛t✐♦♥ ❞✉ ❝♦♥tr❛st❡ ❞❡ t❡♠♣ér❛t✉r❡
♣❡♥❞❛♥t ❝❡ ♠ê♠❡ t❡♠♣s ❧❡ ❧♦♥❣ ❞✬✉♥❡ ❣é♦❞és✐q✉❡ ❡st ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ −Ψ′∆η ❞✬❛♣rès
❧✬éq✉❛t✐♦♥ ✭✸✳✽✮ é✈❛❧✉é❡ ♣❡♥❞❛♥t ❧❡ t❡♠♣s ∆η✳ ❖♥ ❡♥ ❞é❞✉✐t q✉❡ ♣♦✉r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❝♦r♣s
♥♦✐r✱ ❧❡ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❧♦rsq✉❡ ❧❡s ♣❤♦t♦♥s s♦♥t ❡♥ ♣r♦♣❛❣❛t✐♦♥ ❧✐❜r❡ é✈♦❧✉❡ ♣❡♥❞❛♥t
✉♥ t❡♠♣s ∆η s❡❧♦♥ −4Ψ′∆η ✭❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡✮✳ ❈♦♠♠❡ ♦♥ s❛✐t q✉❡ δ′ − 4Ψ′ ≃ 0 ❛✉①
é❝❤❡❧❧❡s s✉♣❡r✲❍✉❜❜❧❡ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✷✳✷✺✮✱ ♣❡✉ ✐♠♣♦rt❡ q✉✬♦♥ ♥❡ s❛❝❤❡
♣❛s ❡①❛❝t❡♠❡♥t ♦ù s❡ s✐t✉❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ♥✐ s♦♥ é♣❛✐ss❡✉r ❛✉ ♣r❡♠✐❡r ♦r❞r❡
❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ✶✷✸
❞❛♥s ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ❝♦♦r❞♦♥♥é❡ t❡♠♣s✱ ♣✉✐sq✉❡ ❧❡ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥ ♦✉ ❧✬❡♥s❡♠❜❧❡ ❞❡s
♣❤♦t♦♥s ❡♥ ♣r♦♣❛❣❛t✐♦♥ ❧✐❜r❡ ❞♦♥♥❡♥t ❧❛ ♠ê♠❡ é✈♦❧✉t✐♦♥ ❞✉ ❝♦♥tr❛st❡ ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡✳ ❖♥
♣❡✉t ❞♦♥❝ ❝♦♥s✐❞ér❡r ♣♦✉r ❞❡s é❝❤❡❧❧❡s s✉♣❡r✲❍✉❜❜❧❡ q✉❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ♥✬❡st
♣❛s ♣❡rt✉r❜é❡✷ ❡t ❝♦rr❡s♣♦♥❞ ♣❛rt♦✉t ❛✉ t❡♠♣s η¯▲❙❙✳ ❈❡❝✐ ♥✬❡st é✈✐❞❡♠♠❡♥t ♣❧✉s ✈❛❧❛❜❧❡ s✐ ♦♥
♥❡ ❝♦♥s✐❞èr❡ ♣❧✉s ❞❡s é❝❤❡❧❧❡s s✉♣❡r✲❍✉❜❜❧❡ ❡t ❧✬éq✉❛t✐♦♥ ✭✻✮ ❞❡ ❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✹❝❪ ♥✬❛ ❞♦♥❝
❞❡ s❡♥s q✉❡ ♣♦✉r ❞❡s ♠♦❞❡s s✉♣❡r✲❍✉❜❜❧❡✳ ➱t❛♥t ❞♦♥♥é❡s ❝❡s ❝♦♥s✐❞ér❛t✐♦♥s✱ ❧❡ ❝♦♥tr❛st❡ ❞❡
t❡♠♣ér❛t✉r❡ ❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s ❡♥ ♥❡ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❛✉❝✉♥ ❡✛❡t ✐♥té❣ré✸ ❡st ❞♦♥♥é ♣❛r
❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✹❝✱ ▼♦❧❧❡r❛❝❤ ✫ ▼❛t❛rr❡s❡ ✾✼✱ P②♥❡ ✫ ❈❛rr♦❧❧ ✾✻❪
Θ(2) = Φ(2) − Φ(1)2 + 1
4
δ(2)r −
3
16
δ(1)2r +
1
2
Φ(1)δ(1)r , ✭✻✳✻✺✮
♦ù ❧❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❡st à é✈❛❧✉é❡ s✉r ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✳
◆♦✉s ✉t✐❧✐s❡r♦♥s ❝❡ rés✉❧t❛t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✼✳✺✳✷✱ ❧♦rsq✉❡ ♥♦✉s ❝❤❡r❝❤❡r♦♥s à ❝❛r❛❝tér✐s❡r ❧❛ ♥♦♥✲
❣❛✉ss✐❛♥✐té ❞❛♥s ❧❡ ❈▼❇ ❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s✳
✻✳✸ ❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
◆♦✉s s✉✐✈♦♥s ❧❛ ♠ê♠❡ ❞é♠❛r❝❤❡ q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡t ❧✬ét❡♥❞♦♥s ❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ◆♦✉s
ét✉❞✐♦♥s ❞♦♥❝ ❧✬éq✉❛t✐♦♥ ❣é♦❞és✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ♣✉✐s ❧❡ t❡r♠❡ ❞❡ ▲✐♦✉✈✐❧❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
❇♦❧t③♠❛♥♥✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st ♥♦✉✈❡❧❧❡ ♣✉✐sq✉✬❡❧❧❡ ❡st ❜❛sé❡ s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ tétr❛❞❡s t♦✉t ❛✉
❧♦♥❣ ❞✉ ❝❛❧❝✉❧✱ ❡t ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛❧❝✉❧ ❞ét❛✐❧❧é ❞❡ ❧❛ ❞ér✐✈❛t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥ q✉❡
♥♦✉s ❛✈♦♥s ♣rés❡♥té ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✷✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ❝❛s ❣é♥ér❛❧ ♦ù ❧❡s ♣❛rt✐❝✉❧❡s ♣❡✉✈❡♥t
é✈❡♥t✉❡❧❧❡♠❡♥t êtr❡ ♠❛ss✐✈❡s s❛♥s êtr❡ ♣♦✉r ❛✉t❛♥t ♥♦♥✲r❡❧❛t✐✈✐st❡s✳
✻✳✸✳✶ ➱q✉❛t✐♦♥ ❞❡s ❣é♦❞és✐q✉❡s
❖♥ ♦❜t✐❡♥t ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ❣é♦❞és✐q✉❡ ✭✸✳✹✶✮(
dπ0
dη
)(2)
= π0
[
− ni∂iΦ(2) +Ψ(2)′nini − E(2)
′
ij n
inj
+2(Φ−Ψ)ni∂iΦ+ 2niEik∂kΦ
+4ninj
(
E′k(iE
k
j) −ΨE′ij −Ψ′Eij +ΨΨ′δij
) ]
. ✭✻✳✻✻✮
❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ✉t✐❧✐sé ❡st(
dπ0
dη
)
=
(
dπ0
dη
)(0)
+
(
dπ0
dη
)(1)
+
1
2
(
dπ0
dη
)(2)
+ . . . ✭✻✳✻✼✮
✷◆♦✉s ❧✬❛✈♦♥s ❡①♣❧✐q✉é ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ ♠❛✐s ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❝❡ rés✉❧t❛t s♦✐t ✈❛❧❛❜❧❡ à t♦✉t ♦r❞r❡✳ ❊♥
❡✛❡t ❞❛♥s ❧❡ ❢♦r♠❛❧✐s♠❡ 1 + 3✱ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r ρ˙+ 4
3
Θρ = 0 t❛♥❞✐s q✉❡ ♣♦✉r ✉♥
♣❤♦t♦♥s ❞❡ ❞✐r❡❝t✐♦♥ eµ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ s♦♥ é♥❡r❣✐❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ uµ + eµ ❡st ❞♦♥♥é❡ ♣❛r 1
E
(uµ + eµ)∇µE =
−Θ
3
− σµνeµeν ✳ P♦✉r ❞❡s é❝❤❡❧❧❡s s✉♣❡r✲❍✉❜❜❧❡ ♦♥ ♥é❣❧✐❣❡r❛ ❧❡ t❡r♠❡ eµ∇µ✳ ❆❧♦rs✱ ♦♥ ❡♥ ❞é❞✉✐r❛ ❧❡s ♣r♦♣r✐étés
❞❡ ❧❛ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ❡♥ ✉t✐❧✐s❛♥t ρ =
R
f(E, e)E3dEd2e ✭✈♦✐r ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✮✳ P♦✉r ✉♥❡
❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❝♦r♣s ♥♦✐r ✭✈✉❡ ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ❝♦♠♦❜✐❧❡ ❛✈❡❝ uµ✮✱ ♦♥ ❡♥ ❞é❞✉✐r❛ q✉❡ ❧❛ ❞❡♥s✐té
❞✬é♥❡r❣✐❡ ❝♦rr❡s♣♦♥❞❛♥t❡ é✈♦❧✉❡ ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ❧❡ ✢✉✐❞❡ ❞❡ r❛❞✐❛t✐♦♥✱ ♣✉✐sq✉❡ ♣❛r ✐s♦tr♦♣✐❡ ❞❡s ❞✐r❡❝t✐♦♥s
❞❡s ♣❤♦t♦♥s✱ ❧❛ ♠♦②❡♥♥❡ s✉r t♦✉t❡s ❧❡s ❞✐r❡❝t✐♦♥s ❞❡ σµνe
µeν ✈❛ êtr❡ ♥✉❧❧❡✳
✸❖♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❡s ❡✛❡ts ✐♥té❣rés ❝♦♥tr✐❜✉❡♥t ❛✉① ♣❡t✐t❡s é❝❤❡❧❧❡s s❛✉❢ ♣♦✉r ❧❡ ❝❛s ❞❡ ❧✬❡✛❡t ❙❛❝❤s✲❲♦❧❢❡
t❛r❞✐❢ ❞û à ❧❛ ♣rés❡♥❝❡ ❞✬✉♥❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧♦❣✐q✉❡✳ ◆♦✉s ♥é❣❧✐❣❡♦♥s ❞♦♥❝ ❝❡s ❡✛❡ts ✐♥té❣rés✱ ♠❛✐s ✐❧ r❡st❡ à
♠♦♥tr❡r r✐❣♦✉r❡✉s❡♠❡♥t q✉❡ ❝❡❧❛ ❡st ❝♦rr❡❝t✳
✶✷✹ ❉②♥❛♠✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
◆♦✉s ♣ré❝✐s♦♥s ❧❡s ✈❛r✐❛❜❧❡s q✉✐ s♦♥t ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❡♥ ♣❡rt✉r❜❛t✐♦♥s ♠❛✐s ♣❛s ❝❡❧❧❡s q✉✐ s♦♥t
❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ ♣❡rt✉r❜❛t✐♦♥s ❛✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡s ♥♦t❛t✐♦♥s✳ ▲❡s ✈❛r✐❛❜❧❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡
❛♣♣❛r❛✐ss❡♥t ✉♥✐q✉❡♠❡♥t s♦✉s ❢♦r♠❡ q✉❛❞r❛t✐q✉❡ ❡t ✐❧ ♥✬② ❛ ❞♦♥❝ ♣❛s ❞❡ ❝♦♥❢✉s✐♦♥ ♣♦ss✐❜❧❡✳
❖♥ ♣❡✉t ré❝r✐r❡ ❧✬éq✉❛t✐♦♥ ✭✻✳✻✻✮ s♦✉s ❧❛ ❢♦r♠❡
(
dπ0
dη
)(2)
= π0β
[
− nˆi∂iΦ(2) + β
(
Ψ(2)
′ − E(2)′ij nˆinˆj
)
+2(Φ−Ψ)nˆi∂iΦ+ 2nˆiEik∂kΦ
+4βnˆinˆj
(
E′k(iE
k
j) −ΨE′ij −Ψ′Eij
)
+ 4βΨΨ′
]
, ✭✻✳✻✽✮
❧❡ ❝❛s ❞❡ ❧❛ r❛❞✐❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à β = 1✳ ▲✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♥♦r♠❡ ❞❡ ❧❛ ✈✐t❡ss❡ s❡ ❞é❞✉✐t
❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ♣♦✉r ❧✬éq✉❛t✐♦♥ ✭✸✳✺✷✮✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ♣♦✉r ❧❡s ♣❛rt✐❝✉❧❡s ❝♦♠♣❧è✲
t❡♠❡♥t ❢r♦✐❞❡s✱ ❝✬❡st✲à✲❞✐r❡ s❛♥s ✐♠♣✉❧s✐♦♥ ✭β = 0✮✱ ❧✬é♥❡r❣✐❡ ❡st ❝♦♥s❡r✈é❡ à t♦✉t ♦r❞r❡ ❝♦♠♠❡
♦♥ ♣❡✉t ❧❡ ❝♦♥st❛t❡r s✉r ❧✬❡①♣r❡ss✐♦♥ ❣é♥ér❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❣é♦❞és✐q✉❡ ✭✸✳✹✶✮ é✈❛❧✉é❡ ♣♦✉r ✉♥❡
♣❛rt✐❝✉❧❡ s❛t✐s❢❛✐s❛♥t πi = 0✳ ❉❛♥s ❝❡ ❝❛s✱ ❧✬é♥❡r❣✐❡ s❡ ré❞✉✐s❛♥t à ❧✬é♥❡r❣✐❡ ❞❡ ♠❛ss❡✱ ❝❡❧❛ tr❛❞✉✐t
✉♥✐q✉❡♠❡♥t ❧❡ ❢❛✐t q✉❡ ❧❛ ♠❛ss❡ ❞❡ ❧❛ ♣❛rt✐❝✉❧❡ ❡st ❝♦♥s❡r✈é❡✱ ❝❡ q✉✐ ét❛✐t ✉♥❡ ❤②♣♦t❤ès❡✳
✻✳✸✳✷ ❚❡r♠❡ ❞❡ ▲✐♦✉✈✐❧❧❡
▲✬éq✉❛t✐♦♥ ❞❡ ❞é✈✐❛t✐♦♥ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ✭✸✳✺✹✮ ❡st s✉✣s❛♥t❡ ❝❛r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ ❞❡
❢♦♥❞ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡s ❞✐r❡❝t✐♦♥s ❞❡s ♣❛rt✐❝✉❧❡s ♠❛✐s s❡✉❧❡♠❡♥t ❞✉ ♠♦❞✉❧❡ ❞❡ ❧❡✉rs ✐♠♣✉❧s✐♦♥s✳
❖♥ ✉t✐❧✐s❡ é❣❛❧❡♠❡♥t (
dxi
dη
)(1)
=
(
pi
p0
)(1)
= ni(Φ + Ψ)− Eijnj , ✭✻✳✻✾✮
♣♦✉r ♦❜t❡♥✐r ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧
L(2)[f ] =
∂δ(2)f
∂η
+ βnˆj∂jδ
(2)f −Hπ0β2∂δ
(2)f
∂π0
✭✻✳✼✵✮
+
[
−nˆj∂jΦ(2) + β
(
Ψ(2)
′ − E(2)′ij nˆinˆj
)]
βπ0
∂f¯
∂π0
+2β
[
nˆi(Φ + Ψ)− Eijnˆj
]
∂iδ
(1)f + 2
∂δ(1)f
∂π0
π0β
[−nˆi∂iΦ+ β (Ψ′ − E′ijnˆinˆj)]
−2
[
⊥ij
(
β∂jΨ+
1
β
∂jΦ+ E
′
jknˆ
k
)
+ 2β∂[iEk]j ⊥jk
]
∂δ(1)f
∂nˆi
+
[
2(Φ−Ψ)nˆi∂iΦ+ 2nˆiEik∂kΦ+ 4βnˆinˆj
(
E′k(iE
k
j) −ΨE′ij −Ψ′Eij
)
+ 4βΨΨ′
]
βπ0
∂f¯
∂π0
.
❈❡tt❡ ❢♦r♠✉❧❛t✐♦♥ ♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ sé♣❛r❡r ❝❧❛✐r❡♠❡♥t ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥
nˆi ❞❡s ♣❛rt✐❝✉❧❡s ❡t ❝❡❧❧❡ ❞❛♥s ❧❡✉r é♥❡r❣✐❡ π0✳ ❖♥ r❡❧✐❡ ❡♥s✉✐t❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ é♥❡r❣✐❡ à ❧❛
❞é♣❡♥❞❛♥❝❡ ❞❛♥s ❧❛ ♥♦r♠❡ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ (βπ0) ❡♥ ✉t✐❧✐s❛♥t dπ
0
d(βπ0)
= β✳ ❙✐ ❡♥✜♥ ♦♥ s♦✉❤❛✐t❡
❡①♣r✐♠❡r ❧❡s ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ πi = βπ0nˆi✱ ♦♥ ✉t✐❧✐s❡r❛ ∂f
∂nˆi
= ∂f
∂πi
βπ0
❚❤é♦r✐❡ ❝✐♥ét✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ✶✷✺
❡t ∂f
∂(βπ0)
= ∂f
∂πi
nˆi✳ ❖♥ ♣❡✉t ❛❧♦rs ♠❡ttr❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥ s♦✉s ❧❛ ❢♦r♠❡
L(2)[f ] =
∂δ(2)f
∂η
+ βnˆj∂jδ
(2)f −Hπi∂δ
(2)f
∂πi
✭✻✳✼✶✮
+
[
− 1
β
nˆj∂jΦ
(2) +
(
Ψ(2)
′ − E(2)′ij nˆinˆj
)]
πk
∂f¯
∂πk
+2β
[
nˆi(Φ + Ψ)− Eijnˆj
]
∂iδ
(1)f + 2
∂δ(1)f
∂πi
πiΨ′
−2
[
β2 ⊥ij ∂jΨ+ ∂iΦ+ βE′iknˆk + 2β2∂[iEk]j ⊥jk
] ∂δ(1)f
∂πi
π0
+
[
2
β
(Φ−Ψ)nˆi∂iΦ+ 2
β
nˆiEik∂
kΦ+ 4nˆinˆj
(
E′k(iE
k
j) −ΨE′ij −Ψ′Eij
)
+ 4ΨΨ′
]
πi
∂f¯
∂πi
.
❈❡tt❡ ❢♦r♠✉❧❛t✐♦♥ ❡st ♣❧✉s ♣r❛t✐q✉❡ ❧♦rsq✉❡ ❧✬♦♥ ✈❡✉t ✐♥té❣r❡r ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥ s✉r d3πi✱
❝❛r ✐❧ s✉✣t ❛❧♦rs ❞❡ ❢❛✐r❡ ❞❡ s✐♠♣❧❡s ✐♥té❣r❛t✐♦♥s ♣❛r ♣❛rt✐❡s✳
▲❡ ❝❛s ❞❡ ❧❛ r❛❞✐❛t✐♦♥ ❛✉q✉❡❧ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t s✬é❝r✐t ❡♥ ♣r❡♥❛♥t β = 1
L(2)[f ] =
∂δ(2)f
∂η
+ nˆj∂jδ
(2)f −Hπ0∂δ
(2)f
∂π0
+
[
−nˆj∂jΦ(2) +
(
Ψ(2)
′ − E(2)′ij nˆinˆj
)]
π0
∂f¯
∂π0
✭✻✳✼✷✮
+2
[
nˆi(Φ + Ψ)− Eijnˆj
]
∂iδ
(1)f + 2
∂δ(1)f
∂π0
π0
[−nˆi∂iΦ+ (Ψ′ − E′ijnˆinˆj)]
−2
[
⊥ij
(
∂jΨ+ ∂jΦ+ E
′
jknˆ
k
)
+ 2∂[iEk]j ⊥jk
] ∂δ(1)f
∂nˆi
+
[
2(Φ−Ψ)nˆi∂iΦ+ 2nˆiEik∂kΦ+ 4nˆinˆj
(
E′k(iE
k
j) −ΨE′ij −Ψ′Eij
)
+ 4ΨΨ′
]
π0
∂f¯
∂π0
.
✻✳✸✳✸ ❍✐ér❛r❝❤✐❡ ❞❡ ❇♦❧t③♠❛♥♥ ❡t ❧✐❡♥ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s
❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ r❛❞✐❛t✐♦♥✱ ♦♥ ♠❡s✉r❡ ❧✬é♥❡r❣✐❡ ✐♥té❣ré❡ ❞❛♥s t♦✉t❡s ❧❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡✳ ❖♥
❞é✜♥✐t ❞♦♥❝ ❧❛ ❜r✐❧❧❛♥❝❡ ♦r❞r❡ ♣❛r ♦r❞r❡ ♣❛r
I(n)(xµ, ni) ≡ 4π
∫
δ(n)f(xµ, π0, ni)β(π0)3dπ0. ✭✻✳✼✸✮
P♦✉r ❧❡ s❡❝♦♥❞ ♦r❞r❡ ♦♥ ♦❜t✐❡♥t(
∂
∂η
+ ni∂i
) I(2)
4
+HI(2) + I¯ni∂iΦ(2) − I¯
(
Ψ(2)
′ − E(2)′ij nˆinˆj
)
−1
2
[
⊥ij
(
∂jΨ+ ∂jΦ+ E
′
jknˆ
k
)
+ 2∂[iEk]j ⊥jk
] ∂I(1)
∂ni
−I¯
[
2(Φ−Ψ)nˆi∂iΦ+ 2nˆiEik∂kΦ+ 4nˆinˆj
(
E′k(iE
k
j) −ΨE′ij −Ψ′Eij
)
+ 4ΨΨ′
]
−2I(1)
(
Ψ
′ − E′ijnˆinˆj − nj∂jΦ
)
+
1
2
[
(Φ + Ψ)ni − Eijnˆj
]
∂iI(1) = 1
4
C(2)[I]. ✭✻✳✼✹✮
◆♦✉s ♥✬❛✈♦♥s ♣❛s ❡♥❝♦r❡ ❞ét❡r♠✐♥é ❧❡ t❡r♠❡ ❞❡ ❝♦❧❧✐s✐♦♥ ❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ❯♥❡ ét✉❞❡ ❛ ❞é❥à
été ré❛❧✐sé❡ ❞❛♥s ❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✻❪✳ ▲✬ét❛♣❡ s✉✐✈❛♥t❡ ❝♦♥s✐st❡ à tr♦✉✈❡r ❞❡s ♠ét❤♦❞❡s ❡✣❝❛❝❡s
♥✉♠ér✐q✉❡♠❡♥t ♣♦✉r ✐♥té❣r❡r ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ✉♥❡ ❢♦✐s ❞é❝♦♠♣♦sé❡ ❡♥
♠✉❧t✐♣ô❧❡s✳ ❯♥❡ ét❛♣❡ ✐♥t❡r♠é❞✐❛✐r❡ ♣❡r♠❡tt❛♥t ❞❡ ❝❛♣t✉r❡r ❧✬❡ss❡♥t✐❡❧ ❞❡ ❧❛ ♣❤②s✐q✉❡ ❝♦♥s✐st❡r❛
à ❞✬❛❜♦r❞ ❡♥ ❝♦♥s✐❞ér❡r ❧❛ ❧✐♠✐t❡ ✢✉✐❞❡✳
✶✷✻ ❉②♥❛♠✐q✉❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡
✻✳✸✳✹ ▲✐♠✐t❡ ✢✉✐❞❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥
❊♥ ♥é❣❧✐❣❡❛♥t ❧❛ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡✱ ❡t ❡♥ ❞é✜♥✐ss❛♥t ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ✢✉✐❞❡ ♣❛r❢❛✐t à
♣❛rt✐r ❞✉ t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥✱ ♦♥ r❡tr♦✉✈❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♣✉✐s ❧✬éq✉❛t✐♦♥ ❞✬❊✉✲
❧❡r✱ ❞❡♣✉✐s ❧❡s ❞❡✉① ♠♦♠❡♥ts ❧❡s ♣❧✉s ❜❛s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥♥✱ ❝❡ q✉✐ ❡st ❛tt❡♥❞✉ ♣✉✐sq✉❡
♥♦✉s ❛✈♦♥s ♠♦♥tré ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✼ q✉❡ ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡ ✐♠♣❧✐q✉❛✐t ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞✉
t❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥✳ ❈❡♣❡♥❞❛♥t ✉♥❡ t❡❧❧❡ ♠ét❤♦❞❡ ❢❡r❛ ❛♣♣❛r❛îtr❡ ❧❛ ✈✐t❡ss❡ ❞❛♥s ❧❛ ❜❛s❡
❞❡ tétr❛❞❡s Uaea✱ ❡t s✐ ❧✬♦♥ s♦✉❤❛✐t❡ r❡tr♦✉✈❡r ❧❡s éq✉❛t✐♦♥s ✭✻✳✶✶✲✻✳✶✷✮✱ ✐❧ ❢❛✉❞r❛ ❡✛❡❝t✉❡r ❧❡
❝❤❛♥❣❡♠❡♥t ❞❡ ❜❛s❡✳ ❈❡tt❡ ❞é♠❛r❝❤❡ ❡st ❞ét❛✐❧❧é❡ ❞❛♥s ❬P✐tr♦✉ ✵✼❪✳ ◗✉❛♥t ❛✉① ❝♦♥séq✉❡♥❝❡s ♦❜✲
s❡r✈❛t✐♦♥♥❡❧❧❡s s✉r ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥ q✉✐ ♣❡✉✈❡♥t êtr❡ t✐ré❡s ❞❡ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥✱
♥♦✉s ❧❡s ❛❜♦r❞❡r♦♥s ❛✉ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✳ ❆✉♣❛r❛✈❛♥t✱ t♦✉t ❝♦♠♠❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ✐❧ ♥♦✉s ❢❛✉t
❞ét❡r♠✐♥❡r ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❧♦✐♥ ❞❛♥s ❧✬èr❡ ❞❡ r❛❞✐❛t✐♦♥✳ ❈❡❧❧❡s✲❝✐ rés✉❧t❛♥t ❞❡ ❧❛ ♣❤❛s❡
❞✬✐♥✢❛t✐♦♥ ♣r✐♠♦r❞✐❛❧❡✱ ♥♦✉s ❞❡✈♦♥s ét✉❞✐❡r ❧❡s ❡✛❡ts ♥♦♥✲❧✐♥é❛✐r❡s ♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥ ❡t ❝❡❝✐ ❡st
é❣❛❧❡♠❡♥t tr❛✐té ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✳
✶✷✼
Chapitre 7
▲✬✐♥✢❛t✐♦♥ ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ ❡t
s✐❣♥❛t✉r❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡
❙♦♠♠❛✐r❡
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✼✳✶ ●é♥ér❛❧✐tés
❉❛♥s ❧❡ ♠♦❞è❧❡ ❧❡ ♣❧✉s s✐♠♣❧❡ ❞✬✐♥✢❛t✐♦♥ à ✉♥ ❝❤❛♠♣ ❡♥ r♦✉❧❡♠❡♥t ❧❡♥t✱ ♦♥ ♥❡ ♣❡✉t ❛✈♦✐r
q✉❡ ❞❡ très ❢❛✐❜❧❡s ♥✐✈❡❛✉① ❞❡ ♥♦♥✲❣❛✉ss✐❛♥✐té✳ ❊♥ ❡✛❡t✱ ❛✜♥ ❞✬❛✈♦✐r ✉♥ r♦✉❧❡♠❡♥t ❧❡♥t ❧❡ ♣♦t❡♥✲
t✐❡❧ ❞♦✐t êtr❡ s✉✣s❛♠♠❡♥t ♣❧❛t ❝❡ q✉✐ ❧✐♠✐t❡ ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ❧✬❛♠♣❧✐t✉❞❡ ❞❡s t❡r♠❡s q✉❛❞r❛✲
t✐q✉❡s✳ ❖♥ ♠♦♥tr❡ ❛✐♥s✐ ❬❇❡r♥❛r❞❡❛✉ ✫ ❯③❛♥ ✵✷✱ ▼❛❧❞❛❝❡♥❛ ✵✸❪ q✉❡ ❧❡ ♣❛r❛♠ètr❡ ❝❛r❛❝tér✐s❛♥t
❧❛ ♥♦♥✲❣❛✉ss✐❛♥✐té✱ f◆▲✱ ❡st ♥é❝❡ss❛✐r❡♠❡♥t ❞❡ ❧✬♦r❞r❡ ❞❡s ♣❛r❛♠ètr❡s ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t✳ ▲❡s ♠♦✲
❞è❧❡s ❞✬✐♥✢❛t✐♦♥ ♣♦✉✈❛♥t ❣é♥ér❡r ❞❡s t❛✉① s✐❣♥✐✜❝❛t✐❢s ❞❡ ♥♦♥✲❣❛✉ss✐❛♥✐té ❢♦♥t ♥é❝❡ss❛✐r❡♠❡♥t
✐♥t❡r✈❡♥✐r ✉♥ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ♣❧✉s s♦♣❤✐st✐q✉é✱ ♣❛r ❡①❡♠♣❧❡ ❛✈❡❝ ♣❧✉s✐❡✉rs ❝❤❛♠♣s ❝♦✉♣❧és✱
✉♥ t❡r♠❡ ❝✐♥ét✐q✉❡ ♥♦♥ st❛♥❞❛r❞✱ ♦✉ ❜✐❡♥ ♣❡r♠❡tt❛♥t ❞❡ ♥❡ ♣❛s êtr❡ t♦✉❥♦✉rs ❡♥ r♦✉❧❡♠❡♥t
❧❡♥t ❣râ❝❡ à ✉♥ ♣♦t❡♥t✐❡❧ ❜✐❡♥ s♣é❝✐✜q✉❡✳ ◆♦✉s ❛✈♦♥s ✈✉ q✉❡ ♣♦✉r ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛❞✐❛❜❛✲
t✐q✉❡s✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ét❛✐t ❝♦♥s❡r✈é❡ ❝❡ q✉✐ r❡✈✐❡♥t à ét❛❜❧✐r ✉♥❡ ❧♦✐ ❞❡
❝♦♥s❡r✈❛t✐♦♥ ♣♦✉r ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞❡s ♥♦♥✲❣❛✉ss✐❛♥✐tés✳ ▲♦rsq✉✬✐❧ ② ❛ ♣❧✉s✐❡✉rs ❝❤❛♠♣s✱ ✐❧
❡①✐st❡ ✉♥ ❞❡❣ré ❞❡ ❧✐❜❡rté q✉✐ ♥✬❡st ♣❛s ❛❞✐❛❜❛t✐q✉❡✱ ❞✐t ✐s♦❝♦✉r❜✉r❡✱ s✐ ❜✐❡♥ q✉❡ ❝❡❧❛ r❡❧❛❝❤❡
❝❡tt❡ ❝♦♥tr❛✐♥t❡ s✉r ❧❡ t❛✉① ❞❡ ♥♦♥✲❣❛✉ss✐❛♥✐té✳ ❖♥ ♣❡✉t ❛✐♥s✐ ❝♦♥str✉✐r❡ ✉♥ ♠♦❞è❧❡ ❞✬✐♥✢❛t✐♦♥
à ❞❡✉① ❝❤❛♠♣s ❡①♣❧♦✐t❛♥t ❝❡ ❞❡❣ré ❞❡ ❧✐❜❡rté ✐s♦❝♦✉r❜✉r❡ ❛✈❛♥t ❞❡ r❡✈❡♥✐r à ❞❡s ♣❡rt✉r❜❛t✐♦♥s
✶✷✽ ▲✬✐♥✢❛t✐♦♥ ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ ❡t s✐❣♥❛t✉r❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡
❛❞✐❛❜❛t✐q✉❡s ❬❇❡r♥❛r❞❡❛✉ ✫ ❯③❛♥ ✵✷❪✳ ❉❛♥s ❝❡ ❝❛s ♦♥ ♣❡✉t ♦❜t❡♥✐r ❞❡ ❢❛ç♦♥ ❣é♥ér✐q✉❡ ✉♥❡ ♥♦♥✲
❣❛✉ss✐❛♥✐té très ❢♦rt❡✱ s♦✉✈❡♥t ♥♦♥ ♣❛r❛♠étr✐s❛❜❧❡ ♣❛r ❧❡ ♣❛r❛♠ètr❡ f◆▲✳ ❯♥❡ ❛✉tr❡ s♦✉r❝❡ ❞❡
♥♦♥✲❣❛✉ss✐❛♥✐té ♣r✐♠♦r❞✐❛❧❡ s❡ s✐t✉❡ ♣❡♥❞❛♥t ❧❡ ré❝❤❛✉✛❡♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rs ❞❡ ❧❛ tr❛♥s✐t✐♦♥
❡♥tr❡ ❧❛ ✜♥ ❞❡ ❧✬✐♥✢❛t✐♦♥ ❡t ❧✬èr❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ r❛❞✐❛t✐♦♥ ❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✹❛❪✳ ❊♥ ❡✛❡t✱ ❧❡ ♦✉
❧❡s ❝❤❛♠♣s ♣rés❡♥ts ♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥ ❞♦✐✈❡♥t s❡ ❞és✐♥té❣r❡r ❡♥ ❞✬❛✉tr❡s ❝❤❛♠♣s✱ é✈❡♥t✉❡❧❧❡✲
♠❡♥t ❝❡✉① ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞❡s ♣❛rt✐❝✉❧❡s✳ ❈❡ ♣r♦❝❡ss✉s✱ ❛♣♣❡❧é ré❝❤❛✉✛❡♠❡♥t✱ ♣❡✉t é✈❡♥✲
t✉❡❧❧❡♠❡♥t ❣é♥ér❡r ❞❡s ♥♦♥✲❣❛✉ss✐❛♥✐tés ✈✐❛ ✉♥❡ ❞és✐♥té❣r❛t✐♦♥ ✐♥❤♦♠♦❣è♥❡ ❞✉ ❝❤❛♠♣ s❝❛❧❛✐r❡
❬❑♦❢♠❛♥ ✵✸✱ ❇❡r♥❛r❞❡❛✉ ❡t ❛❧✳ ✵✹❜❪✳ ■❧ ❡①✐st❡ ❞❡✉① ♠❛♥✐èr❡s ❞❡ tr❛✐t❡r ❧❡s ❡✛❡ts ♥♦♥✲❧✐♥é❛✐r❡s
♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥✳ ❙♦✐t ♦♥ tr❛✐t❡ q✉❛♥t✐q✉❡♠❡♥t ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s ❝♦♠♠❡ ❞❛♥s ❧❡ ♠♦✲
❞è❧❡ st❛♥❞❛r❞ ❞❡ ❧✬✐♥✢❛t✐♦♥✱ ♣♦✉r ❡♥s✉✐t❡ ❝♦♥s✐❞ér❡r ❧❡s ❡✛❡ts ♥♦♥✲❧✐♥é❛✐r❡s ❞❛♥s ❧❡s éq✉❛t✐♦♥s
❞✬❊✐♥st❡✐♥✱ ❡♥ r❡♠♣❧❛ç❛♥t ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ♣r❡♠✐❡r ♦r❞r❡ ♣❛r ❞❡s ✈❛r✐❛❜❧❡s st♦❝❤❛st✐q✉❡s✳ ❙♦✐t
♦♥ tr❛✐t❡ ❧❡s t❡r♠❡s ♥♦♥✲❧✐♥é❛✐r❡s q✉❛♥t✐q✉❡♠❡♥t ❞ès ❧❡ ❞é❜✉t ❛✜♥ ❞✬êtr❡ ♣❧✉s ❝♦❤ér❡♥t ❞❛♥s ❧❛
❞é♠❛r❝❤❡✱ ❡t ❛❧♦rs ❧❡s t❡r♠❡s ♥♦♥✲❧✐♥é❛✐r❡s s♦♥t ♣r✐s ❡♥ ❝♦♠♣t❡ ❡♥ ✉t✐❧✐s❛♥t ❧❛ r❡♣rés❡♥t❛t✐♦♥
❡♥ ✐♥tér❛❝t✐♦♥ ❞❡ ❧❛ t❤é♦r✐❡ q✉❛♥t✐q✉❡✳ ▲❛ ♣r❡♠✐èr❡ ❛♣♣r♦❝❤❡ ❡st ❝❡❧❧❡ q✉✐ ❛ été ❝♦♥s✐❞éré❡ ❞❛♥s
❬❘✐❣♦♣♦✉❧♦s ❡t ❛❧✳ ✵✻❛✱ ❘✐❣♦♣♦✉❧♦s ❡t ❛❧✳ ✵✻❜❪✱ t❛♥❞✐s q✉❡ ❧❛ s❡❝♦♥❞❡ ❛♣♣r♦❝❤❡ ❡st ❝♦♥s✐❞éré❡ ❞❛♥s
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1. Introduction
The generation of gravitational waves (GW) is a general prediction of an early inﬂationary
phase [1]. Their amplitude is related to the energy scale of inﬂation and they are
potentially detectable via observations of B-mode polarization in the cosmic microwave
background (CMB) if the energy scale of inﬂation is larger than ∼3 × 1015 GeV [2]–[6].
Such a detection would be of primary importance for testing inﬂationary models.
Among the generic predictions of one ﬁeld inﬂation [7] are the existence of (adiabatic)
scalar and tensor perturbations of quantum origin with an almost scale invariant
power spectrum and Gaussian statistics. Even if non-linear eﬀects in the evolution
of perturbations are expected, a simple calculation [8], conﬁrmed by more detailed
analysis [9], shows that it is not possible to produce large non-Gaussianity within
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single ﬁeld inﬂation as long as the slow-roll conditions are preserved throughout the
inﬂationary stage. Deviations from Gaussianity can be larger in, e.g., multi-ﬁeld inﬂation
scenarios [8, 10] and are thus expected to give details on the inﬂationary era.
As far as scalar modes are concerned, the deviation from Gaussianity has been
parametrized by a (scale-dependent) parameter, fNL. Various constraints have been
set on this parameter, mainly from CMB analysis [12] (see [13] for a review on both
theoretical and observational issues). Deviation from Gaussianity in the CMB can arise
from primordial non-Gaussianity, i.e. generated during inﬂation, post-inﬂation dynamics
or radiation transfer [14]. It is important to understand them all in order to track down
the origin of non-Gaussianity, if detected.
Among the other signatures of non-linear dynamics is the fact that the scalar–vector
and tensor (SVT) modes of the perturbations are no longer decoupled. This implies in
particular that scalar modes can generate gravity waves. Also, vector modes, that are
usually washed out by the evolution, can be generated. In particular, second order scalar
perturbations in the post-inﬂation era will also contribute to B-mode polarization [15]
or to multipole coupling in the CMB [16], and it is thus important to understand this
coupling in detail.
In this paper, we focus on the gravitational waves generated from scalar modes via
second order dynamics. Second order perturbation theory has been investigated in various
works [17]–[25] and a fully gauge invariant approach to the problem was recently given
in [25]. Second order perturbations during inﬂation have also been considered in [9, 26],
providing the prediction of the bispectrum of perturbations from inﬂation.
Two main formalisms have been developed to study perturbations, and hence second
order eﬀects: the 1 + 3 covariant formalism [27] in which exact gauge invariant variables
describing the physics of interest are ﬁrst identiﬁed and exact equations describing their
time and space evolution are then derived and approximated with respect to the symmetry
of the background to obtain results at the desired order, and the coordinate based approach
of Bardeen [28] in which gauge invariants are identiﬁed by combining the metric and
matter perturbations and then equations are found for them at the appropriate order of
the calculation. In this paper we carry out a detailed comparison of the two approaches
up to second order, highlighting the advantages and disadvantages of each method, thus
extending earlier work on the linear theory [29]. Our paper also extends the work of [22], in
which the relation between the two formalisms on super-Hubble scales is investigated. In
particular, we show that the degree of success of one formalism over the other depends on
the problem being addressed. This is the ﬁrst time a complete and transparent matching
of tensor perturbations in the two formalisms at ﬁrst and second order is presented. We
also show, using an analytical argument, that the power spectrum of gravitational waves
from second order eﬀects is much smaller than the ﬁrst order on super-Hubble scales.
This is in contrast to the fact that during the radiation era the generation of GW from
primordial density ﬂuctuations can be large enough to be detected in principle, though
this requires the inﬂationary background of GW to be suﬃciently small [23].
This paper is organized as follows. We begin by reviewing scalar ﬁeld dynamics in
section 2 within the 1 + 3 covariant approach. In section 3, we formulate the problem
within the covariant approach followed by a reformulation in the coordinate approach in
section 4. A detailed comparison of the two formalisms is then presented in section 5. In
section 6, we study gravitational waves that are generated during the slow-roll period of
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inﬂation. In particular, we introduce a generalization of the fNL parameter to take into
account gravity waves and we compute the three point correlator involving one graviton
and two scalars. Among all three point functions involving scalar and tensor modes, this
correlator and the one involving three scalars are the dominant [9]. Finally, we conclude
in section 7.
2. Scalar ﬁeld dynamics
Let us consider a minimally coupled scalar ﬁeld with Lagrangian density5
Lφ = −
√−g [1
2
∇aφ∇aφ+ V (φ)
]
, (1)
where V (φ) is a general (eﬀective) potential expressing the self interaction of the scalar
ﬁeld. The equation of motion for the ﬁeld φ following from Lφ is the Klein–Gordon
equation
∇a∇aφ− V ′(φ) = 0, (2)
where the prime indicates a derivative with respect to φ. The energy–momentum tensor
of φ is of the form
Tab = ∇aφ∇bφ− gab
[
1
2
∇cφ∇cφ+ V (φ)
]
; (3)
provided φ,a 6= 0, equation (2) follows from the conservation equation
∇bT ab = 0. (4)
We shall now assume that in the open region U of space–time that we consider, the
momentum density ∇aφ is timelike:
∇aφ∇aφ < 0. (5)
This requirement implies two features: ﬁrst, φ is not constant in U , and so {φ = constant}
speciﬁes well-deﬁned surfaces in space–time. When this is not true (i.e., φ is constant in
U), then by (3),
∇aφ = 0⇔ Tab = −gabV (φ) ⇒ V = constant, (6)
in U , (the last being necessarily true due to the conservation law (4)) and we have an
eﬀective cosmological constant in U rather than a dynamical scalar ﬁeld.
5 We use conventions of [30]. Units in which ~ = c = kB = 1 are used throughout this paper, Latin indices
a, b, c . . . run from 0 to 3, whereas Latin indices i, j, k . . . run from 1 to 3. The symbol ∇ represents the usual
covariant derivative and ∂ corresponds to partial diﬀerentiation. Finally the Hilbert–Einstein action in presence
of matter is deﬁned by
A =
∫
dx4
√−g
[
1
16piG
R+ Lφ
]
.
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2.1. Kinematical quantities
Our aim is to give a formal description of the scalar ﬁeld in terms of ﬂuid quantities;
therefore, we assign a 4-velocity vector ua to the scalar ﬁeld itself. This will allow
us to deﬁne the dot derivative, i.e. the proper time derivative along the ﬂow lines:
T˙ a···bc···d ≡ ue∇eT a···bc···d. Now, given the assumption (5), we can choose the 4-velocity
ﬁeld ua as the unique timelike vector with unit magnitude (uaua = −1) parallel to the
normals of the hypersurfaces {φ = constant} [31]6,
ua ≡ −ψ−1∇aφ, (7)
where we have deﬁned the ﬁeld ψ = φ˙ = (−∇aφ∇aφ)1/2 to denote the magnitude of the
momentum density (simply momentum from now on). The choice (7) deﬁnes ua as the
unique timelike eigenvector of the energy–momentum tensor (3).7
The kinematical quantities associated with the ‘ﬂow vector’ ua can be obtained by
a standard method [33, 34]. We can deﬁne a projection tensor into the tangent 3-spaces
orthogonal to the ﬂow vector:
hab ≡ gab + uaub ⇒ habhbc = hac, habub = 0; (8)
with this we decompose the tensor ∇bua as
∇bua = ∇˜bua − u˙aub, ∇˜bua = 13Θhab + σab, (9)
where ∇˜a is the spatially totally projected covariant derivative operator orthogonal to ua
(e.g., ∇˜af = hab∇bf ; see the appendix of [35] for details), u˙a is the acceleration (u˙bub = 0),
and σab the shear (σ
a
a = σabu
b = 0). Then the expansion, shear and acceleration are given
in terms of the scalar ﬁeld by
Θ = −∇a(ψ−1∇aφ) = −ψ−1
[
V ′(φ) + ψ˙
]
, (10)
σab = −ψ−1 h〈achb〉d∇c [∇dφ] , (11)
aa = −ψ−1 ∇˜aψ = −ψ−1(∇aψ + uaψ˙), (12)
where the last equality in equation (10) follows on using the Klein–Gordon equation (2).
We can see from equation (12) that ψ is an acceleration potential for the ﬂuid ﬂow [36].
Note also that the vorticity vanishes:
ωab = −hachbd∇[d
(
ψ−1∇c]φ
)
= 0, (13)
6 In the case of more than one scalar ﬁeld, this choice can still be made for each scalar ﬁeld 4-velocity, but not
for the 4-velocity of the total ﬂuid. A number of frame choices exist for the 4-velocity of the total ﬂuid, the most
common being the energy frame, where the total energy ﬂux vanishes (see [32] for a detailed description of this
case.
7 The quantity ψ will be positive or negative depending on the initial conditions and the potential V ; in general φ
could oscillate and change sign even in an expanding phase, and the determination of ua by (7) will be ill-deﬁned
on those surfaces where ∇aφ = 0 ⇒ ψ = 0 (including the surfaces of maximum expansion in an oscillating
Universe). This will not cause us a problem however, as we assume the solution is diﬀerentiable and (5) holds
almost everywhere, so determination of ua almost everywhere by this equation will extend (by continuity) to
determination of ua everywhere in U .
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an obvious result with the choice (7), so that ∇˜a is the covariant derivative operator in
the 3-spaces orthogonal to ua, i.e. in the surfaces {φ = constant}. As usual, it is useful
to introduce a scale factor a (which has dimensions of length) along each ﬂow line by
a˙
a
≡ 1
3
Θ = H, (14)
where H is the usual Hubble parameter if the Universe is homogeneous and isotropic.
Finally, it is important to stress that
∇˜aφ = 0 (15)
which follows from our choice of ua via equation (7), a result that will be important for
the choice of gauge invariant (GI) variables and for the perturbations equations.
2.2. Fluid description of a scalar ﬁeld
It follows from our choice of the 4-velocity (7) that we can represent a minimally coupled
scalar ﬁeld as a perfect ﬂuid; the energy–momentum tensor (3) takes the usual form for
perfect ﬂuids
Tab = μuaub + phab, (16)
where the energy density μ and pressure p of the scalar ﬁeld ‘ﬂuid’ are given by
μ = 1
2
ψ2 + V (φ), (17)
p = 1
2
ψ2 − V (φ). (18)
If the scalar ﬁeld is not minimally coupled this simple representation is no longer valid, but
it is still possible to have an imperfect ﬂuid form for the energy–momentum tensor [31].
Using the perfect ﬂuid energy–momentum tensor (16) in (4) one obtains the energy
and momentum conservation equations
μ˙+ ψ2Θ = 0, (19)
ψ2u˙a + ∇˜ap = 0. (20)
If we now substitute μ and p from equations (17) and (18) into equation (19) we obtain
the 1 + 3 form of the Klein–Gordon equation (2):
φ¨+Θφ˙+ V ′(φ) = 0, (21)
an exact ordinary diﬀerential equation for φ in any space–time with the choice (7) for
the 4-velocity. With the same substitution, equation (20) becomes an identity for the
acceleration potential ψ. It is convenient to relate p and μ by the index γ deﬁned by
p = (γ − 1)μ⇔ γ = p+ μ
μ
=
ψ2
μ
. (22)
This index would be constant in the case of a simple one component ﬂuid, but in general
will vary with time in the case of a scalar ﬁeld:
γ˙
γ
= Θ(γ − 2)− 2V
′
ψ
. (23)
Finally, it is standard to deﬁne a speed of sound as
c2s ≡
p˙
μ˙
= γ − 1− γ˙
Θγ
. (24)
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2.3. Background equations
The previous equations assume nothing on the symmetry of the space–time. We now
specify it further and assume that it is close to a ﬂat Friedmann–Lemaˆıtre space–time
(FL), which we consider as our background space–time. The homogeneity and isotropy
assumptions imply that
σ2 ≡ 1
2
σabσ
ab = 0, ωab = 0, ∇˜af = 0, (25)
where f is any scalar quantity; in particular
∇˜aμ = ∇˜ap = 0⇒ ∇˜aψ = 0, aa = 0. (26)
The background (zero order) equations are given by [37]:
3H˙ + 3H2 = 8πG
[
V (φ)− ψ2] , (27)
3H2 = 8πG
[
1
2
ψ2 + V (φ)
]
, (28)
ψ˙ + 3Hψ + V ′(φ) = 0⇔ μ˙+ 3Hψ2 = 0, (29)
where all variables are a function of cosmic time t only.
3. Gravitational waves from density perturbations: covariant formalism
3.1. First order equations
The study of linear perturbations of a FL background are relatively straightforward.
Let us begin by deﬁning the ﬁrst order gauge invariant (FOGI) variables corresponding
respectively to the spatial ﬂuctuations in the energy density, expansion rate and spatial
curvature:
Xa = ∇˜aμ,
Za = ∇˜aΘ,
Ca = a
3∇˜aR˜.
(30)
The quantities are FOGI because they vanish exactly in the background FL space–
time [38, 40]. It turns out that a more suitable quantity for describing density ﬂuctuations
is the comoving gradient of the energy density:
Da = a
μ
Xa, (31)
where the ratio Xa/μ allows one to evaluate the magnitude of the energy density
perturbation relative to its background value and the scale factor a guarantees that it
is dimensionless and comoving.
These quantities exactly characterize the inhomogeneity of any ﬂuid; however we
speciﬁcally want to characterize the inhomogeneity of the scalar ﬁeld: this cannot be done
using the spatial gradient ∇˜aφ because it identically vanishes in any space–time by virtue
of our choice of 4-velocity ﬁeld ua. It follows that in our approach the inhomogeneities
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in the matter ﬁeld are completely incorporated in the spatial variation of the momentum
density: ∇˜aψ, so it makes sense to deﬁne the dimensionless gradient
Ψa ≡ a
ψ
∇˜aψ, (32)
which is related to Da by
Da = ψ
2
μ
Ψa = γΨa, (33)
where we have used equation (17) and γ is given by equation (22); comparing
equations (32) and (12) we see that Ψa is proportional to the acceleration: it is a gauge
invariant measure of the spatial variation of proper time along the ﬂow lines of ua between
two surfaces φ = constant (see [33]). The set of linearized equations satisﬁed by the FOGI
variables consists of the evolution equations
X˙a = −4HXa − ψ2Za, (34)
Z˙a = −3HZa − 4πGXa + ∇˜adiv u˙, (35)
σ˙ab − ∇˜〈au˙b〉 = −2Hσab − Eab, (36)
E˙ab − curlHab = −4πGψ2σab −ΘEab, (37)
H˙ab + curlEab = −3HHab; (38)
and the constraints
0 =
8πG
3
Xa − divEa, (39)
0 = 2
3
Za − div σa, (40)
0 = divHa, (41)
0 = Hab − curl σab, (42)
0 = curlXa, (43)
0 = curlZa. (44)
The curl operator is deﬁned by curlψab = (curlψ)ab = εcd〈a∇˜cψdb〉 where ǫabc is the
completely antisymmetric tensor with respect to the spatial section deﬁned by ǫbcd =
ǫabcdu
a, ǫabcd being the volume antisymmetric tensor such that ǫ0123 =
√−g. The
divergence div of a rank n tensor is a rank n−1 tensor deﬁned by (divψ)i1...in−1 ≡ ∇˜inψi1...in .
Because the background is homogeneous and isotropic, each FOGI vector may be
uniquely split into a curl-free and divergence-free part, usually referred to as scalar and
vector parts respectively, which we write as
Va = VSa + VVa, (45)
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where curl VSa = 0 and div VV = 0. Similarly, any tensor may be invariantly split into
scalar, vector and tensor parts:
Tab = TSab + TVab + TTab (46)
where curlTSab = 0, div div TV = 0 and div TTa = 0. It follows therefore that in the above
equations we can separately equate scalar, vector and tensor parts and obtain equations
that independently characterize the evolution of each type of perturbation. In the case
of a scalar ﬁeld, the vorticity is exactly zero, so there is no vector contribution to the
perturbations.
Let us now concentrate on scalar perturbations at linear order. It is clear from the
above discussion that pure scalar modes are characterized by the vanishing of the magnetic
part of the Weyl tensor: Hab = 0, so the above set of equations reduce to a set of two
coupled diﬀerential equations for Xa and Za:
X˙a + 4HXa = −ψ2Za, (47)
Z˙a + 3HZa = −4πGXa − ψ−2∇˜2Xa, (48)
and a set of coupled evolution and constraint equations that determine the other variables
σ˙ab = −ψ−2∇˜〈aXb〉 − 2Hσab −Eab, (49)
E˙ab = −4πGψ2 σab − 3HEab, (50)
div σa =
2
3
Za, (51)
curl σab = 0, (52)
divEa =
8πG
3
Xa. (53)
3.2. Gravitational waves from density perturbations
The preceding discussion deals with ﬁrst order variables and their behaviour at linear
order. It is important to keep in mind that we were able to set Hab = 0 only because pure
scalar perturbations in the absence of vorticity implies that curl σab = 0 at ﬁrst order.
The vanishing of the magnetic part then follows from equation (42). However, at second
order curl σab 6= 0. We denote the non-vanishing contribution at second order by [21]
Σab = curl σab.
The new variable is second order and gauge invariant (SOGI), as it vanishes at all lower
orders [38]. It should be noted that the new variable is just the magnetic part of the Weyl
tensor subject to the conditions mentioned above i.e.
Σab = Hab|ω=0. (54)
We are interested in the properties inherited by the new variable from the magnetic part
of the Weyl tensor. In particular, it can be shown that the new variable is transverse
and traceless at this order and is thus a description of gravitational waves. It should be
stressed that in full generality, there are tensorial modes even at ﬁrst order. By assuming
that there are none, we explore a particular subset in the space of solutions. From the
‘iterative resolution’ point of view, this means that we constrain the equations in order to
focus on second order GW sourced by terms quadratic in scalar perturbations. In doing
so, we artiﬁcially switch oﬀ GW perturbations at ﬁrst order.
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3.3. Propagation equation
The propagation of the new second order variable now needs to be investigated using a
covariant set of equations that are linearized to second order about FL. We make use of
equations (19), (20) and the following evolution equations which are up to second order
in magnitude;
E˙ab = −ΘEab + curlΣab − 4πGψ2σab + 3σc〈aEb〉c, (55)
Σ˙ab = −ΘΣab − curlEab − 2ǫcd〈au˙cEb〉d, (56)
together with the constraint
u˙a = −ψ−2∇˜ap = − 3
8πGψ2
divEa. (57)
Unlike at ﬁrst order, where the splitting of tensors into their scalar, vector and tensor
parts is possible, at second order this can only be achieved for SOGI variables.
We may isolate the tensorial part of the equations by decoupling Σab: since it is
divergence free it is already a pure tensor mode, whereas Eab is not. The wave equation
for the gravitational wave contribution can be found by ﬁrst taking the time derivative
of (56) and making appropriate substitutions using the evolution equations and keeping
terms up to second order. The wave equation for Σab then reads:
Σ¨ab − ∇˜2Σab + 7HΣ˙ab + (12H2 − 16πGψ2)Σab = Sab (58)
where the source is given by the cross-product of the electric Weyl curvature and its
divergence (or acceleration):
Sab = −[2ue∇e + 16H − 15Hc2s]
(
1
4πGψ2
ǫcd〈aEb〉
d
divEc
)
. (59)
To obtain this, we have used the fact that with a ﬂat background space–time
curl curl Tab = −∇˜2Tab + 32∇˜〈adiv Tb〉
and used the commutation relation
(curl Tab)
. = curl T˙ab − 13Θcurl Tab − ǫcd〈aσecD|e|Tb〉d + ǫcd〈a[u˙cT˙ db + 13Θu˙cTb〉d].
We have also used equations (23) and (24) to eliminate ψ˙/ψ from the source term. It
can also be shown that Sab is transverse, illustrating that equation (58) represents the
gravitational wave contribution at second order. Note that this is a local description of
gravitational waves, in contrast to the non-local extraction of tensor modes by projection
in Fourier space. Since Σab contains exactly the correct number of degrees of freedom
possible in GW, any other variable we may choose to describe GW must be related by
quadrature, making this a suitable master variable. The situation is analogous to the
description of electromagnetic waves: should we use the vector potential, the electric ﬁeld,
or the magnetic ﬁeld for their description? Mathematically it does not matter of course—
each variable obeys a wave equation and the others are related by quadrature. Physically,
however, it is the electric and magnetic ﬁelds which drive charged particles through the
Lorentz force equation—the electromagnetic analogue of the geodesic deviation equation.
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In order to express the gravitational wave equation in Fourier space, we deﬁne our
normalized tensor harmonics as
Qab =
ξab
(2π)3/2
eik·x, (60)
where ξab is the polarization tensor, which satisﬁes the (background) tensor Helmholtz
equation: ∇˜2Qab = −(q2/a2)Qab. As qa is required to satisfy qaua = 0 in the background,
it can thus be identiﬁed with a 3-vector and will subsequently written in bold when
necessary. We denote harmonics of the opposite polarization with an overbar. Amplitudes
of Σab may be extracted via
Σ(k, t) =
∫
d3k
[
Σab(x, t)Q
∗ab(k,x)
]
, (61)
with an analogous formula for the opposite parity. This implies that our original variable
may be reconstructed from
Σab =
∫
d3k
[
Σ(k, t)Qab(k,x) + Σ¯(k, t)Q¯ab(k,x)
]
. (62)
The same relations hold for any transverse tensor. Hence, our wave equation in Fourier
space is
Σ′′(k, η) + 6HΣ′(k, η) + [k2 + 12H2 − 16πGψ2]Σ(k, η) = S(k, η), (63)
with an identical equation for the opposite polarization. We have converted to conformal
time η, where a prime denotes derivatives with respect to η, and we have deﬁned the
conformal Hubble parameter as H = a′/a. The source term is composed of a cross-
product of the electric part of the Weyl tensor and its divergence. At ﬁrst order, the
electric Weyl tensor is a pure scalar mode, and can therefore be expanded in terms
of scalar harmonics. To deﬁne these, let Q(s) = eiq·x/(2π)3/2, be a solution to the
Helmholtz equation: ∇˜2Q(s) = −(q2/a2)Q(s). Beginning with this basis, it is possible to
derive vectorial and (PSTF) tensorial harmonics by taking successive spatial derivatives
as follows:
Q(s)a = ∇˜aQ(s) = i
qa
a
Q(s), (64)
Q
(s)
ab = ∇˜〈a∇˜b〉Q(s) = −a−2
(
qaqb − 13habq2
)
Q(s). (65)
This symmetric tensor has the additional property qaqbQ
(s)
ab = −(2q4/3a2)Q(s). Using this
representation we can express our source in equation (63) in terms of a convolution in
Fourier space, by expanding the electric Weyl tensor as
E(q, η) =
∫
d3xEabQ
∗ab
(S)(q,x). (66)
Then, the right-hand side of equation (59) expressed in conformal time, accompanied
by appropriate Fourier decomposition of each term and making use of the normalization
condition for orthonormal basis, yields:
S(k, η) =
∫
d3qA(q,k)
{
2 [E(q, η)E(k − q, η)]′ + (16− 15c2s)HE(q, η)E(k− q, η)
}
(67)
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where
A(q,k) =
i
6πGa3ψ2
ǫcd〈aqb〉q
d(kc − qc)|k − q|2ξab(k), (68)
with a similar expression for the other polarization.
In principle we can now solve for the gravitational wave contribution Σab, and calculate
the power spectrum of gravitational waves today. For this however, we need initial
conditions for the electric Weyl tensor (or, alternatively Ψa).
4. Gravitational waves from density perturbations: coordinate based approach
In this formalism, we consider perturbations around a FL universe with Euclidean spatial
sections and expand the metric as
ds2 = a2(η)
{−(1 + 2A) dη2 + 2ωi dxi dη + [(1 + 2C)δij + hij] dxi dxj} , (69)
where η is the conformal time and a the scale factor. We perform a scalar–vector–tensor
decomposition as
ωi = DiB + B¯i, (70)
and
hij = 2E¯ij +DiE¯j +DjE¯i + 2DiDjE , (71)
where B¯i, E¯i are transverse (DiE¯ i = DiB¯i), and E¯ij is traceless and transverse (E¯ ii = DiE¯ ij =
0). Latin indices i, j, k . . . are lowered by use of the spatial metric, e.g. Bi = γijBj. We ﬁx
the gauge and work in the Newtonian gauge deﬁned by Bi = E = B = 0 so that Φ = A
and Ψ = −C are the two Bardeen potentials. As in the previous sections, we assume that
the matter content is a scalar ﬁeld φ that can be split into background and perturbation
contributions: φ = φ(η) + δφ(η,x). The gauge invariant scalar ﬁeld perturbation can be
deﬁned by
Q ≡ δφ− φ′CH , (72)
where H ≡ a′/a ≡ aH . We denote the ﬁeld perturbation in Newtonian gauge by χ so
that Q = χ+ (φ′/H)Ψ. Introducing
ε =
3
2
φ′2
μ
, (73)
the equation of state (22) takes the form γ = w+1 = 2ε/3. We thus have two expansions:
one concerning the perturbation of the metric and the other in the slow-roll parameter ǫ.
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4.1. Scalar modes
Focusing on scalar modes at ﬁrst order in the perturbation, it is convenient to introduce
v = aQ (74)
and
z ≡ aφ
′
H , (75)
in terms of which the action (displayed equation in footnote 5) takes the form
Sscal =
1
2
∫
d3x dη
[
(v′)2 − (∂iv)2 + z
′′
z
v2
]
, (76)
when expanded to second order in the perturbations. It is the action of a canonical scalar
ﬁeld with eﬀective square mass m2v = −z′′/z. v is the canonical variable that must be
quantized [41]. It is decomposed as follows
vˆ(x, η) =
∫
d3k
(2π)3/2
[
vk(η)e
ik·xaˆk + v
∗
k(η)e
−ik·xaˆ†k
]
. (77)
Here vk is solution of the Klein–Gordon equation
v′′k +
(
k2 − z
′′
z
)
vk = 0 (78)
and the annihilation and creation operators satisfy the commutation relation, [aˆk, aˆ
†
k′] =
δ(k − k′). We deﬁne the free vacuum state by the requirement aˆk|0〉 = 0 for all k.
From the Einstein equation, one can get the expression for the Bardeen potential
(recalling that Ψ = Φ)
ΔΦ = 4πG
φ′2
H
(v
z
)′
,
(
a2Φ
H
)′
= 4πGzv (79)
and for the curvature perturbation in comoving gauge
R = −v/z. (80)
Once the initial conditions are set, solving equation (78) will give the evolution of
vk(η) during inﬂation, from which Φk(η) and Rk(η) can be deduced, using the previous
expressions.
Deﬁning the power spectrum as
〈RkR∗k′〉 =
2π2
k3
PR(k)δ(3)(k − k′), (81)
one easily ﬁnds that
PR(k) = k
3
2π2
∣∣∣vk
z
∣∣∣2 . (82)
Note also that z and ε are related by the simple relation√
4πGz = a
√
ε, (83)
so that
χ = Q− z
a
Φ = Q−
√
ε
4πG
Φ. (84)
Journal of Cosmology and Astroparticle Physics 04 (2007) 003 (stacks.iop.org/JCAP/2007/i=04/a=003) 13
JCAP04(2007)003
Gravitational waves generated by second order effects during inflation
4.2. Gravitational waves at linear order
At ﬁrst order, the tensor modes are gauge invariant and their propagation equation is
given by
E¯ ′′ij + 2HE¯ ′ij −ΔE¯ij = 0 (85)
since a minimally coupled scalar ﬁeld has no anisotropic stress. Deﬁning the reduced
variable
μij =
a√
8πG
E¯ij, (86)
the action (displayed equation in footnote 5) takes the form
Stens =
1
2
∫
d3x dη
[
(μ′ij)
2 − (∂kμij)2 + a
′′
a
(μij)
2
]
(87)
when expanded to second order. Developing E¯ij, and similarly μij, in Fourier space:
E¯ij =
∑
λ=+,×
∫
d3k
(2π)3/2
Eλελij(k)eik.x, (88)
where ελij is the polarization tensor, the action (87) takes the form of the action for two
canonical scalar ﬁelds with eﬀective square mass m2µ = −a′′/a
Stens =
1
2
∑
λ
∫
d3x dη
[
(μ′λ)
2 − (∂kμλ)2 + a
′′
a
μ2λ
]
. (89)
If one considers the basis (e1, e2) of the two dimensional space orthogonal to k then
ελij = (e
1
i e
1
j − e2i e2j )δλ+ + (e1i e2j + e2i e1j )δλ×.
μλ are the two degrees of freedom that must be quantized [41] and we expand them
as
μˆij(x, η) =
∑
λ
∫
d3k
(2π)3/2
[
μk,λ(η)e
ik·xbˆk,λ + μ
∗
k,λ(η)e
−ik·xbˆ†k,λ
]
ελij(k). (90)
μk is solution of the Klein–Gordon equation
μ′′k +
(
k2 − a
′′
a
)
μk = 0, (91)
where we have dropped the polarization subscript. The annihilation and creation
operators satisfy the commutation relations, [ˆbk,λ, bˆ
†
k′,λ′] = δ(k−k′)δλλ′ and [aˆk, bˆ†k′,λ] = 0.
We deﬁne the free vacuum state by the requirement bˆk,λ|0〉 = 0 for all k and λ.
Deﬁning the power spectrum as
〈Ek,λE∗k′,λ′〉 =
2π2
k3
PT (k)δ(3)(k − k′)δλλ′ , (92)
one easily ﬁnds that
PT (k) = 16πG k
3
2π2
∣∣∣μk
a
∣∣∣2 , (93)
where the two polarizations have the same contribution.
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4.3. Gravitational waves from density perturbations
At second order, we split the tensor perturbation as E¯ij = E¯ (1)ij + E¯ (2)ij /2. The evolution
equations of E¯ (2)ij is similar to equation (85), but inherits a source term quadratic in the
ﬁrst order perturbation variables and from the transverse trace-free (TT) part of the stress
energy tensor
a2
[
T ij
]TT
= γip [∂jχ∂pχ]
TT . (94)
It follows that the propagation equation is
E¯ (2)′′ij + 2HE¯ (2)′ij −ΔE¯ (2)ij = STTij , (95)
where STTij is a TT tensor that is quadratic in the ﬁrst order perturbation variables.
Working in Fourier space, the TT part of any tensor can easily be extracted by means
of the projection operator
⊥ij (kˆ) = δij − kˆikˆj , (96)
where kˆi = ki/k (note that ⊥ij (kˆ) is not analytic in k and is a non-local operator) from
which we get
STTij (k, η) =
[
⊥ai⊥bj −
1
2
⊥ij⊥ab
]
Sab(k, η)
≡ P abij (k)Sab(k, η). (97)
The source term is now obtained as the TT projection of the second order Einstein tensor
quadratic in the ﬁrst order variables and of the stress energy tensor
Sab = S
(2)
ab,SS + S
(2)
ab,ST + S
(2)
ab,TT. (98)
The three terms respectively indicate terms involving products of ﬁrst order scalar
quantities, ﬁrst order scalar and tensor quantities and ﬁrst order tensor quantities. The
explicit form of the ﬁrst term is
STTij = 4 [∂iΦ∂jΦ+ 4πG∂iχ∂jχ]
TT . (99)
The ﬁrst term was considered in [43] and the second term was shown to be the dominant
contribution for the production of gravitational waves during preheating [42]. In Fourier
space, it is given by
S
(2)
ab,SS = −4
[∫
d3q qbqaΦ(q, η)Φ(k− q, η) + 4πG
∫
d3q qbqaχ(q, η)χ(k− q, η)
]
. (100)
μ
(2)
ij (x, η) can be decomposed as in equation (88), using the same deﬁnition (86) at any
order. The two polarizations evolve according to
μ
(2)′′
λ +
(
k2 − a
′′
a
)
μ
(2)
λ = −
2a√
8πG
P abij S
(2)
ab,SSε
ij
λ . (101)
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Since the polarization tensor is a TT tensor, it is obvious that P abij ε
ij
λ = ε
ab
λ , so that
μ
(2)′′
λ +
(
k2 − a
′′
a
)
μ
(2)
λ = −
4a√
8πG
εijλ
×
∫
d3q qiqj [Φ(q, η)Φ(q − k, η) + 4πGχ(q, η)χ(q − k, η)] . (102)
From the equation (101), we deduce that the source term derives from an interaction
Lagrangian of the form
Sint =
∫
dη d3x
4a√
8πG
[∂iΦ∂jΦ+ 4πG∂iχ∂jχ]μ
ij . (103)
It describes a two scalar–one graviton interaction. In full generality the interaction term
would also include, at lowest order, cubic terms of three scalars, two scalar gravitons
and three gravitons. They respectively correspond to second order scalar–scalar modes
generated from gravitational waves and second order tensor modes. As emphasized
previously, we do not consider these interactions here.
5. Comparison of the two formalisms
Before going further it is instructive to compare the two formalisms and understand how
they relate to each other. Note that we go beyond [35], where a comparison of the variables
was made at linear order. Here we investigate how the equations map to each other and
extend the discussion to second order for the tensor sector. At the background level the
scale factors a and expansion rates H introduced in each formalism agree, which explains
why we made use of the same notation.
The perturbations of the metric around FL space–time has been split into a ﬁrst order
and a second order part according to
X = X(1) + 1
2
X(2). (104)
We make a similar decomposition for the quantities used in the 1+3 covariant formalism.
As long as we are interested in the gravitational wave sector, we only need to consider
the 4-velocity of the perfect ﬂuid describing the matter content of the universe which we
decompose as
uµ =
1
a
(δµ0 + V
µ). (105)
Its spatial components are decomposed as
V i = ∂iV + V¯ i, (106)
V¯ i being the vector degree of freedom and V the scalar degree of freedom. As V µ has
only three independent degrees of freedom since uµ satisﬁes uµu
µ = −1, its temporal
component is linked to other perturbation variables. We assume that the ﬂuid has no
vorticity (V¯ i = 0), as it is the case for the scalar ﬂuid we have in mind and consequently
we will also drop the vectorial perturbations (E¯i = 0).
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5.1. Matching at linear order
At ﬁrst order, the spatial components of the shear, acceleration and expansion are
respectively given by
σ
(1)
ij = a
(
∂〈i∂j〉V
(1) + E¯ (1)′ij
)
, (107)
u˙
(1)
i = ∂i
(
Φ(1) +HV (1) + V (1)′) , (108)
δΘ(1) =
1
a
(−3Ψ(1)′ − 3HΦ(1) +ΔV (1)) . (109)
The electric and magnetic part of the Weyl tensor take the form
E
(1)
ij = ∂〈i∂j〉Φ
(1) − 1
2
(E¯ ′′ij +ΔE¯ij) , (110)
H
(1)
ij = ηkl〈i∂
kE¯ (1)′ lj〉 ≡ ( ˆcurl E¯ (1)′)ij . (111)
Note that ηkli is the completely antisymmetric tensor normalized such that η123 = 1, which
diﬀers from εabc. We deduce from the last expression that(
curlE(1)
)
ij
= − 1
2a
[(
ˆcurl E¯ (1)′′
)
ij
+
(
ˆcurlΔE¯ (1)
)
ij
]
, (112)
where we have used simpler notation by writing ( ˆcurl E¯)ij as ˆcurl E¯ij. We also note that
the derivative along uµ of a tensor T of rank (n,m), vanishing in the background, takes
the form
T˙ i1...inj1...jm = ∂tT
i1...in
j1...jm
+ (n−m)HT i1...inj1...jm (113)
at ﬁrst order, or alternatively(
am−nT i1...inj1...jm
).
am−n
= ∂tT
i1...in
j1...jm
. (114)
Again, recall that a dot refers to a derivative along uµ. Indeed at ﬁrst order, it reduces to
a derivative with respect to the cosmic time but this does not generalize to second order.
Now, equation (38) can be recast as
a−2
(
a2Hij
).
+ curlEij +HHij = 0. (115)
Using the expressions (110) and (111) for the geometric quantities, this equation takes
the form
ˆcurl
[
1
2a
(E¯ ′′ij + 2HE¯ ′ij −ΔE¯ij)] = 0. (116)
Similarly equation (58) can be recast as
(a2Hab)
..
a2
+ 3H
(a2Hab)
.
a2
+ 2(H2 + H˙)Hab − ∇˜2Hab = 0, (117)
so that it reduces at ﬁrst order to
ˆcurl
[
1
2a2
(
E¯ (1)′′ij + 2HE¯ (1)′ij −ΔE¯ (1)ij
)′]
= 0. (118)
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Thus, equation (118) maps to equation (85) with the identiﬁcation (111), if there is
no vector modes. This can be understood from the fact that in the Bardeen formalism,
equation (85) is obtained from the Einstein equation as ˆcurl
−1
[ ˆcurlGij] = 0.
In the case where there are vector modes, equation (111) has to be replaced by
H
(1)
ij = (
ˆcurl E¯ (1)′)ij + 12ηkl〈i∂k∂j〉E¯ (1)′ l
and Hab is no longer a description of the GW, i.e. directly related to the TT part of the
space–time metric and the matching is not valid anymore.
5.2. Matching at second order
At second order, the matching is much more intricate mainly because the derivative along
uµ does not match with the derivative respect to cosmic time any more.
Let us introduce the shorthand notation
(X × Y )ij ≡ ηkl〈iXkY lj〉 (119)
for any tensors Xk and Y lm. If Y lm = ∂l∂mZ, or Xk = ∂kW , we also use the shorthand
notation Y = ∂∂ZX = ∂W .
Among the terms quadratic in ﬁrst order perturbations, those involving a ﬁrst order
tensorial perturbation can be omitted, as we are only interested in second order eﬀects
sourced by scalar contributions. At second order, the geometric quantities of interest read
H
(2)
ij =
(
ˆcurl E¯ (2)′
)
ij
− 4 (∂V (1) × ∂∂Φ(1))
ij
(120)
(
curlE(2)
)
ij
= − 1
2a
[(
ˆcurl E¯ (2)′′
)
ij
+
(
ˆcurlΔE¯ (2)
)
ij
]
− 2
a
[(
∂Φ(1) × ∂∂Φ(1))
ij
+H (∂V (1) × ∂∂Φ(1))
ij
− (∂V (1) × ∂∂Φ(1)′)
ij
]
. (121)
From the latter expression, we remark that H
(2)
ij has a term quadratic in ﬁrst order
perturbations involving V (1) and Φ(1). This terms arise from a diﬀerence between the
two formalisms related to the fact that geometric quantities, such as HijEij etc, live on
the physical space–time, whereas in perturbation theory, any perturbation variable at any
order, such as V (1), E (2)ij etc, are ﬁelds propagating on the background space–time.
It follows that the splitting into tensor, vector and scalar modes is diﬀerent. In the
covariant formalism, the splitting refers to the ﬂuid on the physical space–time, whereas
in perturbation theory it refers to the comoving ﬂuid of the background solution. Indeed,
this diﬀerence only shows up at second order as the magnetic Weyl tensor vanishes in
the background. The one to one correspondence at ﬁrst order between equations of both
formalisms disappears, as the second order equations of the covariant formalism contain
the dynamics of the ﬁrst order quantities.
When keeping terms contributing to the second order, equation (38) has an additional
source term and reads
H˙ab + curlEab + 3HHab = −2ǫcd〈au˙cE db〉 . (122)
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If ﬁrst order tensorial perturbations are neglected then Hab vanishes at ﬁrst order and
equation (113) still holds when applied to Hab. Thus equation (122) can be recast as
(a2Hab)
.
a2
+ curlEab +
H
a
Hab = −2ǫcd〈au˙cE db〉 . (123)
Substituting the geometric quantities for their expressions at second order, and
making use of equation (114) to handle the derivatives, equation (115) reads at second
order
ˆcurl
[
1
2a
(
E¯ (2)′′ij + 2HE¯ (2)′ij −ΔE¯ (2)ij
)]
= −2
a
[(
∂Φ(1) × ∂∂Φ(1))
ij
− (∂V (1) × ∂∂Φ(1)′)
ij
−H (∂V (1) × ∂∂Φ(1))
ij
]
. (124)
Using the momentum and constraint equation (40) at ﬁrst order
Φ(1)′ +HΦ(1) = (H′ −H2)V (1) (125)
and the background equation H′ − H2 = −4πGμ(1 + w)a2, that we deduce from the
Raychaudhuri equation and the Gauss–Codacci equation at ﬁrst order, we can link it to
equation (95) as it then reads
1
a
ˆcurl
[
1
2
(
E¯ (2)′′ij + 2HE¯ (2)′ij −ΔE¯ (2)ij
)]
=
1
a
ˆcurl
[
2∂iΦ
(1)∂jΦ
(1)
+ 8πGa2(μ+ P )∂iV
(1)∂jV
(1)
]
. (126)
When applied to a scalar ﬁeld, this is exactly the gravitational wave propagation
equation (95) with the source term (99).
5.3. Discussion
In conclusion, we have matched both the perturbation variables and equations at ﬁrst
and second order in the perturbations. This extends the work of [35] which considered
the linear case, and has not been previously investigated.
Even though we restrict to the tensor sector, this comparison is instructive and
illustrates the diﬀerence of approach between the two formalisms, in a clearer way than at
ﬁrst order. In the Bardeen approach, all perturbation variables live on the unperturbed
space–time. At each order, we write exact equations for an approximate space–time. In
particular, this implies that the time derivatives are derivative with respect to the cosmic
time of the background space–time. In the covariant approach, one derives an exact set of
equations (assuming no perturbation to start with). These exact equations are then solved
iteratively starting from a background solution which assumes some symmetries. The time
derivative is deﬁned in terms of the ﬂow vector as ua∇a. Indeed, at ﬁrst order for scalars,
this derivative matches exactly with the derivative with respect to the background cosmic
time. At second order, this is no longer the case. First the ﬂow vector at ﬁrst order does
not coincide with its background value. This implies a (ﬁrst order) diﬀerence between the
two time derivatives which must be taken into account. Then, the geometric quantities,
such as HijEij etc, ‘live’ on the physical space–time, whereas in perturbation theory,
any perturbation variable at any order, such as V (1), E (2)ij etc, live on the background
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space–time. This explains why e.g. H
(2)
ij has a term quadratic in ﬁrst order perturbations
involving V (1) and Φ(1).
The master variables and corresponding wave equations in both formalisms are also
diﬀerent in nature. In the metric approach the wave equation with source is deﬁned
non-locally in Fourier space; in the covariant approach, we are able to derive a local
tensorial wave equation which, because it is divergence free, represents the gravitational
wave contribution. Of course, we can make a non-local decomposition in Fourier space
as required. Furthermore, on one hand the TT part of the metric in a particular gauge
is a perturbative approach used to describe GW, and this tells us the shear of spatial
lengths with respect to a homogeneous and isotropic background, referring implicitly to
a hypothetical set of averaged observers. On the other hand, the covariant description
using Hab which is built out of the Weyl tensor and the comoving observer’s velocity,
directly describes the dynamically free part of the gravitational ﬁeld [39] (up to second
order when rotation is zero) as seen by the true comoving observers. This is part of the
dynamic space–time curvature which directly induces the motion of test particles through
the geodesic deviation equation, and it accounts for eﬀects due to the non-homogeneous
comoving ﬂuid velocity.
There is one more diﬀerence between the two formalisms, concerning the initial
conditions. In the Bardeen approach, as we recalled in section 4, there is a natural way to
set up the initial conditions on sub-Hubble scales by identifying canonical variables, both
for the scalar and tensor modes, and promoting them to the status of quantum operators.
In the covariant formalism such variables have not been constructed in full generality (see
however [44] for a proposal). Consequently this sets limitations to this formalism since it
cannot account for both the evolution and the initial conditions at the same time.
6. Illustration: slow-roll inﬂation
6.1. Slow-roll inﬂation
In this section, we focus on the case of a single slow-rolling scalar ﬁeld and we introduce
the slow-roll parameters
ε =
3
2
ψ2
μ
, δ = − ψ˙
Hψ
. (127)
Using the Friedmann equations (27)–(28), these parameters can be expressed in terms of
the Hubble parameter as
ε = − 1
4πG
[
H ′(φ)
H(φ)
]2
, δ =
1
4πG
H ′′(φ)
H(φ)
. (128)
Interestingly equation (27) takes the form
H2
(
1− 1
3
ε
)
=
κ
2
V (φ), (129)
which implies
a¨
a
= (1− ε)H2. (130)
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The equation of state and the sound speed of the equivalent scalar ﬁeld are thus given by
w = −1 + 2
3
ε, c2s = −1 +
2
3
δ. (131)
The evolution equations for ε and δ show that ε˙ and δ˙ are of order 2 in the slow-roll
parameters so that at ﬁrst order in the slow-roll parameters, they can be considered
constant. Using the deﬁnition of the conformal time and integrating it by parts, one gets
a(η) = − 1
Hη
1
1− ε, (132)
assuming ε is constant, from which it follows that
H ≡ aH = −1
η
(1 + ε) +O(2), (133)
where η varies between −∞ and 0. This implies that
a′′
a
=
2 + 3ε
η2
,
z′′
z
=
2 + 6ε− 3δ
η2
. (134)
The general solution of equation (78) is
vk =
√
−πη/4 [c1H(1)ν (−kη) + c2H(2)ν (−kη)] , (135)
with |c1|2 − |c2|2 = 1, where H(1)ν and H(2)ν are Hankel functions of ﬁrst and second kind
and ν = 3/2 + 2ε − δ. Among this family of solutions, it is natural to choose the one
with c2 = 0 which contains only positive frequencies [41]. It follows that the solution with
these initial conditions is
vk(η) =
√
π
2
√−ηH(1)ν (−kη). (136)
On super-Hubble scales, |kη| ≪ 1, we have
vk → 2ν−3/2Γ(ν)/Γ(3/2)(2k)−1/2(−kη)−ν+1/2.
Now, using equation (132) to express η and equation (83) to replace z in expression (82),
we ﬁnd that
PR(k) = 1
π
H2
M2p ε
[
2ν−3/2
Γ(ν)
Γ(3/2)
]2(
ν − 1
2
)−2ν+1(
k
aH
)−2ν+3
, (137)
where we have set M2p = G
−1. At lowest order in the slow-roll parameter, it reduces to
PR(k) = 1
π
H2
M2p ε
(
k
aH
)2δ−4ε
. (138)
The evolution of the gravitational waves at linear order are dictated by the same
equation but with νT = 3/2 + ε, so that
μ
(1)
k (η) =
√
π
2
√−ηH(1)νT (−kη). (139)
Similarly as for the scalar mode, we obtain
PT (k) = 16
π
H2
M2p
(
k
aH
)−2ε
. (140)
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6.2. Gravitational waves at second order
The couplings between scalar and tensor modes at second order imply that the second
order variables can be expanded as
R = R(1) + 1
2
(
R(2)RR +R(2)EE +R(2)RE
)
and a similar expansion for E , where, e.g., R(2)RE stands for the second order scalar modes
induced by the coupling of ﬁrst order scalar and tensor modes etc. The deviation from
Gaussianity at the time η of the end of inﬂation can be characterized by a series of
coeﬃcients fa,bcNL deﬁned for example as
1
2
R(2)EE (k, η) =
1
(2π)3/2
∫
δ3(k1 + k2 − k)E(k1, η)E(k2, η)fR,EENL (k,k1,k2, η)d3k1d3k2.
(141)
These six coeﬃcients appear in diﬀerent combinations in the connected part of the three
point correlation function of R and E . For instance
〈Ek1Rk2Rk3〉c =
[
2fE,RRNL (k1,k2,k3)PR(k3)PR(k2) + f
R,ER
NL (k1,k2,k3)PR(k3)PE(k1)
]
× δ3(k1 + k2 + k3) (142)
and fR,RRNL is the standard fNL parameter. One can easily check that 〈Rk1Rk2Rk3〉c
involves fR,RRNL , 〈Ek1Ek2Rk3〉c involves fE,ERNL and fR,EENL , and 〈Ek1Ek2Ek3〉c involves fE,EENL .
6.3. Expression for fE,RRNL
From our analysis, we can give the expression of fE,RRNL . Starting from the fact that
−εR = Φ(1 + ε) + Φ′/H and from the expression (84), we get that Φ ∼ −εR− Φ′/H or
Φ = −ǫη ∫ (R/η2)dη, and√4πGχ ∼ −√ε [R− Φ′/H]. It follows that the source term (99)
reduces at lowest order in the slow-roll parameter to
STTij = 4 [ε∂iR∂jR]TT .
The interaction Lagrangian is thus given by
Sint =
∫
dη d3x
4a√
8πG
ε ∂iR∂jRμij, (143)
which reduces to
Sint =
∫
dη d3x 2∂iv ∂jv E¯ ij. (144)
This is the same expression as obtained in [9].
In full generality, during inﬂation, we should use the ‘in–in’ formalism to compute
any correlation function of the interacting ﬁelds. As was shown explicitly in [45] for a
self-interacting ﬁeld and more generally in [47], the quantum computation agrees with the
classical one on super-Hubble scales at lowest order. Note however that both computations
may diﬀer (see [26] versus [9]) due to the fact that in the classical approach the change
in vacuum is ignored. The diﬀerence does not aﬀect the order of magnitude but the
geometric k dependence. In order to get an order of magnitude, we thus restrict our
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analysis here to the classical description. This description is also valid when considering
the post-inﬂationary era.
In the classical approach, we can solve equation (102) by mean of a Green function.
Since the two independent solutions of the homogeneous equation are
√−kηH (1/2)νT (−kη),
the Wronskian of which is 4i/(πk), the Green function is given by
G(k, η, η′) = −iπ
4
√
ηη′
[
H(1)νT (−kη)H(2)νT (−kη′)−H(1)νT (−kη′)H(2)νT (−kη)
]
. (145)
It follows that the expression of the second order tensor perturbation is given by
μ
(2)
k,λ(η) =
2
(2π)3/2
∫ η
−∞
dη′
a(η′)√
8πG
εG(k, η, η′)
∫
d3q
(
qiqjε
ij
λ
)Rq(η′)Rk−q(η′). (146)
We thus obtain
fEλRRNL (k, q, q, η) = [Rq (η)Rq(η)]−1
ε
a(η)
×
∫ η
−∞
dη′ a(η′)G(k, η, η′)
(
q1iq1jε
ij
λ (k)
)Rq(η′)Rq (η′). (147)
If we want to estimate equation (142) in the squeezed limit k1 〈 k2, k3 the
contribution coming from the term involving fEλRRNL (k, q, q, η) can be computed by use
of the super-Hubble limit of the Green function
|G(k, η, η′)| ≃
√
ηη′
2νT
[(
η′
η
( νT
−
(
η′
η
( −νT]
.
This contribution will be proportional to (H4/M4p ε)k
−8
2 (k2ik2jε
ij
λ )δ
3(k1 + k2 + k3), which
is the same order of magnitude as in [9], but do not have the same geometric dependence
as it goes like k−52 k
−3
1 instead.
6.4. Orders of magnitude
When we want to estimate 〈E (2)k,λ(η)E (2)∗k′,λ′(η)〉, we have to evaluate the connected part of
〈Rq(η′)Rk−q(η′)R∗p(η′′)R∗k′−p(η′′)〉, where q and p are the two internal momentum and
η′ and η′′ the two integration times. From the Wick theorem, this correlator reduces to
R(q, η′)R∗(q, η′′)R(|k−q|, η′)R∗(|k−q|, η′′)δ(k−k′)[δ(q−p)+δ(k−q−p)] and because
kiεij = 0 the two terms give the same geometric factor. Thus, the integration on p is
easily done and we can factorize δ(k − k′). Now, note that the terms in the integral
involve only the modulus of q and k − q so that it does not depend on the angle ϕ of q
in the plane orthogonal to k. This implies that the integration of ϕ will act on a term of
cos2 2ϕ, sin2 2ϕ and cos 2ϕ sin 2ϕ respectively for ++, ×× and +× so that it gives a term
πδλλ′ . In conclusion, deﬁning the second order power spectrum P(2)T by
1
4
〈E (2)k,λE∗2k′,λ′〉 =
2π2
k3
P(2)T (k)δ(3)(k − k′)δλλ′ , (148)
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it can be expressed as
P(2)T (k) =
k3
(2π)3π2a2
∫
dη′ dη′′ a(η′)a(η′′) ε2G(k, η, η′)G∗(k, η, η′′)
×
∫
d3q
(
qiqjε
ij
λ
)2R(q, η′)R∗(q, η′′)R(|k − q|, η′)R∗(|k − q|, η′′). (149)
Setting k · q = kqμ, this reduces to
P(2)T (k) =
k3
(2π)3πa2
∫
q6dq
(
1− μ2)2 dμ
×
∣∣∣∣∫ η
−∞
dη′ a(η′) εG(k, η, η′)R(q, η′)R(|k − q|, η′)
∣∣∣∣2 , (150)
after integration over ϕ which gives a factor π(1− μ2)2q4.
We can now take the super-Hubble limit of this expression at lowest order in the
slow-roll parameters. In order to do so, we make use of the super-Hubble limit of the
Green function given above, and we perform the time integral from 1/k to η and keep
only the leading order contribution:
P(2)T (k) =
1
3423π2
G2H4F (ǫ, δ)
(
k
aH
)−2ǫ
, (151)
where, with the deﬁnitions y ≡ q/k and n ≡ k/k,
F (ǫ, δ) ≡
∫
(y |n− y|)−3−4ǫ+2δ y6dy (1− μ2)2 dμ (152)
is a numerical factor. In this approximation, the ratio between the second order power
spectrum and the ﬁrst order power spectrum at leading order in the slow-roll parameters,
is given by:
P(2)T (k)
P(1)T (k)
=
1
2734π
(
H
Mp
)2
F (ǫ, δ). (153)
Indeed there are ultraviolet and infrared divergences hidden in F (ǫ, δ). We expect
the infrared divergence not to be relevant for observable quantities due to ﬁnite volume
eﬀects (see for instance [46]). The ultraviolet divergence, on the other hand, has to be
carefully dimensionally regularized in the context of quantum ﬁeld theory (see e.g. [47]).
7. Conclusions
In this paper we have investigated the generation of gravitational waves due to second
order eﬀects during inﬂation. We have considered these eﬀects both in the covariant
perturbation formalism and in the more standard metric based approach. The relation
between the two formalisms at second order has been considered and we have discussed
their relative advantages. This comparison leads to a better understanding of the
diﬀerences in dynamics between the two formalisms.
As an illustration, we have focused on GW generated by the coupling of ﬁrst order
scalar modes. To characterize this coupling we have introduced and computed the
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parameter fE,RRNL . It enters in the expression of 〈Ek1Rk2Rk3〉c that was shown to be
of order (H/Mp)
4/ε, as 〈Rk1Rk2Rk3〉c. On the other hand the power spectrum of GW
remains negligible.
This shows that the contribution of 〈Ek1Rk2Rk3〉c to the CMB bispectrum is
important to include in order to constrain the deviation from Gaussianity, e.g. in order
to test the consistency relation [48].
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▲❡ ❢♦r♠❛❧✐s♠❡ ✐♥✲✐♥ ✶✺✺
✼✳✸ ▲❡ ❢♦r♠❛❧✐s♠❡ ✐♥✲✐♥
◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t rés✉♠❡r ❧❡s ✐❞é❡s ❡ss❡♥t✐❡❧❧❡s ❞✉ tr❛✐t❡♠❡♥t ❝♦♠♣❧èt❡♠❡♥t q✉❛♥t✐q✉❡
❞❡s ❡✛❡ts ♥♦♥✲❧✐♥é❛✐r❡s✱ ✐♥✐t✐é ❞❛♥s ❬▼❛❧❞❛❝❡♥❛ ✵✸❪✳ ❙✐ ❧✬♦♥ s♦✉❤❛✐t❡ ♦❜t❡♥✐r ❞❡s ♣ré❞✐❝t✐♦♥s ✐♥✲
✢❛t✐♦♥♥❛✐r❡s ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡✱ ❛❧♦rs ✐❧ ❢❛✉t ♣❡rt✉r❜❡r ❧✬❛❝t✐♦♥ ❥✉sq✉✬❛✉ tr♦✐s✐è♠❡ ♦r❞r❡
❡t tr❛✐t❡r ❧❡s t❡r♠❡s ❝✉❜✐q✉❡s ❝♦♠♠❡ ✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ❛✉ ❧❛❣r❛♥❣✐❡♥ q✉❛❞r❛t✐q✉❡ ❬❲❡✐♥❜❡r❣ ✵✺❪✳
❖♥ ✉t✐❧✐s❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❡♥ ✐♥t❡r❛❝t✐♦♥✱ ❝❛r ♦♥ ♥❡ ♣❡✉t tr♦✉✈❡r ❞❡ s♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡ s✐♠♣❧❡
❞❡s éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ s✐ ❧✬♦♥ ✐♥❝❧✉t ❧❡ t❡r♠❡ ❝✉❜✐q✉❡✳ ❖♥ tr❛✐t❡ ❛❧♦rs H(3) = −L(3) ❝♦♠♠❡
✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❞✬✐♥t❡r❛❝t✐♦♥✳ P♦✉r t♦✉t ♦♣ér❛t❡✉r ❝♦♥str✉✐t à ♣❛rt✐r ❞❡ vˆ ❡t πˆ ♦♥ ♣❡✉t r❡❧✐❡r
s❛ ✈❛❧❡✉r QˆI(η) ♦❜t❡♥✉❡ s✬✐❧ ❡st é✈♦❧✉é ❛✈❡❝ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❧✐❜r❡ H(2) à s❛ ✈❛❧❡✉r Qˆ(η) s✐ s♦♥
é✈♦❧✉t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ t♦t❛❧ H(2) +H(3) + . . . ✳ ❖♥ ♠♦♥tr❡ ❛❧♦rs q✉❡
Q(η) = (UI)−1 (η,−∞)QI(η)UI(η,−∞), ✭✼✳✶✮
♦ù
UI(η,−∞) = T exp
(
−i
∫ η
−∞
H(3)(η′)dη′
)
. ✭✼✳✷✮
▲❛ ♥♦t❛t✐♦♥ T s✐❣♥✐✜❡ q✉❡ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡ ❡st ❞é✜♥✐❡ à ♣❛rt✐r ❞❡ s♦♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ sér✐❡ ❡t
q✉❡ ❧❡s ❝❤❛♠♣s ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❝❤❛q✉❡ t❡r♠❡ ❞❡ ❝❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞♦✐✈❡♥t ② êtr❡ ♦r❞♦♥♥és ❡♥
t❡♠♣s ❝r♦✐ss❛♥ts ❞❡ ❞r♦✐t❡ à ❣❛✉❝❤❡✳ ❈❡ ❢♦r♠❛❧✐s♠❡ s✬❛♣♣❡❧❧❡ ✐♥✲✐♥ ❝❛r ✐❧ ❞♦♥♥❡ ❧❡s ❝♦rré❧❛t✐♦♥s ❞❡
❞❡✉① ét❛ts ❡♥tr❛♥ts ♣❧✉tôt q✉✬✉♥❡ ♣r♦❜❛❜✐❧✐té ❞❡ tr❛♥s✐t✐♦♥ ❝♦♠♠❡ ❞❛♥s ✉♥❡ ❡①♣ér✐❡♥❝❡ st❛♥❞❛r❞
❞❡ ♣❤②s✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s✳ ▲❛ ♣r❡♠✐èr❡ ✉t✐❧✐s❛t✐♦♥ q✉✐ ♣❡✉t ❡♥ êtr❡ ❢❛✐t❡ ❝♦♥s✐st❡ à ❝❛❧❝✉❧❡r
❧❡ ❝♦rré❧❛t❡✉r à tr♦✐s ♣♦✐♥ts q✉✐ ♥é❝❡ss✐t❡ ✉♥ ▲❛♥❣r❛♥❣✐❡♥ ❝✉❜✐q✉❡✳ ❈❡tt❡ ❝♦♥tr✐❜✉t✐♦♥ ✈❛ ✈❡♥✐r
✉♥✐q✉❡♠❡♥t ❞✉ ▲❛♥❣r❛♥❣✐❡♥ ❞✬✐♥tér❛❝t✐♦♥✳ ❊♥ t❡r♠❡s ❞✬éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥✱ ❡❧❧❡s ♣r♦✈✐❡♥t ❞❡s
éq✉❛t✐♦♥s é❝r✐t❡s ❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ❖♥ ♦❜t✐❡♥t à ❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s ❡♥ ♣❡rt✉r❜❛t✐♦♥s
〈0|vˆ(η,x1)vˆ(η,x3)vˆ(η,x3)|0〉 = −
∫ η
−∞
〈0|
[
vˆ(η,x1)vˆ(η,x3)vˆ(η,x3), H
(3)(η′)
]
|0〉dη′. ✭✼✳✸✮
❆✜♥ ❞❡ sé❧❡❝t✐♦♥♥❡r ❧❡ ✈✐❞❡ ❡♥ ✐♥tér❛❝t✐♦♥✱ ♦♥ ❞é❢♦r♠❡ ❧❡ ❝♦♥t♦✉r ❞✬✐♥té❣r❛t✐♦♥ ❡♥ r❡♠♣❧❛ç❛♥t η
♣❛r η + iǫE |η|✱ ♦ù ǫE ❡st ✉♥ ♥♦♠❜r❡ ✐♥✜♥✐♠❡♥t ♣❡t✐t q✉✐ ♣❡r♠❡t ❞❡ ❢❛✐r❡ ❝♦♥✈❡r❣❡r exp(−ikη)✳
✼✳✹ P❡rt✉r❜❛t✐♦♥s s❝❛❧❛✐r❡s ❣é♥éré❡s ❛✉ s❡❝♦♥❞ ♦r❞r❡
▲❡s rés✉❧t❛ts ♦❜t❡♥✉s s♦♥t ♣rés❡♥tés ♣❧✉s ❡♥ ❞ét❛✐❧s ❞❛♥s ❬▼❛❧❞❛❝❡♥❛ ✵✸❪✳ ❊♥ ❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✱
♦♥ ♦❜t✐❡♥t ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ✐♠♣✉❧s✐♦♥s k1 k2 ❡t k3 s♦♥t ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r
〈0|Rˆk1(η)Rˆk2(η)Rˆk3(η)|0〉 =
δ3❉ (k1 + k2 + k3)
(2π)3/2
[
−2 + δ − ǫ
2
(
1 +
k21 + k
2
2
k23
)
− 2ǫ k
2
1 + k
2
2
k3 (k1 + k2 + k3)
]
.PR(k1)PR(k2) + (1→ 2→ 3) + (1→ 3→ 2) . ✭✼✳✹✮
❉❛♥s ❧❛ ❧✐♠✐t❡ ❞✐t❡ sq✉❡❡③❡❞✱ ♦ù k3 ≪ k1, k2 ♦♥ ♦❜t✐❡♥t
〈0|Rˆk1(η)Rˆk2(η)Rˆk3(η)|0〉 =
δ3❉ (k1 + k2 + k3)
(2π)3/2
(−4 + 2δ − 4ǫ)PR(k1)PR(k3) . ✭✼✳✺✮
❈✬❡st à ♣❛rt✐r ❞❡ ❝❡s rés✉❧t❛ts q✉❡ ♥♦✉s ♣♦✉✈♦♥s ❝♦♥❝❧✉r❡ q✉❡
R(2)I
2
≃ −R(1)2I +O(ǫ, δ) , ✭✼✳✻✮
✶✺✻ ▲✬✐♥✢❛t✐♦♥ ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ ❡t s✐❣♥❛t✉r❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡
❡t ❝❡❝✐ ♣❡✉t êtr❡ ✉t✐❧✐sé ❞❛♥s ❧❛ ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡ ✭✻✳✸✶✮✳ ❈❡tt❡ ♠ét❤♦❞❡ ❛ été ❣é♥ér❛❧✐sé❡ ❛✉
❝❛s ❞✬✉♥ t❡r♠❡ ❝✐♥ét✐q✉❡ ♥♦♥✲st❛♥❞❛r❞ ❞❛♥s ❬❙❡❡r② ✫ ▲✐❞s❡② ✵✺❜❪ ♣✉✐s ❛✉ ❝❛s ♠✉❧t✐✲❝❤❛♠♣s ❞❛♥s
❬❙❡❡r② ✫ ▲✐❞s❡② ✵✺❛❪✳ ❖♥ ♣❡✉t ♣♦✉ss❡r ❧❡ ❝❛❧❝✉❧ ♣❡rt✉r❜❛t✐❢ ❥✉sq✉✬❛✉① ❝♦rr❡❝t✐♦♥s à ✉♥❡ ❜♦✉❝❧❡✳
❈❡❝✐ ❛ été ét✉❞✐é ❞❛♥s ❬❲❡✐♥❜❡r❣ ✵✺✱ ❙❡❡r② ✵✼✱ ❙❧♦t❤ ✵✻✱ ❙❧♦t❤ ✵✼❪✳
✼✳✺ ▲❡s s✐❣♥❛t✉r❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s
✼✳✺✳✶ ❙t❛t✐st✐q✉❡s s✉r ❞❡s ❝❤❛♠♣s
◆♦✉s ❛✈♦♥s ✈✉ ♣ré❝é❞❡♠♠❡♥t q✉❡ ❧❡s ❝❤❛♠♣s st♦❝❤❛st✐q✉❡s rés✉❧t❛♥ts ❞❡ ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡s
♣❡rt✉r❜❛t✐♦♥s ❧✐♥é❛✐r❡s ❛✈❛✐❡♥t ✉♥❡ st❛t✐st✐q✉❡ ❣❛✉ss✐❡♥♥❡✳ P❛r ❝♦♥séq✉❡♥t ✐❧ s✉✣t ❞❡ ❝❛r❛❝tér✐s❡r
❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉① ♣♦✐♥ts ♣♦✉r ❝❛r❛❝tér✐s❡r t♦✉t❡s ❧❡s ♣r♦♣r✐étés ❞✉ ❝❤❛♠♣✳ ❊♥
❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✶✱ ❡♥ ✉t✐❧✐s❛♥t ❧✬❤②♣♦t❤ès❡ ❞✬❤♦♠♦❣é♥é✐té ❡t ❞✬✐s♦tr♦♣✐❡ st❛t✐st✐q✉❡ ❞❡ ❧✬✉♥✐✈❡rs✱
♦♥ ♦❜t✐❡♥t ♣♦✉r ❧❡ ❝❤❛♠♣ R
〈R(1)k R(1)k′ 〉 ≡ δ3❉(k+ k′)PR(k) . ✭✼✳✼✮
▲❡ ❝❤❛♠♣ ❡♥ ❡s♣❛❝❡ ré❡❧ s♦✉s✲❥❛❝❡♥t R(1)(x) ❡st ré❡❧ s✐ ❜✐❡♥ q✉❡ R(1)k = R(1)∗−k ✳ ❚♦✉s ❧❡s ❛✉tr❡s
❝❤❛♠♣s ❞❡ ❧❛ t❤é♦r✐❡ ❧✐♥é❛✐r❡ s♦♥t ❢♦r♠és à ♣❛rt✐r ❞❡ ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❞❡ R(1) ❡t ♣rés❡♥t❡♥t
❞♦♥❝ é❣❛❧❡♠❡♥t ✉♥❡ st❛t✐st✐q✉❡ ❣❛✉ss✐❡♥♥❡✳ ◆♦✉s ❛✈♦♥s ❝❡♣❡♥❞❛♥t ✈✉ q✉✬❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛
❞②♥❛♠✐q✉❡ ❛✉ ❞❡❧à ❞❡ ❧❛ t❤é♦r✐❡ ❧✐♥é❛✐r❡✱ ❧❡ ❝❤❛♠♣ R ❞é✈❡❧♦♣♣❛✐t ♥é❝❡ss❛✐r❡♠❡♥t ✉♥❡ st❛t✐st✐q✉❡
♥♦♥✲❣❛✉ss✐❡♥♥❡ ♣✉✐sq✉❡ ❧❡ ❝♦rré❧❛t❡✉r à tr♦✐s ♣♦✐♥ts ❡st ♥♦♥✲♥✉❧✳ ❈❡❧❛ r❡✈✐❡♥t à ❝♦♥s✐❞ér❡r q✉❡
R(1) ♣♦ssè❞❡ ✉♥❡ st❛t✐st✐q✉❡ ❣❛✉ss✐❡♥♥❡ t❛♥❞✐s q✉❡ R(2) ♥✬❡st ♣❛s ❣❛✉ss✐❡♥ ❡t ♣❡✉t êtr❡ é❝r✐t s♦✉s
❧❛ ❢♦r♠❡
R(2)k
2
=
1
(2π)3/2
∫
d3k1d
3k2δ
3
❉(k− k1 − k2)f◆▲(k1,k2,k)R(1)k1R
(1)
k2
. ✭✼✳✽✮
❈❡❝✐ ❝♦♥st✐t✉❡ ✉♥❡ ❞é✜♥✐t✐♦♥ ❞❡ f◆▲✷✳ ❊♥ ❡✛❡t ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ❲✐❝❦✱ ✉♥ t❡❧❧❡ ❞é❝♦♠♣♦✲
s✐t✐♦♥ ✐♠♣❧✐q✉❡
〈Rˆk1(η)Rˆk2(η)Rˆk3(η)〉 =
δ3❉ (k1 + k2 + k3)
(2π)3/2
[
2f◆▲(k1,k2,k3)PR(k1)PR(k2)
+(1→ 2→ 3) + (1→ 3→ 2)
]
. ✭✼✳✾✮
❖♥ ❧✐t ❞♦♥❝ s✉r ❧✬❡①♣r❡ss✐♦♥ ✭✼✳✹✮ q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ✐♥✢❛t✐♦♥ ❡♥ r♦✉❧❡♠❡♥t ❧❡♥t à ✉♥ ❝❤❛♠♣
f◆▲(k1,k2,k3) =
[
−1 + δ
2
− ǫ
4
(
1 +
k21 + k
2
2
k23
)
− ǫ k
2
1 + k
2
2
k3 (k1 + k2 + k3)
]
. ✭✼✳✶✵✮
❖♥ ♣♦✉rr❛ é✈❡♥t✉❡❧❧❡♠❡♥t ✉t✐❧✐s❡r ❧❛ ✈❛r✐❛❜❧❡ R˜ ❞é✜♥✐❡ ♣❛r
exp
(
2R˜
)
≡ 1 + 2R. ✭✼✳✶✶✮
✶❚♦✉❥♦✉rs ❞❛♥s ❧❛ ❝♦♥✈❡♥t✐♦♥ q✉✐ éq✉✐❧✐❜r❡ ❧❡s ❢❛❝t❡✉rs 2pi ❡♥tr❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❡t s❛ ré❝✐♣r♦q✉❡✳
✷❘✐❣♦✉r❡✉s❡♠❡♥t ♦♥ ❞♦✐t s♦✉str❛✐r❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❝❡ t❡r♠❡ q✉❛❞r❛t✐q✉❡✱ ♠❛✐s ❝❡ t❡r♠❡ s✉♣♣❧é♠❡♥t❛✐r❡
❡st ♣r♦♣♦rt✐♦♥♥❡❧ à δ3❉(k) ❡t ♥✬❛✉r❛ ❞♦♥❝ ♣❛s ❞❡ ❝♦♥séq✉❡♥❝❡ ❧♦rsq✉❡ ❧✬♦♥ s✬✐♥tér❡ss❡r❛ ❛✉ ❜✐s♣❡❝tr❡✳
▲❡s s✐❣♥❛t✉r❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ✶✺✼
❖♥ ② ❛ss♦❝✐❡r❛ ❛❧♦rs
f˜◆▲(k1,k2,k3) = f◆▲(k1,k2,k3) + 1, ✭✼✳✶✷✮
❡t ❝✬❡st ❞♦♥❝ ♣♦✉r ❝❡tt❡ ✈❛r✐❛❜❧❡ q✉❡ ❧✬♦♥ ♣♦✉rr❛ ❝♦♥❝❧✉r❡ q✉❡ ❧❡s ❡✛❡ts ♥♦♥ ❧✐♥é❛✐r❡s ♣❡♥❞❛♥t
❧✬✐♥✢❛t✐♦♥ s♦♥t ♥é❣❧✐❣❡❛❜❧❡s ♣✉✐sq✉❡ ♣r♦♣♦rt✐♦♥♥❡❧s ❛✉① ♣❛r❛♠ètr❡s ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t✳ ❉❡ ♠ê♠❡
♦♥ ♣♦✉rr❛ ❞é✜♥✐r ✉♥ f◆▲ ♣♦✉r ❞✬❛✉tr❡s ❝❤❛♠♣s t❡❧s q✉❡ Φ ❡t Ψ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❞é✜♥✐t✐♦♥ s✐♠✐❧❛✐r❡
à ✭✼✳✽✮✳
▲♦rsq✉❡ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉① ❝♦♥séq✉❡♥❝❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s✱ ✐❧ ❢❛✉t ♥♦♥ ♣❛s ❝♦♥s✐❞ér❡r
❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à tr♦✐s ♣♦✐♥ts ❞❛♥s ❧❡s s❡❝t✐♦♥s ❞✬❡s♣❛❝❡ à tr♦✐s ❞✐♠❡♥s✐♦♥s ♠❛✐s s✉r ❧❛
s♣❤èr❡ ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s✳ ❖♥ ❝❤❡r❝❤❡r❛ ❞♦♥❝ ♣❧✉tôt à ❝❛r❛❝tér✐s❡r ❧❡s ♠♦②❡♥♥❡s
❞✬❡♥s❡♠❜❧❡ ❞❡ t②♣❡
〈f(nˆ1)f(nˆ2)f(nˆ3)〉. ✭✼✳✶✸✮
◆♦✉s ♣rés❡♥t♦♥s ✐❝✐ ❞❡s ✐❞é❡s t✐ré❡s ❞❡ ❬❑♦♠❛ts✉ ✵✷✱ ❇❛rt♦❧♦ ❡t ❛❧✳ ✵✹❛❪✳ ◆♦✉s ❛✈♦♥s ❞é❥à ✈✉ q✉❡
❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r ❛ss♦❝✐é ❡st ❝❡❧✉✐ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❡t ♦♥ ✉t✐❧✐s❡r❛ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥
f(nˆ) =
∞∑
ℓ=0
ℓ∑
m=−ℓ
aℓmYℓm(nˆ). ✭✼✳✶✹✮
▲♦rsq✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉① ♣♦✐♥ts s✉r ❧❛ s♣❤èr❡ ♦❜s❡r✈é❡✱ ♦♥ ❝♦♥s✐❞èr❡
〈aℓ1m1a∗ℓ2m2〉 = Cℓ1δℓ1ℓ2δm1m2 ✭✼✳✶✺✮
♦ù ❧❡ ♣rés❡♥❝❡ ❞❡s s②♠❜♦❧❡s ❞❡ ❑r♦♥❡❝❦❡r ♣r♦✈✐❡♥t ❞❡ ❧✬✐s♦tr♦♣✐❡ st❛t✐st✐q✉❡ s✉♣♣♦sé❡✱ ❧✬é❣❛❧✐té ❞é✲
✜♥✐ss❛♥t ❞♦♥❝ ❧❛ ✈❛r✐❛♥❝❡ Cℓ ❞❡s aℓm✳ ❖♥ ✈ér✐✜❡ ❜✐❡♥ q✉✬❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦♣r✐été ❞❡s ❤❛r♠♦♥✐q✉❡s
s♣❤ér✐q✉❡s
ℓ∑
m=−ℓ
Yℓm(nˆ1)Y
∗
ℓm(nˆ1) =
2ℓ+ 1
4π
Pℓ(nˆ1.nˆ2), ✭✼✳✶✻✮
♦♥ r❡tr♦✉✈❡ ❧❛ r❡❧❛t✐♦♥ ✭✸✳✶✷✮✳
▲❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à tr♦✐s ♣♦✐♥ts ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s s❡r❛ ❝❛✲
r❛❝tér✐sé❡ ♣❛r ❧❡ ❜✐s♣❡❝tr❡ Bℓ1ℓ2ℓ3 ❞é✜♥✐ ♣❛r
〈aℓ1m1aℓ2m2aℓ3m3〉 ≡ Bm1m2m3ℓ1ℓ2ℓ3 = Bℓ1ℓ2ℓ3
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)
. ✭✼✳✶✼✮
▲❡ s②♠❜♦❧❡ à ❞r♦✐t❡ ❞✉ s❡❝♦♥❞ ♠❡♠❜r❡ ❡st ✉♥ ❲✐❣♥❡r✲3j q✉✐ ❡st ❞✐r❡❝t❡♠❡♥t r❡❧✐é ❛✉ ❝♦❡✣❝✐❡♥ts
❞❡ ❈❧❡❜s❝❤✲●♦r❞❛♥ ❡t ❝❛r❛❝tér✐s❡ ❧❡ ❝♦✉♣❧❛❣❡ ❞❡ ❞❡✉① ♠♦♠❡♥ts ❝✐♥ét✐q✉❡s (ℓ1,m1) (ℓ2,m2) ❡♥
✉♥ ♠♦♠❡♥t ❝✐♥ét✐q✉❡(ℓ3,m3)✳ ▲❡s ℓ ❞♦✐✈❡♥t ❞♦♥❝ s❛t✐s❢❛✐r❡ ❧✬✐♥é❣❛❧✐té tr✐❛♥❣✉❧❛✐r❡ ❛✐♥s✐ q✉❡ ❧❡s
♣r♦♣r✐étés ℓ1 + ℓ2 + ℓ3 = 2n ❡t m1 +m2 +m3 = 0 ✐♠♣♦sé❡s ♣❛r ❧❛ ♣❛r✐té✳ ❖♥ ♣❡✉t ♠♦♥tr❡r q✉❡
❧❡s ❲✐❣♥❡r✲3j ❛ss✉r❡♥t ❧✬✐s♦tr♦♣✐❡ st❛t✐st✐q✉❡ ❛✐♥s✐ q✉❡ ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r ♣❛r✐té✳ ❖♥ ♣❡✉t ✐♥✈❡rs❡r
❧❛ r❡❧❛t✐♦♥ ✭✼✳✶✼✮ ❡♥ ✉t✐❧✐s❛♥t∑
m′1m
′
2
=
(
ℓ1 ℓ2 ℓ3
m′1 m′2 m′3
)(
ℓ1 ℓ2 L
m′1 m′2 M ′
)
=
δℓ3Lδm′3M ′
2L+ 1
. ✭✼✳✶✽✮
❖♥ ♦❜t✐❡♥t ❛❧♦rs
Bℓ1ℓ2ℓ3 =
∑
m1m2m3
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)
Bm1m2m3ℓ1ℓ2ℓ3 . ✭✼✳✶✾✮
✶✺✽ ▲✬✐♥✢❛t✐♦♥ ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ ❡t s✐❣♥❛t✉r❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡
❉❡ ♣❧✉s ♦♥ ❞é✜♥✐t ❧❡ ❜✐s♣❡❝tr❡ ré❞✉✐t bℓ1ℓ2ℓ3 ♣❛r
Bℓ1ℓ2ℓ3 =
√
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)
4π
(
ℓ1 ℓ2 ℓ3
0 0 0
)
bℓ1ℓ2ℓ3 , ✭✼✳✷✵✮
❝✬❡st✲à✲❞✐r❡
Bm1m2m3ℓ1ℓ2ℓ3 = G
m1m2m3
ℓ1ℓ2ℓ3
bℓ1ℓ2ℓ3 , ✭✼✳✷✶✮
♦ù ♦♥ ❛ ✉t✐❧✐sé ❧✬éq✉❛t✐♦♥ ✭✼✳✶✽✮ ❛✐♥s✐ q✉❡ ❧❛ ❞é✜♥✐t✐♦♥
Gm1m2m3ℓ1ℓ2ℓ3 ≡
∫
dnˆYℓ1m1(nˆ)Yℓ2m2(nˆ)Yℓ3m3(nˆ) ✭✼✳✷✷✮
=
√
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)
4π
(
ℓ1 ℓ2 ℓ3
0 0 0
)(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)
.
▲✬✐♥térêt ❞✉ ❜✐s♣❡❝tr❡ ré❞✉✐t rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉✬✐❧ ❝♦♥t✐❡♥t ❛✉t❛♥t ❞✬✐♥❢♦r♠❛t✐♦♥ q✉❡ Bm1m2m3ℓ1ℓ2ℓ3
❞✉ ❢❛✐t ❞❡ ❧✬✐♥✈❛r✐❛♥❝❡ st❛t✐st✐q✉❡ r♦t❛t✐♦♥♥❡❧❧❡✳ ❉❡ ♣❧✉s✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞✉ ❝✐❡❧ ♣❧❛t ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❡
❜✐s♣❡❝tr❡ ré❞✉✐t ❡st ♣❧✉s ✐♠♠é❞✐❛t✳ ◆♦✉s ♥❡ ❞ét❛✐❧❧❡r♦♥s ♣❛s ♣❧✉s ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬❡st✐♠❛t❡✉rs
♣♦✉r ❧❡ ❜✐s♣❡❝tr❡ ❛✐♥s✐ q✉❡ ❧✬✐♥✢✉❡♥❝❡ ❞✬✉♥❡ ❝♦✉✈❡rt✉r❡ ♣❛rt✐❡❧❧❡ ❞✉ ❝✐❡❧ s✉r ❝❡s ❡st✐♠❛t❡✉rs✳
P❧✉s ❞❡ ❞ét❛✐❧s ♣❡✉✈❡♥t êtr❡ tr♦✉✈és ❞❛♥s ❧❡s ré❢ér❡♥❝❡s ❬❨❛❞❛✈ ❡t ❛❧✳ ✵✼❛✱ ❑♦♠❛ts✉ ❡t ❛❧✳ ✵✺✱
❈r❡♠✐♥❡❧❧✐ ❡t ❛❧✳ ✵✼❛✱ ❨❛❞❛✈ ❡t ❛❧✳ ✵✼❜❪✳
❯♥❡ q✉❡st✐♦♥ s❡ ♣♦s❡ ♠❛✐♥t❡♥❛♥t✳ ❈♦♠♠❡♥t r❡❧✐❡ t✬♦♥ ❧❡s f◆▲ ♣ré❞✐ts ♣❛r ❞✐✛ér❡♥ts ♠♦❞è❧❡s
❞✬✐♥✢❛t✐♦♥ ❛✉① ❜✐s♣❡❝tr❡s ♦❜s❡r✈és ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s ❡✛❡ts ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ◆♦✉s ❛❜♦r❞❡r♦♥s
❝❡tt❡ q✉❡st✐♦♥ ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✱ ❡♥ ♥♦✉s ❢♦❝❛❧✐s❛♥t s✉r ❧❡s ❣r❛♥❞❡s é❝❤❡❧❧❡s✳
✼✳✺✳✷ ▲❡ ❜✐s♣❡❝tr❡ ❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s
❉❛♥s ❧❛ ❧✐♠✐t❡ ❞❡s ❣r❛♥❞❡s é❝❤❡❧❧❡s✱ ❧✬❡✛❡t ❞♦♠✐♥❛♥t ❞❡s ❛♥✐s♦tr♦♣✐❡s ❞❡ t❡♠♣ér❛t✉r❡ ❡st ❧✬❡✛❡t
❙❛❝❤s✲❲♦❧❢❡ ♣r♦♣r❡✳ ◆♦✉s ❛✈♦♥s ❞é❥à ❝❛❧❝✉❧é ❧✬❡✛❡t ❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ❝✬❡st✲à✲❞✐r❡ r❡❧✐é ❧❛ ♣❡rt✉r✲
❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ✈✐❛ ❧❡s ♣♦t❡♥t✐❡❧s ❣r❛✈✐t❛t✐♦♥♥❡❧s ❛✉① ✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡✳
❈❡♣❡♥❞❛♥t ♥♦✉s ❞❡✈♦♥s ❡♥❝♦r❡ r❡❧✐❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ❛✉ s❡❝♦♥❞✲♦r❞r❡ ❛✈❡❝
❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ❊♥ ❡✛❡t ❧❛ ❢♦♥❝t✐♦♥ f ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ✭✼✳✶✸✮
❞♦✐t êtr❡ r❡❧✐é❡ ❢❛❝✐❧❡♠❡♥t à ✉♥❡ ♠❡s✉r❡ ♣❤②s✐q✉❡ ❞✉ ❈▼❇✳ ❖♥ ♣❡✉t ❞♦♥❝ ♣r❡♥❞r❡ ❧❡ ❝♦♥tr❛st❡
❞❡ ❞❡♥s✐té ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧❛ r❛❞✐❛t✐♦♥ r❡ç✉❡ ❞❡♣✉✐s ✉♥❡ ❞✐r❡❝t✐♦♥ nˆ ♦✉ ❜✐❡♥ ❧❡ ❝♦♥tr❛st❡ ❞❡ t❡♠✲
♣ér❛t✉r❡✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡st ❛❧♦rs ❞é✜♥✐❡ ✈✐❛ ❧❛ r❡❧❛t✐♦♥ ✭✸✳✾✮ ❡t q✉❡ ❧✬♦♥ ♣❡✉t
❧✬✐♥t❡r♣rét❡r ❝♦♠♠❡ ✉♥❡ t❡♠♣ér❛t✉r❡ s✐ ❧❡ s♣❡❝tr❡ ❞❡ ❝♦r♣s ♥♦✐r ❞❡ ❧❛ r❛❞✐❛t✐♦♥ ♥✬❛ ♣❛s été ❞é✲
❢♦r♠é✳ ❈❡❝✐ ♥✬❡st ♣❛s ❣❛r❛♥t✐ ❛✉ s❡❝♦♥❞ ♦r❞r❡ s❛✉❢ s✐ ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r♥✐èr❡ ❞✐✛✉s✐♦♥
❡st ✐♥✜♥✐♠❡♥t ✜♥❡ ❡t s✐ ❧✬♦♥ ♣❡✉t ♥é❣❧✐❣❡r ❧❛ ✈✐t❡ss❡ ❞❡s ❜❛r②♦♥s✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s ❧♦rsq✉❡ ❧✬♦♥
s✬✐♥tér❡ss❡ ❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s✳ ❊♥ ❡✛❡t ♦♥ ❝♦♥s✐❞èr❡ ❞❛♥s ❝❡ ❝❛s q✉✬❛✈❛♥t ❧❛ s✉r❢❛❝❡ ❞❡ ❞❡r✲
♥✐èr❡ ❞✐✛✉s✐♦♥ ❧❡ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ❧❡s ❜❛r②♦♥s ét❛✐t ❢♦rt ❡t ❞♦♥❝ ❧❛ r❛❞✐❛t✐♦♥ ❡♥ éq✉✐❧✐❜r❡ t❤❡r♠✐q✉❡✱
♣✉✐s q✉❡ ❧❡s ♣❤♦t♦♥s ♦♥t ✐♥st❛♥t❛♥é♠❡♥t ❝♦♥t✐♥✉é s✉r ❞❡s ❣é♦❞és✐q✉❡s s❛♥s ✐♥t❡r❛❝t✐♦♥ ❡t q✉❡ ❧❡
s♣❡❝tr❡ ♥✬❛ ❞♦♥❝ ♣❛s été ❞é❢♦r♠é✳
❆✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s✱ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ✭✷✳✷✶✱✻✳✸✮✱ ♦♥ ❛ ♣♦✉r ❧❡ ❝♦♥tr❛st❡ ❞❡
❞❡♥s✐té ❞✉ ✢✉✐❞❡ t♦t❛❧
δ(1) = −2Φ(1) δ(2) = −2Φ(2) + 8Ψ(1)2. ✭✼✳✷✸✮
❖♥ ✉t✐❧✐s❡ ❡♥s✉✐t❡ ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛❞✐❛❜❛t✐q✉❡s ✭✻✳✺✶✮ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r δ(2)m ❡t δ
(2)
r à
♣❛rt✐r ❞❡ δ(2)✳ ❆✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s ♦♥ ♠♦♥tr❡✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡s éq✉❛t✐♦♥s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✻✳✶✶✮
▲❡s s✐❣♥❛t✉r❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ✶✺✾
♣♦✉r ❧❛ ♠❛t✐èr❡ ❡t ♣♦✉r ❧❛ r❛❞✐❛t✐♦♥✱ q✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛❞✐❛❜❛t✐q✉❡s s♦♥t ❝♦♥s❡r✈é❡s✳
❉✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✻✳✻✺✮✱ ♦♥ ❡♥ ❞é❞✉✐t ❞♦♥❝ q✉❡ ♣♦✉r ❞❡ t❡❧❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❛✉① ❣r❛♥❞❡s
é❝❤❡❧❧❡s
Θ(1) =
Φ(1)
3
, Θ(2) =
Φ(2)
3
− 5
9
Φ(1)2. ✭✼✳✷✹✮
❖♥ ❛ ✉t✐❧✐sé ❞❛♥s ❧❡s ❡①♣r❡ss✐♦♥s ♣ré❝é❞❡♥t❡s ❧❡ ❢❛✐t q✉❡ ❧❡ ❞é❝♦✉♣❧❛❣❡ ❛ ❧✐❡✉ ❛✉ ♠♦♠❡♥t ♦✉
❧✬✉♥✐✈❡rs ❡st ❞♦♠✐♥é ♣❛r ❧❛ ♠❛t✐èr❡ ❡t ❞♦♥❝ δ ≃ δm✳ ❖♥ ♣❡✉t ✉t✐❧✐s❡r ❧❡s ❡①♣r❡ss✐♦♥s ✭✻✳✸✷✲✻✳✸✵✮
é✈❛❧✉é❡s ❞❛♥s ❧✬èr❡ ❞❡ ♠❛t✐èr❡ ♣♦✉r ❡♥ ❝♦♥❝❧✉r❡ q✉✬❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s
Θ(2) =
1
5
(
R(2) + 2R(1)2
)
+
Φ(1)2
9
+
2
3
∆−1∂iΦ(1)∂iΦ(1) − 2∆−2∂j∂i
(
∂jΦ
(1)∂iΦ(1)
)
. ✭✼✳✷✺✮
❉❛♥s ❧❡ ❝❛s ❞❡ ❧✬✐♥✢❛t✐♦♥ à ✉♥ ❝❤❛♠♣ ❡♥ r♦✉❧❡♠❡♥t ❧❡♥t✱ ♥♦✉s ❛✈♦♥s ❞é❥à ✈✉ q✉❡ R˜(2) =
R(2) + 2R(1)2✱ q✉✐ ❝♦rr❡s♣♦♥❞ ❛✉ ❜✐s♣❡❝tr❡ ♣r✐♠♦r❞✐❛❧✱ ét❛✐t ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉① ♣❛r❛♠ètr❡s ❞❡
r♦✉❧❡♠❡♥t ❧❡♥t ❡t ❞♦♥❝ ♣❛r ❝♦♥séq✉❡♥t ♥é❣❧✐❣❡❛❜❧❡✳ ❖♥ ❡♥ ❞é❞✉✐t q✉❡ ♣♦✉r ❝❡ t②♣❡ ❞✬✐♥✢❛t✐♦♥✱
❧✬❡ss❡♥t✐❡❧ ❞✉ ❜✐s♣❡❝tr❡ ❡♥ t❡♠♣ér❛t✉r❡ ❡st ❞♦♥❝ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❧✐é à ❞❡s ❡✛❡ts ❞✬é✈♦❧✉t✐♦♥✳ ❉❛♥s ❧❛
❧✐ttér❛t✉r❡ ❬❑♦♠❛ts✉ ✫ ❙♣❡r❣❡❧ ✵✶✱ ❑♦♠❛ts✉ ❡t ❛❧✳ ✵✸✱ ❇❛rt♦❧♦ ❡t ❛❧✳ ✵✹❝❪ ♦♥ ❞é✜♥✐t ❧❡ ❜✐s♣❡❝tr❡
❡♥ t❡♠♣ér❛t✉r❡ ♣❛r✸
Θ
(2)
k
2
= g(k, η▲❙❙)C(k1,k2)fΘ◆▲(k1,k2,k)Φ(1)k1 Φ
(1)
k2
, ✭✼✳✷✻✮
♦ù
g(k, η) ≡ Θ
(1)(k, η)
Φ(1)(k, η)
. ✭✼✳✷✼✮
❆✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s ♦♥ ❛ ❞♦♥❝
fΘ◆▲(k1,k2,k) =
[
5
3
f˜◆▲(k1,k2,k) +
1
6
+
k1.k2
k2
− 3(k.k1)(k.k2)
k4
]
. ✭✼✳✷✽✮
▲✬❛✈❛♥t❛❣❡ ❞✬✉♥❡ t❡❧❧❡ ❞é✜♥✐t✐♦♥ ❡st q✉✬❡❧❧❡ ♣❡r♠❡t ❞❡ ❝♦♥s✐❞ér❡r ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❧❛ t❡♠✲
♣ér❛t✉r❡ ❡♥ ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ s❡❧♦♥
a
(1)
ℓm = 4πi
ℓ
∫
d3k
(2π)3/2
gℓ(k, η▲❙❙)Φ
(1)(k)Y ∗ℓm(kˆ)
a
(2)
ℓm
2
= 4πiℓ
∫
d3k
(2π)3/2
gℓ(k, η▲❙❙)C(k1,k2)fΘ◆▲(k1,k2,k)Φ(1)k1 Φ
(1)
k2
Y ∗ℓm(kˆ). ✭✼✳✷✾✮
❍✐st♦r✐q✉❡♠❡♥t✱ ✐❧ s✬❛❣✐t ❞✬✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❧❛ ❢♦r♠✉❧❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❬❑♦♠❛ts✉ ✫ ❙♣❡r❣❡❧ ✵✵❪
❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s✳ ❖♥ ❛ ❞♦♥❝ ❞✬❛❜♦r❞ s✉♣♣♦sé q✉❡ ❧❛ ❢♦r♠✉❧❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ét❛✐t ❧❛ ♠ê♠❡
q✉✬❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s ✭❞❛♥s ❝❡tt❡ ❧✐♠✐t❡ g(k, η▲❙❙) = 1/3✮ ❡♥ é❝r✐✈❛♥t
Φ(1)
3
= Θ(1)
1
2
Φ(2)
3
=
Θ(2)
2
= C(k1,k2)1
3
fΦ◆▲(k1,k2,k)Φ
(1)
k1
Φ
(1)
k2
. ✭✼✳✸✵✮
✸P❧✉s ♣ré❝✐sé♠❡♥t ❛✈❡❝ ✉♥ s✐❣♥❡ ♦♣♣♦sé✳ ◆♦✉s ♥❡ ❝♦♥s❡r✈♦♥s ♣❛s ❝❡ s✐❣♥❡✳
✶✻✵ ▲✬✐♥✢❛t✐♦♥ ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ ❡t s✐❣♥❛t✉r❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡
■❧ s✬❛❣✐ss❛✐t ❞❡ ré❛❧✐s❡r r❛♣✐❞❡♠❡♥t ❞❡s ❛♥❛❧②s❡s ❞❡s ❞♦♥♥é❡s✳ P✉✐s s❡ r❡♥❞❛♥t ❝♦♠♣t❡ q✉✬✐❧ ♥✬ét❛✐t
♣❛s ❝♦rr❡❝t ❞❡ tr❛♥s♣♦s❡r ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ❧✬❡①♣r❡ss✐♦♥ ❞❡
fΘ◆▲ ❛ été ét❛❜❧✐❡ ❡t ✐❧ ❛ ❛❧♦rs ❢❛❧❧✉ r❡❜❛♣t✐s❡r Φ
(2) ❡♥ Φ(2) ❞❛♥s ❧❡s éq✉❛t✐♦♥s ✭✼✳✸✵✮ q✉✐ s♦♥t ❛❧♦rs
❞❡✈❡♥✉❡s ❞❡s ❞é✜♥✐t✐♦♥s ❞❛♥s ❧❡sq✉❡❧❧❡s ♦♥ ❛ r❡♠♣❧❛❝é fΦ◆▲ ♣❛r f
Θ
◆▲✳ P♦✉r ❡♥s✉✐t❡ ♣♦✉✈♦✐r ét❡♥❞r❡
❝❡tt❡ ❞é✜♥✐t✐♦♥ à ❞❡s ♠♦❞❡s ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t s✉♣❡r✲❍✉❜❜❧❡ ♦♥ ❛ ❛❧♦rs ✉t✐❧✐sé ❧❛ ❞é✜♥✐t✐♦♥ ✭✼✳✷✻✮✱
❝✬❡st✲à✲❞✐r❡ r❡♠♣❧❛❝é 1/3 ♣❛r g(k, η▲❙❙)✳ ❋✐♥❛❧❡♠❡♥t ❝❡tt❡ ❞é✜♥✐t✐♦♥ ♣❡r♠❡t ❞✬❛✈♦✐r ✉♥❡ s✐♠✐❧❛r✐té
❞❛♥s ❧❡s ❡①♣r❡ss✐♦♥s ✭✼✳✷✾✮ ❞❡s aℓm✳ ❯♥❡ ❞é♣❡♥❞❛♥❝❡ ❣é♦♠étr✐q✉❡ s✉♣♣❧é♠❡♥t❛✐r❡✱ q✉✐ ♥✬❡st ♣❛s
❥✉st✐✜é❡✱ ❛ été s✉❣❣éré❡ ❞❛♥s ❧❡s ré❢ér❡♥❝❡s ❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✹❛✱ ❇❛rt♦❧♦ ❡t ❛❧✳ ✵✹❝❪ ♠❛✐s ❡❧❧❡ ♥✬❛
♣❛s été r❡♣r✐s❡ ❞❛♥s ❧❡s tr❛✈❛✉① q✉✐ ② s✉❝❝è❞❡♥t✳
❊♥ ✉t✐❧✐s❛♥t ❧❛ ❞é✜♥✐t✐♦♥ ❞✉ ❜✐s♣❡❝tr❡ ré❞✉✐t ✭✼✳✷✶✲✼✳✶✼✮ ❛✐♥s✐ q✉❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❤❛r✲
♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ✭✼✳✷✾✮✱ ❧❛ ♣r♦♣r✐été ✭✼✳✾✮ ❛✈❡❝ Φ à ❧❛ ♣❧❛❝❡ ❞❡ Rˆ ❡t ❧❡s r❡❧❛t✐♦♥s
δ(k) =
∫
dx
2π
exp (ikx) , ✭✼✳✸✶✮
exp (ik.r) = 4π
∑
ℓm
iℓjℓ(kr)Y
∗
ℓm(kˆ)Yℓm(rˆ) , ✭✼✳✸✷✮
♦♥ ♠♦♥tr❡ ❬❈r❡♠✐♥❡❧❧✐ ❡t ❛❧✳ ✵✻✱ ❑♦♠❛ts✉ ✫ ❙♣❡r❣❡❧ ✵✶❪ q✉❡ s✐ fΘ◆▲ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡s ♠♦❞✉❧❡s
k1✱ k2✱ k3 ❡t ♣❛s ❞❡s ❞✐r❡❝t✐♦♥s kˆ1✱ kˆ2✱ kˆ3✱ ❛❧♦rs
bℓ1ℓ2ℓ3 =
1
2
(
Gm1m2m3ℓ1ℓ2ℓ3
)−1 [〈a(2)ℓ1m1a(1)ℓ2m2a(1)ℓ3m3〉+ 〈a(1)ℓ1m1a(2)ℓ2m2a(1)ℓ3m3〉+ 〈a(1)ℓ1m1a(1)ℓ2m2a(2)ℓ3m3〉]
= 2
(
2
π
)3 ∫
k21dk1k
2
2dk2k
2
3dk3r
2drP (k1)P (k2)gℓ1(k1, η▲❙❙)gℓ2(k2, η▲❙❙)gℓ3(k3, η▲❙❙)
.jℓ1(k1)jℓ2(k2)jℓ3(k3)f
Θ
◆▲(k1, k2, k3) + (1→ 2→ 3) + (1→ 3→ 2). ✭✼✳✸✸✮
❉❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ s✉♣♣♦s❡ ❞❡ ♣❧✉s q✉❡ fΘ◆▲ ❡st ❝♦♥st❛♥t ❡t ♥✬❛ ❛✉❝✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❡♥ k1 k2 k3✱
❝❡❝✐ s❡ ré❝r✐t s♦✉s ❧❛ ❢♦r♠❡ ♣❧✉s ❝♦♠♣❛❝t❡
bℓ1ℓ2ℓ3 = 2f
Θ
◆▲
∫
r2dr [βℓ1(r)βℓ2(r)αℓ3(r) + (1→ 2→ 3) + (1→ 3→ 2)] ✭✼✳✸✹✮
❛✈❡❝
αℓ(r) =
2
π
∫
k2dkgℓ(k, η▲❙❙)jℓ(kr) ,
βℓ(r) =
2
π
∫
k2dkgℓ(k, η▲❙❙)jℓ(kr)P (k) . ✭✼✳✸✺✮
❊✈✐❞❡♠♠❡♥t ❝♦♠♠❡ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♥✬ét❛✐t ♣❛s ♣♦ss✐❜❧❡✱ ✐❧ ❢❛✉t ❛❧❧❡r
♣❧✉s ❧♦✐♥✳ ❖♥ ❞é❝♦♠♣♦s❡ ❛❧♦rs fΘ◆▲ ❣râ❝❡ ❛✉① ♣♦❧②♥ô♠❡s ❞❡ ▲❡❣❡♥❞r❡ s❡❧♦♥
fΘ◆▲(k1,k2,k3) =
2∑
n=0
fn(k1, k2, k3)Pn(kˆ1.kˆ2). ✭✼✳✸✻✮
❖♥ ♣❡✉t ❛❧♦rs ❣é♥ér❛❧✐s❡r ❧❛ ❢♦r♠✉❧❡ ♣ré❝é❞❡♥t❡ ❛✉ ♣r✐① ❞✬✉♥ ❛❝❝r♦✐ss❡♠❡♥t ❞✉ t❡♠♣s ❞❡ ❝❛❧✲
❝✉❧✳ ◆♦✉s ♥❡ r❡♣♦rt♦♥s ♥✐ ❧❡ ❞ét❛✐❧ ♥✐ ❧❡ rés✉❧t❛t ❞❡ ❝❡ ❝❛❧❝✉❧ ♠❛✐s ✐❧ ♣❡✉t êtr❡ tr♦✉✈é ❞❛♥s
❬▲✐❣✉♦r✐ ❡t ❛❧✳ ✵✻❪✳
▲❡s s✐❣♥❛t✉r❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ✶✻✶
❯♥❡ ♣♦ss✐❜❧❡ ❞ét❡❝t✐♦♥ ❞✬✉♥ ❜✐s♣❡❝tr❡ ♣r✐♠♦r❞✐❛❧ ❞❡ t②♣❡ ❝♦♥st❛♥t ❡st r❡♣♦rté❡ ❞❛♥s ❧❛
ré❢ér❡♥❝❡ ❬❨❛❞❛✈ ✫ ❲❛♥❞❡❧t ✵✼❪ t❛♥❞✐s q✉❡ ❧❡s ét✉❞❡s ♣ré❝é❞❡♥t❡s ét❛✐❡♥t ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝
✉♥❡ ❛❜s❡♥❝❡ ❞❡ ❜✐s♣❡❝tr❡ ♣r✐♠♦r❞✐❛❧ ❞❡ t②♣❡ ❝♦♥st❛♥t ❬❑♦♠❛ts✉ ❡t ❛❧✳ ✵✸✱ ❈r❡♠✐♥❡❧❧✐ ❡t ❛❧✳ ✵✼❜✱
❙♣❡r❣❡❧ ❡t ❛❧✳ ✵✼❪✳
✶✻✷ ▲✬✐♥✢❛t✐♦♥ ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡ ❡t s✐❣♥❛t✉r❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡
❚r♦✐s✐è♠❡ ♣❛rt✐❡
❈♦s♠♦❧♦❣✐❡ ❞❛♥s ✉♥ ✉♥✐✈❡rs ❛♥✐s♦tr♦♣❡
✶✻✸

✶✻✺
Chapitre 8
❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉t♦✉r ❞✬✉♥ ❡s♣❛❝❡
❞❡ ❇✐❛♥❝❤✐ I
❯♥ ♣r♦❜❧è♠❡ ❡ss❡♥t✐❡❧ ❞❡s ♣ré❞✐❝t✐♦♥s ✐♥✢❛t✐♦♥♥❛✐r❡s rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉❡ ❧✬✐♥✢❛t✐♦♥ ❡①♣❧✐q✉❡
❧✬❤♦♠♦❣é♥é✐té ❧✬✐s♦tr♦♣✐❡ ❡t ♠ê♠❡ ❧❛ ♣❧❛t✐t✉❞❡ ❞❡ ❧✬✉♥✐✈❡rs ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞✱ ♠❛✐s
s✉♣♣♦s❡ ❝❡s ❝♦♥❞✐t✐♦♥s ❞é❥à ét❛❜❧✐❡s ❡t q✉❡ ❧✬✐♥✢❛t♦♥ ❛ ❛tt❡✐♥t ✉♥ ré❣✐♠❡ ❞❡ r♦✉❧❡♠❡♥t ❧❡♥t
❞❡♣✉✐s ✉♥ t❡♠♣s ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣❡t✐t ❛✜♥ ❞✬♦❜t❡♥✐r ❞❡s ♣ré❞✐❝t✐♦♥s q✉❛♥t✐q✉❡s ❛✉ ♥✐✈❡❛✉ ❞❡s
♣❡rt✉r❜❛t✐♦♥s✳ ❈❡❝✐ s✉♣♣♦s❡ ❞♦♥❝ q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ e✲❢♦❧❞s ♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥ s♦✐t très ❣r❛♥❞
❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧✬✐s♦tr♦♣✐❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ s♦✐t ❛tt❡✐♥t❡ ❧♦♥❣t❡♠♣s ❛✈❛♥t q✉❡ ❧✬♦♥ ♣✉✐ss❡
tr❛✐t❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ❧❡✉r ✈✐❞❡ q✉❛♥t✐q✉❡✳ ❙✐ ❧❡ ♥♦♠❜r❡ ❞✬e✲❢♦❧❞s ♥✬❡st q✉❡ ❞❡ ❧✬♦r❞r❡
❞❡ ❣r❛♥❞❡✉r ❞✉ ♥♦♠❜r❡ ❞✬e✲❢♦❧❞s ❞❡♣✉✐s ❧❛ ✜♥ ❞❡ ❧✬✐♥✢❛t✐♦♥✱ ♦✉ s✐ ✐❧ ❡st ♣❧✉s ❣r❛♥❞ ♠❛✐s q✉❡
❧✬✐♥✢❛t♦♥ ♥✬❛ ❛tt❡✐♥t ❧✬❛ttr❛❝t❡✉r ❞❡ r♦✉❧❡♠❡♥t q✉❡ t❛r❞✐✈❡♠❡♥t✱ ❛❧♦rs ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❞❡s
♠♦❞❡s ❞❡✈❡♥❛♥t s✉❜✲❍✉❜❜❧❡ ❛✉❥♦✉r❞✬❤✉✐ ♥❡ s♦♥t ♣❛s ❜✐❡♥ ❞é✜♥✐❡s✳ ◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❞♦♥❝
❞❛♥s ❧✬❛rt✐❝❧❡ q✉✐ s✉✐t à ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❛♥✐s♦tr♦♣❡ ❞❡ t②♣❡ ❇✐❛♥❝❤✐ I✳
▲❡ ❜✉t ❡st ❞❡ ♣♦✉✈♦✐r tr❛✐t❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❡♥ ♠ê♠❡ t❡♠♣s q✉❡ ❧❡ ♣r♦❝❡ss✉s ❞✬✐s♦tr♦♣✐s❛t✐♦♥
❞❡ ❧✬✉♥✐✈❡rs✳ ▲❛ ❞✐✛ér❡♥❝❡ ♣r✐♥❝✐♣❛❧❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❢♦♥❞ ❛✈❡❝ ❧❡ ❝❛s ✐s♦tr♦♣❡ rés✐❞❡ ❞❛♥s ❧❛
✈❛r✐❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ ♠étr✐q✉❡ s♣❛t✐❛❧❡ γij ✳ ❖♥ ❝❛r❛❝tér✐s❡r❛ ❝❡tt❡ ♣❤❛s❡ ❛✈❡❝ ❧❡ ❝✐s❛✐❧❧❡♠❡♥t
❞é✜♥✐ ♣❛r
σij ≡ 1
2
(γij)
′ , σ2 ≡ σijσij . ✭✽✳✶✮
❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❡s♣❛❝❡ ❞❡ ❇✐❛♥❝❤✐ I✱ ♦♥ ♠♦♥tr❡ q✉❡ ♣♦✉r ✉♥ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ♥❡ ❝♦♠♣♦rt❛♥t ♣❛s
❞❡ ♣r❡ss✐♦♥ ❛♥✐s♦tr♦♣❡✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ♣♦✉r ✉♥ ❝❤❛♠♣ s❝❛❧❛✐r❡✱ ❧❡ ❝✐s❛✐❧❧❡♠❡♥t é✈♦❧✉❡ ❝♦♠♠❡✶
σ ∼ a−2✱ s✐ ❜✐❡♥ q✉❡ ❧❡s ❡✛❡ts ❞✬✉♥❡ é✈❡♥t✉❡❧❧❡ ❛♥✐s♦tr♦♣✐❡ s♦♥t ❛tt❡♥❞✉s ✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❛
♣❤❛s❡ ♣r✐♠♦r❞✐❛❧❡ ❞❡ ❧✬✉♥✐✈❡rs✱ ❝✬❡st✲à✲❞✐r❡ ♣❡♥❞❛♥t ❧✬✐♥✢❛t✐♦♥✳ ❋♦r♠❡❧❧❡♠❡♥t ♦♥ ✈❛ ♠♦♥tr❡r q✉❡
❧❡s ✈❛r✐❛❜❧❡s ❞❡ ▼✉❦❤❛♥♦✈✲❙❛s❛❦✐ s❡ ❣é♥ér❛❧✐s❡♥t✱ ♣✉✐s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ s✉✐✈❛♥t ♥♦✉s ♠♦♥tr❡r♦♥s
q✉❡ ❧❡✉r q✉❛♥t✐✜❝❛t✐♦♥ ❡st s♣é❝✐✜q✉❡ ❛✉ ❝❛s ✐s♦tr♦♣❡ ❡t q✉✬✐❧ ♥✬❡st ♣❧✉s ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡s
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Abstract. This paper describes the theory of cosmological perturbations
around a homogeneous and anisotropic universe of the Bianchi I type. Starting
from a general parametrization of the perturbed spacetime a` la Bardeen, a
complete set of gauge invariant variables is constructed. Three physical degrees of
freedom are identiﬁed and it is shown that, in the case where matter is described
by a scalar ﬁeld, they generalize the Mukhanov–Sasaki variables. In order to show
that they are canonical variables, the action for the cosmological perturbations at
second order is derived. Two major physical imprints of the primordial anisotropy
are identiﬁed: (1) a scalar–tensor ‘seesaw’ mechanism arising from the fact that
scalar, vector and tensor modes do not decouple and (2) an explicit dependence
of the statistical properties of the density perturbations and gravity waves on
the wavevector instead of its norm. This analysis extends, but also sheds some
light on, the quantization procedure that was developed under the assumption of
a Friedmann–Lemaˆıtre background spacetime, and allows one to investigate the
robustness of the predictions of the standard inﬂationary scenario with respect to
the hypothesis on the symmetries of the background spacetime. These eﬀects of a
primordial anisotropy may be related to some anomalies of the cosmic microwave
background anisotropies on large angular scales.
Keywords: cosmological perturbation theory, inﬂation, quantum ﬁeld theory on
curved space, physics of the early universe
ArXiv ePrint: 0707.0736
c©2007 IOP Publishing Ltd and SISSA 1475-7516/07/09006+33$30.00
JCAP09(2007)006
Theory of cosmological perturbations in an anisotropic universe
Contents
1. Cosmological dynamics of Bianchi I universes 4
1.1. General form of the metric . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2. Background equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2. Gauge invariant variables 7
2.1. Mode decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.1. Deﬁnition of the Fourier transform. . . . . . . . . . . . . . . . . . . 7
2.1.2. Decomposition of the vector and tensor modes. . . . . . . . . . . . 8
2.1.3. Properties of the projectors, polarization vectors and tensors. . . . . 9
2.2. Deﬁning gauge invariant variables . . . . . . . . . . . . . . . . . . . . . . . 11
2.2.1. Gauge invariant variables for the geometry. . . . . . . . . . . . . . . 11
2.2.2. Gauge invariant variables for the matter. . . . . . . . . . . . . . . . 12
3. Perturbations equations 13
3.1. Decomposition of the shear tensor . . . . . . . . . . . . . . . . . . . . . . . 13
3.1.1. Components of the shear. . . . . . . . . . . . . . . . . . . . . . . . 13
3.1.2. Time evolution of the components of the shear. . . . . . . . . . . . 14
3.2. Klein–Gordon equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3. Einstein equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3.1. Scalar modes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.3.2. Vector modes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.3.3. Tensor modes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
4. Reduced equations and Mukhanov–Sasaki variables 17
4.1. Scalar modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
4.2. Tensor modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.3. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.4. Sub-Hubble limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5. Perturbation of the action 21
5.1. ADM formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
5.2. Action at zeroth and ﬁrst orders . . . . . . . . . . . . . . . . . . . . . . . . 23
5.3. Action at second order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
6. Discussion and conclusions 25
Acknowledgments 26
Appendix A. Details on Bianchi I universes 26
A.1. Geometrical quantities in conformal time . . . . . . . . . . . . . . . . 26
A.2. Bianchi I universes in cosmic time . . . . . . . . . . . . . . . . . . . . 27
A.3. Bianchi I universes in the 1 + 3 formalism . . . . . . . . . . . . . . . . 27
A.4. General solution of the background equations . . . . . . . . . . . . . . 28
Appendix B. Properties of the polarizations 29
Appendix C. Perturbed quantities 30
Journal of Cosmology and Astroparticle Physics 09 (2007) 006 (stacks.iop.org/JCAP/2007/i=09/a=006) 2
JCAP09(2007)006
Theory of cosmological perturbations in an anisotropic universe
Appendix D. Details concerning the expansion of the action 31
References 31
Inﬂation [1, 2] (see [3] for a recent review of its status and links with high energy physics)
is now a cornerstone of the standard cosmological model. Besides solving the standard
problems of the big-bang model (homogeneity, horizon, isotropy, ﬂatness,...), it provides
a scenario for the origin of the large scale structure of the universe. In its simplest
form, inﬂation has very deﬁnite predictions: the existence of adiabatic initial scalar
perturbations and gravitational waves, both with Gaussian statistics and an almost scale
invariant power spectrum [4, 5]. Other variants, which in general involve more ﬁelds, allow
e.g. for isocurvature perturbations [7], non-Gaussianity [8], and modulated ﬂuctuations [9].
All these features let us hope that future data will allow a better understanding of the
details (and physics) of this primordial phase.
The predictions of inﬂation are in agreement with most cosmological data and in
particular those of the cosmic microwave background (CMB) by the WMAP satellite [6].
The origin of the density perturbations is related to the ampliﬁcation of vacuum quantum
ﬂuctuations of a scalar ﬁeld during inﬂation. In particular, the identiﬁcation of the degrees
of freedom that should be quantized (known as the Mukhanov–Sasaki variables [10]),
has been performed assuming a Friedmann–Lemaˆıtre background spacetime [5]. This
means that homogeneity and isotropy (and even ﬂatness) are in fact assumed from the
start of the computation. In the standard lore, one assumes that inﬂation lasts long
enough so that all classical inhomogeneities (mainly spatial curvature and shear) have
decayed so that it is perfectly justiﬁed to start with a ﬂat Friedmann–Lemaˆıtre background
spacetime when dealing with the computation of the primordial power spectra for the
cosmologically observable modes. This is backed up by the ideas of chaotic inﬂation and
eternal inﬂation [3]. Note however that a (even small) deviation from ﬂatness [11] or
isotropy [12] may have an impact on the dynamics of inﬂation. It would however be
more satisfactory to start from an arbitrary spacetime and understand (1) under which
conditions it can be driven toward a Friedmann–Lemaˆıtre spacetime during inﬂation and
(2) what are the eﬀects on the evolution and quantization of the perturbations.
The ﬁrst issue has been addressed by considering the onset of inﬂation in
inhomogeneous and spherically symmetric universes, both numerically in [13] and semi-
analytically in [14]. The isotropization of the universe was also investigated by considering
the evolution of four-dimensional Bianchi spacetimes [15]–[17] and even Bianchi
braneworld [18]. No study has focused on the second issue, i.e. the evolution and the
quantization of perturbations during a non-Friedmannian inﬂationary stage, even though
the quantization of test ﬁelds and particle production in anisotropic spacetime has been
considered [19]. Such an analysis would shed some light on the speciﬁcity of the standard
quantization procedure which assumes a ﬂat Friedmannian background (see however [20]).
From an observational perspective, a debate concerning possible anomalies on large
angular scales in the WMAP has recently driven a lot of activity. Among these anomalies,
we count the lack of power in the lowest multipoles, the alignment of the lowest multipoles,
and an asymmetry between the two hemispheres (see e.g. [21]). The last two, which
point toward a departure from the expected statistical isotropy of the CMB temperature
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ﬁeld, appear much stronger. Various explanations for these anomalies, besides an
understood systematic eﬀect that may be related to foreground (see e.g. [22]), have been
proposed (such as e.g. the imprint of the topology of space [23, 24] the breakdown of
local isotropy due to multiple scalar ﬁelds [25] or the existence of a primordial preferred
direction [26, 27]).
The broken statistical isotropy of the temperature ﬂuctuations may also be related to
a violation of local isotropy, and thus from a departure from the Friedmann–Lemaˆıtre sym-
metries. This can arise either from a late time evolution of the universe (see e.g. [28]–[30]
in which it is argued that the subtraction of a Bianchi VIIh leaves a statistically isotropic
CMB sky) or from the primordial dynamics which would have imprinted the broken statis-
tical isotropy in the initial conditions. The latter has recently been advocated on the basis
of a cylindrically symmetric Bianchi I inﬂationary model [26]. In these models, the shear
decays as the inverse of the third power of the scale factor so that it can play a signiﬁcant
role only in the early stage of the inﬂationary period. Isotropy is asymptotically reached
during inﬂation and the whole subsequent cosmological evolution can be approximated by
a Friedmann–Lemaˆıtre universe. It follows (1) that the anisotropy is only imprinted in the
largest wavelengths and (2) that the constraints on the shear of the observable universe
from the isotropy of the CMB [31]–[34] or big-bang nucleosynthesis [35] are satisﬁed.
The primordial Bianchi I phase modiﬁes the evolution of the modes (in particular
gravity wave and scalar perturbations shall be coupled through the shear) and initial
conditions (and thus the quantization procedure) has to be performed in a consistent way
with the symmetries of the background spacetime during inﬂation (see however [26] for a
proposal in a locally rotational invariant and homogeneous spacetime of the Kantowski–
Sachs family).
In this paper, we investigate the general theory of gauge invariant perturbations
about a Bianchi I background spacetime during inﬂation. Bianchi universes are spatially
homogeneous spacetimes and are thus of ﬁrst importance in cosmology since they express
mathematically the cosmological principle. The study of perturbations in Bianchi I was
roughed out in [36] where the Bardeen formalism was used (see also [37] and [38] for
the case of higher dimensional Kaluza–Klein models). A similar work was undertaken
in the 1 + 3 covariant formalism [39] but the identiﬁcation of gravitational waves and
the quantization procedure was not addressed (see [40] for the generalization of the
Mukhanov–Sasaki variables in this formalism).
Thus, starting from a general parametrization of the perturbed spacetime a` la
Bardeen [41], we will deﬁne in section 2, a scalar–vector–tensor decomposition and
construct gauge invariant variables. Contrary to the Friedmann–Lemaˆıtre case, these
three types of perturbations will be coupled through the shear. In section 3, we derive the
perturbation equations. We then show in section 4 that they can be reduced to a set of
coupled reduced equations with a mixing between scalar and tensor modes; special care
will be taken to vector modes. This work will allow us to generalize the Mukhanov–Sasaki
variables and paves the way to the study of the cosmological signatures of a primordial
anisotropy [49].
1. Cosmological dynamics of Bianchi I universes
Bianchi spacetimes enjoy a group of isometries simply transitive on spacelike hypersurfaces
(see [42]–[44] for a mathematical expositions on Bianchi spacetimes). Thus, they are
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homogeneous. It follows that the cosmic time t is the only essential dynamical coordinate
and Einstein equations will reduce to ordinary diﬀerential equations. The dimension of
their group of isotropy [42], that is the group of isometries leaving a given point ﬁxed, is
q = 0.
1.1. General form of the metric
Bianchi I spacetimes are the simplest anisotropic universe models. They allow for diﬀerent
expansion factors in three orthogonal directions. In comoving coordinates, the metric takes
the general form
ds2 = gµν dx
µ dxν = −dt2 +
3∑
i=1
X2i (t)(dx
i)2. (1.1)
It includes Friedmann–Lemaˆıtre spacetimes as a subcase when the three scale factors are
equal. The average scale factor, deﬁned by
a(t) ≡ [X1(t)X2(t)X3(t)]1/3 , (1.2)
characterizes the volume expansion. It follows that we can recast the metric (1.1) as
ds2 = −dt2 + a2(t)γij(t) dxi dxj . (1.3)
The ‘spatial metric’ γij is the metric on constant time hypersurfaces. It can be decomposed
as
γij = exp[2βi(t)]δij , (1.4)
with the constraints
3∑
i=1
βi = 0. (1.5)
Let us emphasize that βi are not the components of a vector so that they are not subjected
to the Einstein summation rule. Note also that all italic indices i, j, . . . are lowered with
the metric γij. The decomposition (1.4) implies that γ˙ij = 2β˙iγij, where a dot refers
to a derivative with respect to the cosmic time, and it can be checked that the spatial
hypersurfaces are ﬂat. This relation, together with the constraint (1.5), implies that the
determinant of the spatial metric is constant
γ˙ = γij γ˙ij = 0.
This simply means that any comoving volume remains constant during the expansion of
the universe, even if this expansion is anisotropic. We deﬁne the shear as
σˆij ≡ 12 γ˙ij (1.6)
and introduce the scalar σˆ2 ≡ σˆij σˆij. This deﬁnition is justiﬁed from the relation to
the 1 + 3 covariant formalism (see appendix A.3). Let us emphasize at this point that
(γij)· = −2σˆij diﬀers from γ˙ij ≡ γipγjkγ˙pk = +2σˆij.
Introducing the conformal time as dt ≡ a dη, the metric (1.3) can be recast as
ds2 = a2(η)[− dη2 + γij(η) dxi dxj ]. (1.7)
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We deﬁne the comoving Hubble parameter by H ≡ a′/a, where a prime refers to a
derivative with respect to the conformal time. The shear tensor, now deﬁned as
σij ≡ 12γ′ij, (1.8)
is related to σˆij by σij = aσˆij . From the relation (γij)
′ = γ′ij = 2β
′
iγij, the deﬁnition
σ2 ≡ σijσij (1.9)
is explicitly given by
σ2 =
3∑
i=1
(β ′i)
2, (1.10)
and is related to its cosmic time analogous by σ = σˆa. Again, we stress that (γij)′ = −2σij
diﬀers from (γ′)ij ≡ γipγjkγ′pk = +2σij.
1.2. Background equations
We concentrate on an inﬂationary phase during which the matter content of the universe
is assumed to be described by a minimally coupled scalar ﬁeld, ϕ, with stress-energy
tensor
Tµν = ∂µϕ∂νϕ− (12∂αϕ∂αϕ+ V )gµν . (1.11)
Making use of the expressions (A.6) and (A.7) (see appendix A.2), we easily obtain the
Friedmann equations
H2 = κ
3
[
1
2
ϕ′2 + V (ϕ)a2
]
+
1
6
σ2, (1.12)
H′ = −κ
3
[ϕ′2 − V (ϕ)a2]− 1
3
σ2, (1.13)
(σij)
′ = −2Hσij , (1.14)
where κ ≡ 8πG. The ﬁrst two are similar to the ones usually used in a Friedmann–
Lemaˆıtre universe, up to the contribution of‘the shear (which acts as an extra massless
ﬁeld). The latter equation arises from the trace-free part of the ‘ij’-Einstein equations
and gives an extra equation compared to the Friedmann–Lemaˆıtre case. We can easily
integrate it and conclude that the shear evolves as
σij =
Sij
a2
(1.15)
where Sij is a constant tensor, (Sij)′ = 0. This implies that
σ2 =
S2
a4
⇒ σˆ2 = S
2
a6
, (1.16)
(with S2 ≡ SijSji ) from which we deduce that
σ′ = −2Hσ. (1.17)
Let us note that these equations can be combined to give
2H2 +H′ = κa2V, κ(ϕ′)2 = 2H2 − 2H′ − σ2. (1.18)
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These equations are completed by a Klein–Gordon equation, which keeps its Friedmann–
Lemaˆıtre form,
ϕ′′ + 2Hϕ′ + a2Vϕ = 0. (1.19)
The general solution for the evolution of the scale factor from these equations is detailed
in appendix A.4.
2. Gauge invariant variables
This section is devoted to the deﬁnition of the gauge invariant variables that describe the
perturbed spacetime. We follow a method a` la Bardeen. In order to deﬁne scalar, vector
and tensor modes, we will need to use a Fourier transform. We start, in section 2.1, by
recalling its deﬁnition and stressing its diﬀerences with the standard Friedmann–Lemaˆıtre
case. In section 2.2, we perform a general gauge transformation to identify the gauge
invariant variables.
2.1. Mode decomposition
2.1.1. Definition of the Fourier transform. We decompose any quantity in Fourier modes
as follows. First, we pick up a comoving coordinates system, {xi}, on the constant time
hypersurfaces. Then, we decompose any scalar function as
f(xj , η) =
∫
d3ki
(2π)3/2
fˆ(ki, η)e
ikixi, (2.1)
with the inverse Fourier transform
fˆ(kj, η) =
∫
d3xi
(2π)3/2
f(xi, η)e−ikix
i
. (2.2)
In the Fourier space, the comoving wave co-vectors ki are constant, k
′
i = 0. We now
deﬁne ki ≡ γijkj that is obviously a time-dependent quantity. Contrary to the standard
Friedmann–Lemaˆıtre case, we must be careful not to trivially identify ki and k
i, since
this does not commute with the time evolution. Note however that xik
i = xiki remains
constant so that there is no extra time dependence entering our deﬁnitions (2.1) and (2.2).
In the following of this paper, we will forget the ‘hat’ and use the notation f(xj , η) and
f(kj, η) both for a function and its Fourier transform.
It is easily checked, using the deﬁnition (1.8), that
(ki)′ = −2σipkp. (2.3)
This implies that the modulus of the comoving wavevector, k2 = kiki = γ
ijkikj, is now
time dependent and that its rate of change is explicitly given by
k′
k
= −σij kˆikˆj, (2.4)
where we have introduced the unit vector
kˆi ≡ ki
k
. (2.5)
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This vector will turn to be particularly useful for our analysis and we note that it evolves
as
(kˆi)′ = (σpqkˆpkˆq)kˆ
i − 2σipkˆp. (2.6)
Indeed, we ﬁnd that in the standard Friedmann–Lemaˆıtre limit (σij = 0), k
i and k are
constant.
2.1.2. Decomposition of the vector and tensor modes. We shall now decompose the
perturbations in their scalar, vector and tensor modes.
Any (three-dimensional) vector ﬁeld, V i, can be decomposed as
Vi = ∂iV + V¯i, with ∂
iV¯i = 0. (2.7)
Note that we have chosen orthogonal (but not Cartesian) coordinates on the (Euclidean)
spatial sections (in particular spatial ﬂatness and homogeneity imply that in these
coordinates the Christoﬀel symbols vanish and that ∂kγij = 0). It follows that its Fourier
components can be split as
Vi = kiV + V¯i, with k
iV¯i = 0, (2.8)
so that V¯ i lives in the subspace perpendicular to ki. This is a two-dimensional subspace
so that Vi has been split into 1 scalar (V ) and two vector modes (V¯i) that correspond to
transverse modes. Let us now consider the base {e1, e2} of the subspace perpendicular to
ki. By construction, it satisﬁes the orthonormalization conditions
eai kjγ
ij = 0, eai e
b
jγ
ij = δab.
Such a basis is deﬁned up to a rotation about the axis ki. Now, the vector modes can be
decomposed on this basis as
V¯i(ki, η) =
∑
a=1,2
Va(kˆi, η)e
a
i (kˆi), (2.9)
which deﬁnes the two degrees of freedom, Va, which depend on kˆ
i since the decomposition
diﬀers for each wavenumber. The two basis vectors allow us to deﬁne a projection operator
onto the subspace perpendicular to ki as
Pij ≡ e1i e1j + e2i e2j = γij − kˆikˆj. (2.10)
It trivially satisﬁes P ijP
j
k = P
i
k, P
i
jk
j = 0 and P ijγij = 2. It is also the projector on vector
modes so that we can always make the scalar–vector decomposition
Vi = [kˆ
jVj]kˆi + P
j
i Vj. (2.11)
Analogously, any (three-dimensional) symmetric tensor ﬁeld, Vij , can be decomposed
as
Vij = Tγij +ΔijS + 2∂(iV¯j) + 2V¯ij , (2.12)
where Δij ≡ ∂i∂j −Δγij/3 and
∂iV¯
i = 0, V¯ ii = 0 = ∂iV¯
ij. (2.13)
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The symmetric tensor V¯ij is transverse and trace-free. Hence it has only two independent
components and can be decomposed as
V¯ij(ki, η) =
∑
λ=+,×
Vλ(k
i, η)ελij(kˆi) (2.14)
where the polarization tensors have been deﬁned as
ελij =
e1i e
1
j − e2i e2j√
2
δλ+ +
e1i e
2
j + e
2
i e
1
j√
2
δλ×. (2.15)
It can be checked that they are traceless (ελijγ
ij = 0), transverse (ελijk
i = 0), and that the
two polarizations are perpendicular (ελijε
ij
µ = δ
λ
µ). This deﬁnes the two tensor degrees of
freedom.
In order to deal with the properties of the polarization tensors, it is useful to deﬁne
two new quantities
Qij ≡ e1i e2j − e2i e1j , and ηλµ ≡ δ+λ δ×µ − δ+µ δ×λ . (2.16)
The tensor Qij trivially satisﬁes
PijQ
ij = 0, QijQ
ij = 2. (2.17)
They allow us to simplify the product of two and three polarization tensors as
ελikε
kµ
j =
1
2
(Pijδ
λµ +Qijη
λµ), ελikε
kj
µ ε
i
jν = 0. (2.18)
Introducing the projector operator on tensor modes by
Λabij = P
a
i P
b
j − 12PijP ab,
and the ‘trace extracting’ operator
T ji = kˆikˆ
j − 1
3
δji ,
the scalar–vector–tensor terms in the decomposition of equation (2.12) are extracted as
follows
Vij = [
1
3
Vabγ
ab]γij + [
3
2
VabT
ab]Tij + 2kˆ(i[P
a
j)kˆ
bVab] + Λ
ab
ij Vab. (2.19)
In this expression, Vij has been split into two scalars (T and S), two vector modes (V¯i)
and two tensor modes (V¯ij). Thus, we can always split any equation Vi = 0 by projecting
along kˆi (scalar) and P ij (vector) and any equation Vij = 0 by projecting along γ
ij (scalar),
T ij (scalar), P il kˆ
j (vector) and Λijab (tensor).
2.1.3. Properties of the projectors, polarization vectors and tensors. The previous SVT
decomposition matches the one used in the perturbation theory about a Friedmann–
Lemaˆıtre spacetime. There is however an important diﬀerence that we will have to deal
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with. As we pointed out, in a Bianchi I spacetime, the spatial metric is time dependent.
It implies in particular that, in order to remain an orthonormal basis perpendicular to
ki during the time evolution, the polarization vectors, and thus the polarization tensors,
must have a non-vanishing time derivative. Indeed, since (ki)
′ = 0, the vector (eia)
′ is
orthogonal to ki and is thus a linear combination of e
1 and e2, that is
(eia)
′ =
∑
b
Rabeib.
In each time hypersurface, there is a remaining freedom in the choice of this basis because
of the rotational invariance around ki. We can continuously ﬁx the choice of the basis by
imposing
R[ab] = 0.
The orthonormalization condition implies that (eiae
b
i)
′ = 0 and thus that
Rab = −σijeiaejb. (2.20)
Consequently, the time derivative of any polarization vector is given by
(eai )
′ =
∑
b
Rabebi + 2σijeja, (2.21)
from which we deduce
ki(eai )
′ = 2σpikpe
a
i . (2.22)
This allows us to derive the expression of the time derivative of the polarization tensor.
Starting from their deﬁnitions (2.15), we easily obtain that
(ελij)
′ = −(σklελkl)Pij − (σklPkl)ελij + 4σk(iελj)k, (2.23)
from which we can deduce some useful algebra
kikj(ελij)
′ = 0, γij(ελij)
′ = 2σijελij, k
i(ελij)
′ = 2σipkpε
λ
ij. (2.24)
We also have that
(εiλj )
′εjµi = 0. (2.25)
We gather in appendix B some other useful relations concerning the polarization vectors
and tensors.
For the sake of completeness, we shall deﬁne here two important matrices for the
following of our computation,
Mλab ≡ ελijeiaejb, (2.26)
which is manifestly symmetric in ab and
Nab ≡ Qijeiaejb, (2.27)
which is antisymmetric in ab. We stress that a and λ are not indices but only labels. It
can easily be checked that
Mλab =
1√
2
(
1 0
0 −1
)
δλ+ +
1√
2
(
0 1
1 0
)
δλ×, (2.28)
and that ∑
a
Mλaa = 0. (2.29)
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2.2. Deﬁning gauge invariant variables
2.2.1. Gauge invariant variables for the geometry. Let us consider the most general metric
of an almost Bianchi I spacetime. It can always be decomposed as
ds2 = a2[−(1 + 2A) dη2 + 2Bi dxi dη + (γij + hij) dxi dxj ]. (2.30)
Bi and hij can be further conveniently decomposed as
Bi = ∂iB + B¯i, (2.31)
hij ≡ 2C
(
γij +
σij
H
)
+ 2∂i∂jE + 2∂(iEj) + 2Eij , (2.32)
with
∂iB¯
i = 0 = ∂iE
i, Eii = 0 = ∂iE
ij. (2.33)
Note that this decomposition of hij involves the shear. This judicious choice is justiﬁed, a
posteriori, by the simplicity of the transformation properties of the perturbation variables,
as we shall now see.
Let us consider an active transformation of the coordinate system deﬁned by a vector
ﬁeld ξ. The coordinates of any point change according to
xµ → x˜µ = xµ − ξµ(xν) (2.34)
so that the spacetime metric transforms as
gµν → gµν + Lξgµν , (2.35)
where Lξgµν is the Lie derivative of gµν along ξ. At ﬁrst order in the perturbations, we
decompose the metric as gµν = g¯µν + δgµν and it follows that
δgµν → δgµν + Lξg¯µν . (2.36)
The vector ﬁeld ξ is now decomposed into a scalar and vector part as
ξ0 = T (xi, η), ξi = ∂iL(xj , η) + Li(xj , η), (2.37)
with ∂iL
i = 0. With the use of the expressions (C.1), we deduce that the perturbations
of the metric transform as (in Fourier space)
A→ A + T ′ +HT (2.38)
B → B − T + (k
2L)′
k2
(2.39)
C → C +HT (2.40)
E → E + L, (2.41)
for the scalar variables, and as
B¯i → B¯i + γij(Lj)′ − 2ikjσljP liL (2.42)
Ei → Ei + Li, (2.43)
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for the vector variables. We also obtain that the tensor modes are readily gauge invariant,
Eij → Eij . (2.44)
Had we not included the shear in the decomposition (2.31), this would not be the case.
Let us also note that the transformation rule of the vector modes is diﬀerent from
the one derived in [36] where the non-commutativity between the projection and the time
evolution has been neglected.
From the gauge transformations (2.38)–(2.41), we can construct a set of gauge
invariant variables for the scalar sector. Only two degrees of freedom remain, the two
other being absorbed by the scalar part of the gauge transformation. We deﬁne the two
gravitational potentials
Φ ≡ A + 1
a
{
a
[
B − (k
2E)′
k2
]}′
, (2.45)
Ψ ≡ −C −H
[
B − (k
2E)′
k2
]
. (2.46)
From the gauge transformations (2.42) and (2.43), we deduce that a gauge invariant vector
perturbation is given by
Φi ≡ B¯i − γij(Ej)′ + 2ikjσljP liE. (2.47)
It is obvious from these expressions that when γij is time independent, that is
when σij = 0, these variables reduce to the standard Bardeen variables deﬁned in the
Friedmann–Lemaˆıtre case. By analogy, we deﬁne the Newtonian gauge by the conditions
B = B¯i = E = 0, (2.48)
so that
A = Φ, C = −Ψ, Φi = −(Ei)′, (2.49)
the latter condition being equivalent to Φi = −E ′i + 2σijEj .
2.2.2. Gauge invariant variables for the matter. We focus our analysis on the scalar ﬁeld
case, which is the most relevant for the study of inﬂation. Under a gauge transformation
of the form (2.34), it transforms as ϕ→ ϕ+£ξϕ. At ﬁrst order in the perturbations, we
get
δϕ→ δϕ+£ξϕ¯, (2.50)
that is
δϕ→ δϕ+£ξϕ¯ = δϕ+ ϕ′T, (2.51)
with use of equation (2.37). Thus, we can deﬁne the two gauge invariant variables
Q ≡ δϕ− CHϕ
′ (2.52)
and
χ ≡ δϕ+
[
B − (k
2E)′
k2
]
ϕ′. (2.53)
They are related by
Q = χ+
Ψ
Hϕ
′. (2.54)
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3. Perturbations equations
Once the gauge invariant variables have been deﬁned, we can derive their equations of
evolution. The mode decomposition will require a decomposition of the shear tensor in a
basis adapted to each wavenumber. We start by deﬁning this decomposition and then we
derive the perturbed Klein–Gordon and Einstein equations.
3.1. Decomposition of the shear tensor
The shear σij is a symmetric trace-free tensor and, as such, has ﬁve independent
components. In the coordinates system (1.3)–(1.4), it was expressed in terms of only
two independent functions of time βi(η). The three remaining degrees of freedom are
related to the three Euler angles needed to shift to a general coordinate system.
3.1.1. Components of the shear. As mentioned before, when working out the perturbations
in Fourier space, it would be fruitful to decompose the shear in a local basis adapted to
the mode we are considering. The shear, being a symmetric trace-free tensor, can be
decomposed on the basis {kˆi, e1i , e2j} as
σij =
3
2
(kˆikˆj − 13γij)σ‖ + 2
∑
a=1,2
σ
Vakˆ(ie
a
j) +
∑
λ=+,×
σ
Tλε
λ
ij. (3.1)
This decomposition involves ﬁve independent components of the shear in a basis adapted
to the wavenumber ki. We must stress however that (σ‖ , σVa, σTλ) must not be interpreted
as the Fourier components of the shear, even if they explicitly depend on ki. This
dependence arises from the local anisotropy of space.
Using equation (3.1), it can be easily worked out that
σijγ
ij = 0,
σij kˆ
i = σ
‖
kˆj +
∑
a
σ
Vae
a
j , σij kˆ
ikˆj = σ
‖
,
and
σijε
ij
λ = σTλ, σij kˆ
ieja = σVa.
The scalar shear is explicitly given by
σ2 = σijσ
ij = 3
2
σ2
‖
+ 2
∑
a
σ2
Va
+
∑
λ
σ2
Tλ
, (3.2)
which is independent of ki. We emphasize that the local positivity of the energy density
of matter implies that σ2/6 < H2 and thus
1
2
σ
‖
≤ 1√
6
σ < H . (3.3)
This, in turn, implies that
σ
‖
< 2H, (3.4)
a property that shall turn to be very useful in the following of our discussion. Analogously,
we have that
σ
Tλ <
√
6H. (3.5)
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The following derivations will involve the contraction of the shear with the polarization
vectors,
σije
i
ae
j
b = −12σ‖δab +
∑
λ
σ
TλMλab, (3.6)
from which we deduce that
σijP
ij = −σ
‖
. (3.7)
It will also involve the contraction of the shear with the polarization tensors,
σil ε
lj
λ = −12σ‖εjλi +
∑
a
σ
Vakˆie
a
l ε
lj
λ +
∑
µ
σ
Tµε
µ
ilε
lj
λ , (3.8)
which implies that
σilε
lj
λP
i
j = σTλ, σilε
lj
λ ε
iµ
j = −12σ‖δλµ. (3.9)
To ﬁnish, we will make use of the following expression
ebl e
j
aσjmε
lm
λ = −12σ‖Mλab + 12δabσTλ + 12Nab(σT+δ×λ − σT×δ+λ ). (3.10)
3.1.2. Time evolution of the components of the shear. In the previous paragraph we detailed
the deﬁnition of the components of the shear in a basis adapted to the wave mode ki. The
time evolution of these modes is easily obtained from equation (1.14)
σ′
‖
+ 2Hσ
‖
= −2
∑
a
σ2
Va
, (3.11)
σ′
Va
+ 2Hσ
Va =
3
2
σ
Vaσ‖ −
∑
b,λ
σ
VbσTλMλab, (3.12)
σ′
Tλ
+ 2Hσ
Tλ = 2
∑
a,b
MλabσVaσVb, (3.13)
where the matrix Mλab is deﬁned in equation (2.26).
These equations allow us to derive some important constraints on the rate of change
of σ
‖
and σ
Tλ. Since equation (3.11) implies that∣∣∣∣ 1a2 (a2σ‖)′
∣∣∣∣ = 2∑
a
σ2
Va
< σ2 < 6H2, (3.14)
we can conclude that∣∣∣∣ 1a2 (a2σ‖)′
∣∣∣∣ < 6H2. (3.15)
Identically, equation (3.13) implies that∣∣∣∣ 1a2 (a2σTλ)′
∣∣∣∣ = 2∑
a,b
MλabσVaσVb <
σ2√
2
,
so that ∣∣∣∣ 1a2 (a2σTλ)′
∣∣∣∣ < 3√2H2. (3.16)
The two relations (3.15) and (3.16) will be important at the end of our analysis.
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3.2. Klein–Gordon equation
The Klein–Gordon equation, ⊓⊔ϕ = Vϕ, can be rewritten under the form
gµν∇µ∂νϕ = Vϕ(ϕ). (3.17)
When expanded at ﬁrst order in the perturbations, the rhs is trivially given by Vϕ(ϕ¯) +
Vϕϕ(ϕ¯)χ. It follows that the Klein–Gordon equation at ﬁrst order in the perturbations is
then obtained to be
χ′′ + 2Hχ′ − γij∂i∂jχ+ a2Vϕϕχ = 2(ϕ′′ + 2Hϕ′)Φ + ϕ′(Φ′ + 3Ψ′), (3.18)
where Vϕϕ is the second derivative of the potential with respect to the scalar ﬁeld.
Surprisingly, it has the same form as in the Friedmann–Lemaˆıtre case. This can
be understood if we remind that the d’Alembertian can be expressed as ⊓⊔ϕ =
∂ν [
√−ggµν∂µϕ]/√−g, and if we realize that √−g does not involve the shear. Thus,
at ﬁrst order in the perturbations, the only place where the shear σij could appear would
be associated with δgij. But then it would multiply ∂iϕ¯ which vanishes. Consequently the
Klein–Gordon equation is not modiﬁed. This result is not speciﬁc to the scalar ﬁeld case
as the conservation equation in the ﬂuid case is also the same as for a Friedmann–Lemaˆıtre
spacetime, indeed only as long as the anisotropic stress vanishes (see equation (A.22)).
3.3. Einstein equations
The procedure to obtain the mode decomposition of the Einstein equations is somehow
simple. We start from the general perturbed equation δGµν = κδT
µ
ν with the
expressions (C.2)–(C.4) and (C.10)–(C.12) respectively for the stress-energy tensor and
the Einstein tensor and we then project them, as described in section 2.1.2.
Special care must however be taken. In the Friedmann–Lemaˆıtre case, the projections
on the scalar, vector and tensor modes commute with the time evolution. This no more
the case in a Bianchi I universe, as explained in section 2.1.3. Let us take an example
and consider the extraction of the vector part of an equation involving a term of the form
(Φi)′ +HΦi. We project this equation on the polarization tensor eai to get
eai [(Φ
i)′ +HΦi] = (eaiΦi)′ − Φi(eai )′ +HΦa.
We then use equation (2.21) to rewrite Φi(eai )
′, and we develop the shear in the basis
adapted to the mode ki. This implies, in particular, that contrary to the Friedmann–
Lemaˆıtre case, the scalar, vector and tensor modes will be coupled.
This being said, the extraction of the mode decomposition of the Einstein equation
is a lengthy but straightforward computation that we carry in the Newtonian gauge.
It reduces to (1) Fourier transforming the Einstein equations, (2) projecting them on
the modes, (3) commuting the projection operators and the time evolution in order to
extract the evolution of the polarizations and (4) ﬁnally expressing the decomposition of
the shear.
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3.3.1. Scalar modes. There are four scalar Einstein equations. The ﬁrst is obtained from
δG00 = κδT
0
0 and gives
k2Ψ+ 3H(Ψ′ +HΦ)− κ
2
(
ϕ′2Φ− ϕ′χ′ − Vϕa2χ
)
=
1
2
σ2 [X − 3Ψ]
+
1
2
k2
Hσ‖Ψ−
1
2
k2
∑
a
σ˜
VaΦa −
1
2
∑
λ
[σ
TλE
′
λ + (σ
′
Tλ
+ 2Hσ
Tλ)Eλ], (3.19)
where we have deﬁned the extremely useful variable [2]
X ≡ Φ+Ψ+
(
Ψ
H
)′
, (3.20)
and the quantity
σ
Va ≡ ikσ˜Va. (3.21)
As an example, the only tricky term which appears when deriving this equation is σij(E
j
i )
′,
which is obtained from
σij(E
j
i )
′ = (σijE
j
i )
′ − Eji (σij)′ =
∑
(σ
TλEλ)
′ −Eji (−2Hσij) =
∑
(σ
TλEλ)
′ + 2Hσ
TλEλ,
where we have used equation (1.14) to compute (σij)
′. We will not detail these steps in
the following.
The second equation is obtained from kiδG0i = κk
iδT 0i . We ﬁnd
Ψ′ +HΦ− κ
2
ϕ′χ = − 1
2Hσ
2Ψ+
1
2
σ
‖
X +
1
2
∑
λ
σ
TλEλ. (3.22)
The two remaining equations are obtained from
δijδG
j
i = κδ
i
jδT
j
i , (kˆ
ikˆj − 13δij)δGji = κ(kˆikˆj − 13δij)δT ji
and take the form
Ψ′′ + 2HΨ′ +HΦ′ + (2H′ +H2)Φ− 1
3
k2(Φ−Ψ) + κ
2
[ϕ′2Φ− ϕ′χ′ + Vϕa2χ]
= − 1
2
σ2[X − 3Ψ] + 1
6
k2
Hσ‖Ψ+
1
2
k2
∑
a
σ˜
VaΦa
+ 1
2
∑
λ
[σ
TλE
′
λ + (σ
′
Tλ
+ 2Hσ
Tλ)Eλ], (3.23)
2
3
k2(Φ−Ψ) = σ
‖
[
X ′ − k
2Ψ
3H
]
+ 4k2
∑
λ,a,b
Mλabσ˜aV σ˜bVEλ − 2k2
∑
a
σ˜
VaΦa. (3.24)
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It can be checked that indeed equations (3.19) and (3.22)–(3.24) reduces to their well-
known Friedmannian form when the shear vanishes.
3.3.2. Vector modes. The two vector equations are obtained from
eiaδG
0
i = 0, kie
j
aδG
i
j = 0.
They respectively give
Φa = −2σ˜VaX + 4
∑
b,λ
Mλabσ˜VbEλ, (3.25)
and
Φ′a + 2HΦa − 52σ‖Φa +
∑
bλ
MλabσTλΦb = −2σ˜VaX ′ + 4
∑
b,λ
Mλabσ˜VbE ′λ
+ 4
∑
bλ
Nabσ˜Vb
(
σ
T+δ
×
λ − σT×δ+λ
)
Eλ, (3.26)
where the matrix Nab is deﬁned in equation (2.27). It can be shown that equation (3.26)
results from the time derivative of equation (3.25) once equations (3.11)–(3.13) are used
to express the time derivatives of the shear. This a consequence of the Bianchi identities.
3.3.3. Tensor modes. The equation of evolution of the tensor modes is obtained from
εjλi δG
i
j = 0. To simplify, we shall use the shorthand notation (1 − λ) for the opposite
polarization of λ, i.e. it means that if λ = +, then (1− λ) = ×, and vice versa. With the
use of equation (B.6), we obtain
E ′′λ + 2HE ′λ + k2Eλ = σTλ
[
k2
(
Ψ
H
)
+X ′
]
+ 2k2
∑
a,b
Mλabσ˜VaΦb
− 2k2
∑
a
σ˜2
Va
Eλ − 2σT×σT+E(1−λ) + 2σ2T (1−λ)Eλ. (3.27)
It can be shown that in the long wavelength limit, the former equations (3.18), (3.19)–
(3.24), (3.25)–(3.26) and (3.27) are equivalent to the ones obtained in a more general
gradient expansion of Einstein equations on large scales [45].
4. Reduced equations and Mukhanov–Sasaki variables
The previous equations (3.18), (3.19)–(3.24), (3.25)–(3.26) and (3.27) form a coupled
set of equations for the scalar, vector and tensor modes. In a Friedmann–Lemaˆıtre
spacetime, the three kind of perturbations decouple and one can arbitrarily set one of
the contributions to zero to focus on a given type of mode. This is no more possible here,
and in particular, it is not possible to neglect the vector modes. Their contribution, as
we shall see, is in fact central to get the correct set of reduced equations.
First, we introduce the Mukhanov–Sasaki variables [10] for scalar and tensor modes
as
v ≡ aQ, √κμλ ≡ aEλ, (4.1)
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exactly in the same way as in a Friedmann–Lemaˆıtre spacetime. These three variables
were shown to be the canonical degrees of freedom that shall be quantized during inﬂation
when a Friedmann–Lemaˆıtre universe is assumed [5].
4.1. Scalar modes
Let us introduce these variables in our analysis and start by focusing on the scalar modes.
First, we note that equation (3.22) can be recast under the more compact form
(2H− σ
‖
)X =
κ
a
ϕ′v +
∑
λ
σ
TλEλ. (4.2)
If we now combine equation (3.19) with equation (3.23), replace the vector mode by its
expression (3.25) and use the background equations (1.18), we obtain
HX ′ + 2(H′ + 2H2)X + κaVϕv + k2Ψ = k
2
3
(Φ−Ψ) + 2
3
k2
Hσ‖Ψ. (4.3)
Now, using equation (3.24) to simplify the rhs, and again replacing the vector mode by
its expression (3.25), we get
(2H− σ
‖
)
(
X ′ +
k2
HΨ
)
+ 4κa2V X + 2κaVϕv = 4k
2
(∑
a
σ˜2V aX −
∑
a,b,λ
Mλabσ˜V aσ˜V bEλ
)
.
(4.4)
Then, forcing Q in the Klein–Gordon equation (3.18), using also its background version,
we obtain
Q′′ + 2HQ′ + k2Q+ a2VϕϕQ+ 2a2VϕX − ϕ′
(
X ′ +
k2
HΨ
)
= 0. (4.5)
Now, we can replace the last term by using equation (4.4) and the next to last by using
equation (4.2) to get
Q′′ + 2HQ′ + k2Q+ a2VϕϕQ+ 2a2VϕX
=
ϕ′
(2H− σ
‖
)
[
4k2
(∑
a
σ˜2V aX −
∑
a,b,λ
Mλabσ˜V aσ˜V bEλ
)
− 4κa2V X − 2κaV ′v
]
.
(4.6)
Introducing the deﬁnitions (4.1), we obtain, after some algebra which requires in particular
equations (3.11)–(3.13) to express terms such as
∑
a,bMλabσ˜V aσ˜V b,
v′′ +
(
k2 − a
′′
a
+ a2V,ϕϕ
)
v =
1
a2
(
2a2ϕ′2
2H− σ
‖
)′
κv +
∑
ν
1
a2
(
2a2ϕ′σ
Tν
2H− σ
‖
)′√
κμν . (4.7)
This equation is the ﬁrst central result of this section.
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4.2. Tensor modes
The scalar contribution of the tensor equation (3.27) is exactly given by the relation (4.4),
so that it reduces, after replacing the vector mode by its expression (3.25), to
μ′′λ +
(
k2 − a
′′
a
)
μλ = −2μ(1−λ)σT+σT× + 2μλσ2T(1−λ) +
1
a2
(
2a2ϕ′σ
Tλ
2H− σ
‖
)′√
κv
+
∑
ν
1
a2
(
2a2σ
TνσTλ
2H− σ
‖
)′
μν +
(a2σ
‖
)′
a2
μλ. (4.8)
This equation is the second central result of this section.
4.3. Summary
We have reduced the perturbation equations to a set of three coupled equations for the
variables v and μλ deﬁned in equation (4.1). If we deﬁne two new functions zs and zλ by
z′′s
zs
(η, ki) ≡ a
′′
a
− a2V,ϕϕ + 1
a2
(
2a2κϕ′2
2H− σ
‖
)′
z′′λ
zλ
(η, ki) ≡ a
′′
a
+ 2σ2
T(1−λ)
+
1
a2
(a2σ
‖
)′ +
1
a2
(
2a2σ2
Tλ
2H− σ
‖
)′
,
(4.9)
the system reduces to
v′′ +
(
k2 − z
′′
s
zs
)
v =
∑
ν
1
a2
(
2a2ϕ′σ
Tν
2H− σ
‖
)′√
κμν , (4.10)
μ′′λ +
(
k2 − z
′′
λ
zλ
)
μλ =
1
a2
(
2a2ϕ′σ
Tλ
2H− σ
‖
)′√
κv
+
[
1
a2
(
2a2σ
T×σT+
2H− σ
‖
)′
− 2σ
T×σT+
]
μ(1−λ). (4.11)
Formally, it can be rewritten as
V ′′ + k2V + ΩV = ΥV, (4.12)
where V ≡ (v, μ+, μ×). The matrices Ω and Υ are deﬁned by
V ′′ +
⎛
⎜⎜⎝
k2 − z′′s
zs
0 0
0 k2 − z′′+
z+
0
0 0 k2 − z′′×
z×
⎞
⎟⎟⎠V =
⎛
⎝ 0 ℵ+ ℵ×ℵ+ 0 
ℵ×  0
⎞
⎠V, (4.13)
and the functions ℵλ(η, ki) and (η, ki) can be read on equations (4.10) and (4.11). This
is one of the central results of our study.
When the shear vanishes, these equations decouple and we recover the usual
equations [5] for the variables v and μλ so that we only have three physical degrees of
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freedom. Now, the anisotropy of space is at the origin of some interesting eﬀects. First the
functions zs and zλ are not functions of time only. They depend on ki explicitly through
the components of the decomposition of the shear. Second, the two types of modes are
coupled through a non-diagonal mass term. The mass term and the evolution operator
cannot be diagonalized at the same time so that we expect the equivalent of a seesaw
mechanism. The importance of the vector modes, that cannot be neglected, has to be
emphasized again. Had we neglected them, the mass term would not be correct.
4.4. Sub-Hubble limit
Let us consider the behaviour of the mass term appearing in equations (4.10) and (4.11)
in the sub-Hubble limit in which k/H ≫ 1. We introduce the two slow-roll parameters as
ǫ ≡ 3 ϕ
′2
ϕ′2 + 2a2V
, δ ≡ 1− ϕ
′′
Hϕ′ , (4.14)
in terms of which the Friedmann equations take the form
H2 = κ
3− ǫV a
2 +
1
6
σ2, (3− δ)Hϕ′ + Vϕa2 = 0, (4.15)
and
H′ = (1− ǫ)H2 +
(
ǫ− 3
6
)
σ2.
We now focus on the behaviour of the functions ℵλ, , z′′s /zs and z′′λ/zλ in the sub-
Hubble regime. We deﬁne x ≡ σ/√6H and use the fact that, since σ
‖
/2 ≤ σ/√6 (see
equation (3.4)), there exists α < 1 such that 0 ≤ x < α due to the positive energy
condition (see equation (3.3)). Starting from the deﬁnition (4.10) for ℵλ we have
|ℵλ| <
∣∣∣∣ 1a2 (a2σTλ)′
∣∣∣∣×
∣∣∣∣∣ 2
√
κϕ′
2H− σ
‖
∣∣∣∣∣+ 2|σTλ| ×
∣∣∣∣∣
( √
κϕ′
2H− σ
‖
)′∣∣∣∣∣ . (4.16)
Now, the property (3.16) implies that the ﬁrst term of the right-hand side of the inequality
is smaller than
3
√
2H2
∣∣∣∣∣ 2
√
κϕ′
2H− σ
‖
∣∣∣∣∣ .
Then, ∣∣∣∣∣ 2
√
κϕ′
2H− σ
‖
∣∣∣∣∣ =
√
2ǫ
√H2 − σ2/6
H− σ
‖
/2
≤
√
2ǫ
√
1 + x
1− x. (4.17)
Now, since x varies in the range 0 ≤ x < α, we deduce that √(1 + x)/(1− x) ≤√
(1 + α)/(1− α). Equation (3.5) then implies that the second term of the
inequality (4.16) is smaller than
2
√
6H×
∣∣∣∣∣
( √
κϕ′
2H− σ
‖
)′∣∣∣∣∣ .
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Then, the absolute value is bounded by∣∣∣∣∣
( √
κϕ′
2H− σ
‖
)′∣∣∣∣∣ <
∣∣∣∣∣
√
κϕ′′
2H− σ
‖
∣∣∣∣∣ +
∣∣∣∣∣
√
κϕ′
2H− σ
‖
∣∣∣∣∣
∣∣∣∣∣
2H′ − σ′
‖
2H− σ
‖
∣∣∣∣∣ .
Using the fact that equation (3.4) implies |σ′
‖
| < 10H2 (|σ′
‖
| < 6H2 + |2Hσ
‖
|), we obtain
that∣∣∣∣∣
( √
κϕ′
2H− σ
‖
)′∣∣∣∣∣ ≤
√
ǫH√
2
√
1 + α√
1− α
[
(1− δ) + 2(1− ǫ) + (1− ǫ/3)
√
6 + 10
2(1− α)
]
.
Gathering all these terms, we thus conclude that
|ℵλ| <
√
ǫH2
√
1 + α
1− α
[
6 + 2
√
3
(
(1− δ) + 2(1− ǫ) + (1− ǫ/3)
√
6 + 10
2(1− α)
)]
. (4.18)
To summarize, we have shown that
|ℵλ| < ZH2, (4.19)
where Z is a ﬁnite constant. This constant can in principle be quite large since α can be
arbitrarily close to unity in the worst case of an empty universe. A large Z also corresponds
to a very ellipsoidal Hubble radius, and this explains why the short wavelength limit has
to be taken much smaller than the average Hubble radius.
The same reasoning can be applied for ||, |z′′s /zs| and |z′′λ/zλ|. Thus, it follows that on
sub-Hubble scales the three physical degrees of freedom decouple and behave as harmonic
oscillators,
V ′′ + k2V = 0. (4.20)
5. Perturbation of the action
In order to construct canonical quantization variables and to properly normalize the
amplitude of their quantum ﬂuctuations, one needs to derive the action for the
cosmological perturbations. We will now demonstrate that the previous equations (4.10)
and (4.11) can be obtained from the expansion of the action, written in the ADM
formalism [46], at second order. Another simpler route would have been to infer the
action from the equations of motion, which is always possible up to an overall factor, that
could then be ﬁxed by considering a simple limiting case. Still, we prefer to work out the
action at second order since it provides a check of the previous computations.
5.1. ADM formalism
In the ADM formalism, we expand the metric as
ds2 = −(N2 −NiN i) dt2 + 2Ni dxi dt+ gij dxi dxj (5.1)
and the Einstein–Hilbert action for a minimally coupled scalar ﬁeld, takes the form
S =
1
2κ
∫
dt d3x
√−g[NR(3) +N(KijKij −K2)− κN(gij∂iϕ∂jϕ + 2V (ϕ))
+ κN−1(ϕ˙−N i∂iϕ)2], (5.2)
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where R(3) is the Ricci scalar constructed with the metric gij and Kij is the extrinsic
curvature, deﬁned as
Kij ≡ N
−1
2
(g˙ij − 2∇(iNj)), K = Kii . (5.3)
Every spatial index is now manipulated with the metric gij . The ADM metric is designed
in such a way that the constraints arising from the Einstein equations can be immediately
derived from the action. Varying equation (5.2) with respect to the lapse N and the shift
Ni, we get the Hamiltonian and momentum constraints, respectively
R(3) − (KijKij −K2)− 2V − κgij∂iϕ∂jϕ+N−2κ(ϕ˙−N i∂iϕ)2 = 0, (5.4)
∇j
(
Kji −Kδji
)−N−1κ(ϕ˙−N j∂jϕ)∂iϕ = 0. (5.5)
Comparing the form (2.30) of the metric in Newtonian gauge with equation (5.1), we
conclude that the lapse N and the shift Ni are given by
N2 = (1 + 2Φ) , Ni = 0 (5.6)
and that the metric gij is
gij = a
2
[
γij − 2Ψ
(
γij +
σˆij
H
)
+ 2∂(iEj) + 2Eij
]
. (5.7)
It follows that the Hamiltonian and momentum constraints reduce, at ﬁrst order, to
2
a2
ΔΨ− 1
a2
σˆij∂i∂j
(
Ψ
H
)
− 6HΨ˙ +
(
Ψ
H
)·
σˆ2 − 3Ψσˆ2 − Φ(6H2 − σˆ2 − ϕ˙2)
+
1
a
σˆij∂iΦ
j − σˆij(Eij)− κVϕδϕ− κϕ˙δϕ˙ = 0, (5.8)
and
σˆ2∂i
(
Ψ
H
)
− σˆji ∂j
[
Φ+
(
Ψ
H
)·]
+ 2∂i(Ψ˙ +HΦ)
− 1
2a
ΔΦi + 2σˆ
jl∂jEil − σˆjl∂iEjl − κϕ˙∂iδϕ = 0, (5.9)
respectively. Once Fourier transformed, written in conformal time and projected along
its scalar and vector components, we recover precisely equations (3.19) and (3.22).
In order to expand the action up to second order in all ﬁrst order perturbed quantities,
we expand the spatial metric as
gij = a
2(γij + hij).
The inverse metric and its determinant are then given by
gij = a−2(γij − hij + hilhjl ),
√
g = a3[1 + 1
2
h + 1
8
h2 − 1
4
hijh
j
i ],
where
hij = −2Ψ(γij + σˆij/H) + 2∂(iEj) + 2Eij . (5.10)
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5.2. Action at zeroth and ﬁrst orders
The expansions of the action at zeroth and ﬁrst orders are
S0 =
1
2κ
∫
dt d3x [a3(−6H2 + σˆ2 − 2κV + κϕ˙2)]
=
1
2κ
∫
dt d3x
[
−4 d
dt
(a3H)
]
, (5.11)
S1 =
1
2κ
∫
dt d3x a3[R
(3)
1 + σˆ
ijh˙ij − 2σˆijσˆilhjl + 12HΨ˙ + 3Ψ(6H2 − σˆ2 + 2κV − κϕ˙2)
+ Φ(6H2 − σˆ2 − 2κV − κϕ˙2)− 2κVϕδϕ+ 2κϕ˙δϕ˙]
=
1
2κ
∫
dt d3x
{
∂i
[
∂i (4aΨ)− ∂i
(
aΨ
H
)·]
+
d
dt
[
Δ
(
aΨ
H
)
+ a3σˆijhij + 12a
3HΨ+ 2a3κϕ˙δϕ
]}
, (5.12)
where we use the notation Xn for the nth order term of the quantity X when expanded in
perturbations. Note that we have used the background ﬁeld equations to go from the ﬁrst
line to the second line in equations (5.11) and (5.12). As can be seen, these two terms
can be rewritten in terms of total derivatives. It implies that the only non-trivial term
will arise from the expansion of the action at second order.
5.3. Action at second order
A lengthy but straightforward computation shows that the expansion of the action at
second order is
S2 =
1
2κ
∫
dt d3x a3
[
R
(3)
2 +N1R
(3)
1 +
1
2
hR
(3)
1 +K2 +
1
2
hK1 + 1
8
h2K0
− 1
4
hijh
j
iK0 −N1K1 − 12N1hK0 +N21K0 + κ(−a−2∂iδϕ∂iδϕ− Vϕϕδϕ2
− 2N1Vϕδϕ− hVϕδϕ− hN1V − 14h2V + 12hijhjiV + δϕ˙2 − 2N1ϕ˙δϕ˙
+ N21 ϕ˙
2 + hϕ˙δϕ˙− 1
2
hN1ϕ˙
2 + 1
8
h2ϕ˙2 − 1
4
hijh
j
i ϕ˙
2)
]
, (5.13)
where
a2R
(3)
1 = 4
(
Δ− σˆ
ij∂i∂j
2H
)
Ψ, (5.14)
a2R
(3)
2 = −∂lhlj∂ihij − 2hjl∂j∂ihil − 9∂iΨ∂iΨ− 14∂lhij∂lhij − 12∂lhij∂ihlj
− 6∂i(hji∂jΨ) + 12∂i∂i(hjlhjl), (5.15)
K0 = −6H2 + σˆ2, (5.16)
K1 = −2Hh˙+ σˆijh˙ij − 2σˆij σˆjl hli, (5.17)
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K2 = 2Hh˙ijhij − 4Hσˆijhilhjl − 2σˆlihimh˙ml + 2σˆijσˆjl himhlm + 14 h˙ijh˙ij
+ σˆij σˆlmh
imhjl − 1
4
h˙2. (5.18)
The construction of the action at second order shall be pursued in Fourier space, since
many non-local operators appear, such as inverse Laplacian Δ−1 or (σij∂i∂j)−1, when
using the constraints. Also, it simpliﬁes the use of the background equations (3.11)–
(3.13) for the components of the shear σ
‖
, σ
Va and σTλ which were deﬁned in Fourier
space. We recall that these components are not the Fourier transforms of the shear but
its decomposition in a basis adapted to a given mode ki.
The integral of any 3-divergence is clearly zero in Fourier space. For instance, let us
consider a typical term like ∂l(Ψ∂
lΨ), then∫
dη d3x ∂l(Ψ∂
lΨ) =
∫
dη d3k d3q [−k · (k + q)ΨkΨq]δ(3)(k+ q) = 0. (5.19)
Thus, we ﬁrst express S2 in terms of the Fourier modes and then use conformal time.
Next, hij is replaced by its expression (5.10) in function of the variables Ψ, Ej and Eij .
All terms involving Ej either vanish or have the form (E
j)
′
, and thus reduce to −Φj in
Newtonian gauge. Then, we decompose Φj and Eij according to equations (2.9) and (2.14).
The constraint (5.9), once expressed in conformal time and in Fourier space, can be
projected onto its scalar and vector parts in order to obtain the scalar constraint (4.2)
and the vector constraint (3.25). Then, we replace Φa in function of X and Eλ using
the vector constraint and substitute Φ by X − Ψ − (Ψ/H)′. We then eliminate X using
the scalar constraint. Finally, we replace Eλ and δϕ by their expressions in terms of the
variables μλ and v (see equation (4.1)).
After a tedious calculation, that strictly follows the recipe described just above, the
action S2 can be recast under a form that contains only the physical degrees of freedom,
S2 =
1
2
∫
d η d3k
{
v′v′∗ +
(
zs
′′
zs
− k2
)
vv∗ +
∑
ν
1
a2
(
2a2
√
κϕ′σ
Tν
2H− σ
‖
)′
(v∗μν + vμ
∗
ν)
×
∑
λ
[
μ′λμ
′∗
λ +
(
zλ
′′
zλ
− k2
)
μλμ
∗
λ
+
[
−2σ
T×σT+ +
1
a2
(
2a2σ
T×σT+
2H− σ
‖
)′]
μ(1−λ)μ
∗
λ
]
+ T
}
, (5.20)
that is, in a more compact way, as
S2 =
1
2
∫
dη d3k (|V ′|2 − k2|V |2 + tV (Ω−Υ)V ∗ + T ), (5.21)
where T is a total derivative which, for the sake of completeness, is explicitly given in
appendix D.
It is clear under this form that the variation of this action with respect to the
physical degrees of freedom leads directly to the equations of motion (4.7) and (4.8).
More important, it shows that the overall factor is unity. It also follows from this action
that the canonical momentum associated with v and μλ are πv = v
′∗ and πλ = μ
′∗
λ.
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6. Discussion and conclusions
In this paper, we have presented a full and complete analysis of the theory of cosmological
perturbations around a homogeneous but anisotropic background spacetime of the
Bianchi I type. We have described the scalar–vector–tensor decomposition and the
construction of gauge invariant variables. We have reduced our analysis to a scalar ﬁeld
but it can be easily extended to include hydrodynamical matter.
After presenting the full set of evolution equations for the gauge invariant variables,
we have shown that the vector modes can be algebraically expressed in terms of scalar and
tensor modes, so that only three physical degrees of freedom remain, one for the scalar
sector and two for the tensor sector. Contrary to the Friedmann–Lemaˆıtre case, the scalar,
vector and tensor perturbation equations do not decorrelate and it was important for the
consistency of the computation not to neglect the vector modes. We have shown that
these physical degrees of freedom are the trivial generalization of the Mukhanov–Sasaki
variables that were derived in a ﬂat Friedmann–Lemaˆıtre universe.
We have also constructed the action for the cosmological perturbations up to second
order and demonstrated that, after use of the constraints was made, it only contains the
physical degrees of freedom and takes a canonical form. We have also shown that in
the sub-Hubble limit the scalar and tensor degrees of freedom decouple and behave as
standard harmonic oscillators. It follows that one can apply the standard quantization
procedure [5] and properly deﬁne the normalization of the amplitude of their quantum
ﬂuctuations.
The anisotropy of the underlying space induces two physical eﬀects: (1) the equations
of motion explicitly involve the wavenumber ki and (2) a non-diagonal mass term that
describes the coupling between scalar perturbation and gravitational waves is at the origin
of a scalar–tensor seesaw mechanism.
Since the shear decays as the inverse of the second power of the scale factor, the
universe isotropizes and tends toward a Friedmann–Lemaˆıtre spacetime. The modes that
exit the Hubble radius during inﬂation while the shear is non-negligible will experience the
seesaw mechanism and will have the primordial anisotropy imprinted on their statistical
properties. Modes of smaller wavelength will not reﬂect the anisotropy. It follows that an
early Bianchi I phase may be at the origin of a primordial anisotropy of the cosmological
perturbations, mainly on large angular scales. The companion article [49] describes such
a scenario of early anisotropic slow-roll inﬂation. Since the post-inﬂationary evolution is
well described by a Friedmann–Lemaˆıtre spacetime, observable eﬀects, and in particular
those related to the CMB anomalies we alluded to in the introduction, can be taken into
account easily once the initial conditions are known. This investigation, that we plan to
do later, is beyond the scope of the present work.
Our analysis extends and sheds some light on the robustness of the quantization
procedure that was developed under the assumption of a Friedmann–Lemaˆıtre
background, and thus on the predictions of the standard inﬂationary scenario. We
emphasize that this work is very conservative and that no new speculative hypothesis
was invoked. Indeed, we are not claiming that such a primordial anisotropy is needed. On
the one hand, it can be used to set stronger constraints on the primordial shear. On the
other hand it can also be a useful example for the study of second order perturbations,
in which a shear appears only at ﬁrst order and induces a correlation between scalar and
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tensor at second order [47, 48], and more generally for the understanding of quantum ﬁeld
theory in curved (cosmological) spacetimes [19]. One may for instance wonder whether this
analysis can be further extended to other Bianchi type or to non-spatially ﬂat spacetimes.
Acknowledgments
We thank Nathalie Deruelle for her thorough remarks on an early version of this text,
Marco Peloso, Misao Sasaki and Alberto Vallinotto for enlightening discussions and John
Barrow, Lev Kofman and Slava Mukhanov for communication and for pointing out to
us complementary references. TSP thanks the Institute of Astrophysics for hospitality
during the duration of this work, and the Brazilian research agency Fapesp for ﬁnancial
support.
Appendix A. Details on Bianchi I universes
A.1. Geometrical quantities in conformal time
Starting from the metric (1.7) in conformal time, the expressions of the Christoﬀel symbols
are
Γ000 = H, Γ0ij = Hγij + σij , Γi0j = Hδij + σij , (A.1)
where we have used the deﬁnition of the shear to express γ′ij = 2σij so that
(γij)′ = −2σij , (A.2)
and indeed trivially (γij)
′ = (δij)
′ = 0.
We deduce that the non-vanishing components of the Ricci tensor are given by
a2R00 = 3H′ + σ2 (A.3)
a2Rij = (H′ + 2H2)δij + 2Hσij + (σij)′, (A.4)
where we recall that σ2 = σijσ
ij . The Ricci scalar is
a2R = 6(H′ +H2) + σ2. (A.5)
The non-vanishing components of the Einstein tensor are thus given by
a2G00 = −3H2 + 12σ2 (A.6)
a2Gij = −(2H′ +H2 + 12σ2)δij + 2Hσij + (σij)′. (A.7)
For a general ﬂuid with stress-energy tensor of the form
Tµν = ρuµuν + P (gµν + uµuν) + πµν , (A.8)
where ρ is the energy density, P the isotropic pressure and πµν the anisotropic stress
(πµνu
µ = 0 and πµµ = 0), it implies that the Einstein equation takes the form
3H2 = κa2ρ+ 1
2
σ2, (A.9)
H′ = −κa
2
6
(ρ+ 3P )− 1
3
σ2, (A.10)
(σij)
′ = −2Hσij + κa2π˜ij , (A.11)
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which correspond respectively to the ‘00’-component and trace and trace-free part of the
‘ij’-equation. The conservation equation for matter reads
ρ′ + 3H(ρ+ P ) + σij π˜ij = 0, (A.12)
where the ij-component of πµν has been deﬁned as a
2π˜ij (so that π˜
i
j = γ
ikπ˜kj).
To close this system, one needs to specify, as usual, an equation of state for the ﬂuid,
that is an equation P (ρ), but also to provide a description for πµν . The latter vanishes
for a perfect ﬂuid and for a scalar ﬁeld.
A.2. Bianchi I universes in cosmic time
Starting from the metric (1.3) in cosmic time, the expressions of the Christoﬀel symbols
are
Γˆ0ij = a
2[Hγij +
1
2
γ˙ij], Γˆ
i
0j = a
2[Hδij +
1
2
γikγ˙kj]. (A.13)
The Einstein equations take the form
3H2 = κρ+ 1
2
σˆ2, (A.14)
a¨
a
= −κ
6
(ρ+ 3P )− 1
3
σˆ2, (A.15)
(σˆij)
· = −3Hσˆij + κπ˜ij , (A.16)
and the conservation equation for the matter reads
ρ˙+ 3H(ρ+ P ) + σˆij π˜
ij = 0. (A.17)
A.3. Bianchi I universes in the 1 + 3 formalism
The dynamics of Bianchi universes can be discussed in terms of the 1 + 3 covariant
formalism (see e.g. [39, 42]). This description assumes the existence of a preferred
congruence of worldlines representing the average motion of matter. The central object is
the 4-velocity uµ of these worldlines. The symmetries imply that it is orthogonal to the
hypersurfaces of homogeneity,
uµ = −δµ0 , uµ = δµ0. (A.18)
The projection operator on the constant time hypersurfaces is deﬁned as
⊥µν = gµν + uµuν .
Its only non-vanishing components being ⊥ij= a2(t)γij(t).
The central kinematical quantities arise from the decomposition
∇µuν = −uµu˙ν + 13Θ ⊥µν +Σµν + ωµν . (A.19)
For a Bianchi I universe, homogeneity implies that Dµf = 0 for all scalar functions (where
the spatial derivative operator is deﬁned as DµT
α =⊥µ′µ ⊥αα′ ∇µ′T α′ etc). Since DµP = 0,
the ﬂow is geodesic and irrotational (ωµν = 0) so that the acceleration also vanishes,
aµ = 0, and we are just left with the expansion, Θ, and the shear Σµν .
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It is clear from the form (1.3) that
Θ = 3H. (A.20)
The only non-vanishing components of the shear is expressed simply in terms of the trace-
free part of the Christoﬀel symbol Γˆ0ij as
Σij = a
2σˆij
so that
Σ2 = σˆ2 =
3∑
i=1
β˙2i . (A.21)
With the general from (A.8) for the stress-energy tensor, we get the conservation
equation
ρ˙+ (ρ+ P )Θ + Σµνπ
µν = 0, (A.22)
which reduces to equation (A.12).
The Raychaudhuri [42] equation simpliﬁes to
Θ˙ + 1
3
Θ2 = −Σ2 − 4πG(ρ+ 3P ). (A.23)
Since Θ = 3H , the rhs is simply 3a¨/a = 3H′/a2 so that it reduces to equation (A.10).
The Gauss equation takes the form
(3)Rµν = −uα∇αΣµν −ΘΣµν + κπµν + 23 ⊥µν (κρ− 13Θ2 + 12Σ2). (A.24)
We have to be careful here since uα∇αΣµν is not equal to ∂tΣµν . It is given, for the
ij-component by uα∇αΣij = (a2σˆij)· − 2Γˆk0ja2σˆik = a2[(σˆij)· − 2σˆikσˆkj ].
In the particular case of a Bianchi I spacetime, (3)Rµν = 0 so that the trace of the
generalized Friedmann equation [42] reduces to
κρ− 1
3
Θ2 + 1
2
Σ2 = (3)R.
Shifting to conformal time, this gives equation (A.9) when (3)R = 0. The trace-free part
leads to equation (A.11). Note that this implies that when the anisotropic stress vanishes,
a3Σµν is constant for the u
α∇α time derivative but that it implies that a2σij is constant in
terms of the ordinary conformal time derivative. The identiﬁcation of uµ∇µ and ∂t holds
only for scalars (see e.g. [47]).
A.4. General solution of the background equations
It is useful to determine general solutions of the evolution of the background spacetime [2].
We concentrate on the particular case in which πµν = 0 (relevant for scalar ﬁelds) and
ﬁrst set
βi = BiW (t). (A.25)
Equations (1.10) and (1.16) then imply that(∑
B2i
)
W˙ 2(t) =
S2
a6
or
(∑
B2i
)
[W ′(η)]2 =
S2
a4
,
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from which we deduce that
W (t) =
∫
dt
a3
or W (η) =
∫
dη
a2
. (A.26)
The constraints (1.5) and (1.10) imply that the Bi must satisfy
3∑
i=1
Bi = 0,
3∑
i=1
B2i = S2, (A.27)
which are trivially solved by setting
Bi =
√
2
3
S sinαi, αp = α + 2π
3
p, p ∈ {1, 2, 3}. (A.28)
Thus, the general solution is of the form
βi(t) =
√
2
3
S sin
(
α +
2π
3
i
)
×W, (A.29)
where a is solution of
3H2 = κρ+
1
2
S2
a6
. (A.30)
Once an equation of state is speciﬁed, the conservation equation gives ρ[a] and we can
solve for a(t).
As an example, consider the case of a pure cosmological constant, V = const. and
ϕ˙ = 0. The Friedmann equation takes the form
H2 = V0
[
1 +
(a∗
a
)6]
,
with V0 ≡ κV/3 and a∗ ≡ (S/6V0)1/6. It can be integrated easily to get
a(t) = a∗
[
sinh
(
3
√
V0t
)]1/3
. (A.31)
Asymptotically, it behaves as the scale factor of a de Sitter universe, a ∝ exp(√V0t) but
at early time the shear dominates and a ∝ t1/3.
Appendix B. Properties of the polarizations
We summarize here the main properties of the polarization tensors, deﬁned in section 2.1.
The time derivative of the polarization tensor is given by
(ελij)
′ = −(σklελkl)Pij − (σklPkl)ελij + 4σk(iελj)k, (B.1)
or equivalently,
(εiλj )
′ = −(σklελkl)P ij − (σklPkl)εiλj + 2σkj εiλk . (B.2)
In terms of the decomposition (3.1) of the shear tensor, it takes the forms
(ελij)
′ = −σ
TλPij + σ‖ε
λ
ij + 4σ
k
(iε
λ
j)k, (B.3)
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and
(εiλj )
′ = −σ
TλP
i
j + σ‖ε
iλ
j + 2σ
k
j ε
iλ
k , (B.4)
and the time derivative of the projection operator Pij is given by
(P ij)′ = −2σ
T+ε
ij
+ + 2σ‖P
ij. (B.5)
Let us also give the following relations that turn to be useful for the derivation of the
evolution equation of the tensor modes
σilε
lj
λ σjpε
pi
λ =
1
4
σ2
‖
+ 1
2
(σ2λ − σ2(1−λ))
σilε
lj
λ σjpε
pi
(1−λ) = σT×σT+
σilε
lj
λ σ
ipελjp =
1
4
σ2
‖
+ 1
2
(σ2
T+
+ σ2
T×
) + 1
2
∑
a
σ2
Va
σilε
lj
λ σ
ipε
(1−λ)
jp = 0.
(B.6)
Appendix C. Perturbed quantities
For the sake of completeness, let us give the expression of the Lie derivative (2.36) of the
displacement ξ (2.37)
Lξg¯00 = −2a2(T ′ +HT )
Lξg¯0i = a2(ξ′i − ∂iT − 2σjiξj)
Lξg¯ij = a2[2∂(iξj) + 2HTγij + 2Tσij ].
(C.1)
The expression of the components of the stress-energy tensor of the scalar ﬁeld at
ﬁrst order is
a2δT 00 = ϕ
′2Φ− ϕ′χ′ − Vϕa2χ, (C.2)
a2δT 0i = −∂i[ϕ′χ], (C.3)
a2δT ji = −δij [ϕ′2Φ− ϕ′χ′ + Vϕa2χ]. (C.4)
Note that they are exactly the same expressions than in a Friedmann–Lemaˆıtre spacetime.
It comes from the fact that δgij never appears. Indeed, the δTij etc components will be
diﬀerent compared to the Friedmann–Lemaˆıtre case.
In Newtonian gauge the Christoﬀel symbols at ﬁrst order take the form
δΓ000 = Φ
′ (C.5)
δΓ00j = ∂jΦ (C.6)
δΓ0ij = Hhij + 12h′ij − 2HΦγij − 2Φσˆij (C.7)
δΓi0j =
1
2
hi
′
j − σˆkjhki
= 1
2
(hij)
′ − σˆkjhki + hkj σˆki (C.8)
δΓijk =
1
2
γli (∂jhlk + ∂khjl − ∂lhjk) . (C.9)
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In Newtonian gauge, the expressions of the components of the Einstein tensor at ﬁrst
order are
a2δG00 = −2ΔΨ+ 6HΨ′ + 2σ2Ψ−
(
Ψ
H
)′
σ2 +
σij
H ∂i∂jΨ
− σij∂iΦj +
(
Eij
)′
σji + (6H2 − σ2)Φ, (C.10)
a2δG0i = −σ2
∂iΨ
H + σ
j
i ∂j
[
Φ+Ψ+
(
Ψ
H
)′]
− 2∂i(Ψ′ +HΦ)
+ 1
2
ΔΦi − 2σjk∂jEik + σjk∂iEjk, (C.11)
a2δGij = δ
i
j
[
2Ψ′′ +
(
2H2 + 4H′)Φ +Δ(Φ−Ψ) + 2HΦ′ + 4HΨ′]
+ ∂i∂j(Ψ− Φ)− 2Hσ
(i
k ∂j)∂
kΨ
+ σij
[
−H
(
Ψ′
H2
)′
+
(H′
H2
)′
Ψ+
ΔΨ
H − Φ
′ −Ψ′
]
+ δij
[
σ2
(
Φ+
(
Ψ
H
)′
− 2Ψ
)
+
σkl
H ∂k∂lΨ
]
+ (Eij)
′′ + 2H(Eij)′ −ΔEij + 2
[
σik(E
k
j )
′ − σkj (Eik)′
]− [(Ekl )′ σlk] δij
+ δijσ
kl∂kΦl − γik
[
∂(k(Φj))
′ + 2H∂(kΦj) − 2σl(k∂|l|Φj)
]
. (C.12)
Appendix D. Details concerning the expansion of the action
The total time derivative T that appears in equation (5.20) is explicitly given by
T =
[
−a2σlihmlhim + a2hijhijH +H(aδϕ)2 −
(ϕ′v)2
2H− σ
‖
− 2aϕ
′vσijEij
2H− σ
‖
− a
2(σijEij)
2
2H− σ
‖
−Hμijμklγikγjl − 4a2σjkEikΨ
(
γij +
σij
H
)
+
(2H− σ
‖
)a2k2Ψ2
H2 − 18Ψ
2Ha2 + 7Ψ
2σ2a2
H +
2Ψ2a2σji σ
k
j σ
i
k
H2
− 2vaΨϕ
′′
H − 6Ψϕ
′av
]′
. (D.1)
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[
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+2K¯α(µLˆ
αu¯ν) + 2u¯(µD¯ν)T − 2u¯µu¯ν T˙ . ✭✽✳✹✮
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)
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α
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D¯µa = 0, D¯
µEµν = 0, E
µ
µ = 0, D¯
µEµ = 0, D¯
µBµ=0 . ✭✽✳✻✮
❊♥ ♣r♦❥❡t❛♥t s❡❧♦♥ u¯µu¯ν ✱ u¯µ¯hνα ❡t h¯
µ
βh¯
ν
α✱ ♦♥ ♦❜t✐❡♥t ❛❧♦rs q✉❡ s♦✉s ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡
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α
α
3
T
Φ → Φ+ Lu(T )
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B → B − T + Lu(L)
Bµ → Bµ + LuLµ
Eµ → Eµ + Lµ
Eµν → Eµν . ✭✽✳✼✮
■❧ ❡st ❡♥s✉✐t❡ ❢❛❝✐❧❡ ❞✬✐♥❝♦r♣♦r❡r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❝♦♥❢♦r♠❡ g˜ ≡ a2g ❞❛♥s ❧❡ r❛✐s♦♥♥❡♠❡♥t ♣ré✲
❝é❞❡♥t✳ ❖♥ ✉t✐❧✐s❡r❛ q✉❡ Lu(g˜) = a2L(g)+2aLu(a)g✱ ❝❡ q✉✐ ♣❡r♠❡ttr❛ ❞❡ ❝❛❧❝✉❧❡r ❧❡ ❝❤❛♥❣❡♠❡♥t
✷✵✵ ❚❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉t♦✉r ❞✬✉♥ ❡s♣❛❝❡ ❞❡ ❇✐❛♥❝❤✐ I
❞❡ ❝♦✉r❜✉r❡ ❡①tr✐♥sèq✉❡ ✭K˜µν ≡ Kµν + Lu(a)a h¯µν✮ ❛✐♥s✐ q✉❡ ❧❛ ♠♦❞✐✜❝❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥
❞❡ ❥❛✉❣❡ ❞❡ ❧❛ ♠étr✐q✉❡✳ ❖♥ ❝❤♦✐s✐r❛ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❝♦♥❢♦r♠❡ t❡❧❧❡ q✉❡ Kαα = 0 ❛✜♥ q✉❡
t♦✉t❡ ❧✬❡①♣❛♥s✐♦♥ ✈♦❧✉♠✐q✉❡ s♦✐t ❞❛♥s ❧❡ ❢❛❝t❡✉r ❞✬é❝❤❡❧❧❡ a✳ ❖♥ ❛✉r❛ ❞♦♥❝ K˜αα = 3
Lu(a)
a ✳ ▲❛
❢♦r♠❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ g˜ s❡r❛ ❧❛ ♠ê♠❡ q✉❡ ❝❡❧❧❡ ❞❡ g ❛✉ ❢❛❝t❡✉r ♠✉❧t✐♣❧✐❝❛t✐❢
a2 ♣rès✱ ♠❛✐s ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❝♦✉r❜✉r❡ ❡①tr✐♥sèq✉❡ K˜µν ♣♦✉r ❧❡ t❡r♠❡ ❡♥ ❢❛❝t❡✉r ❞❡ Ψ✱ ❛✜♥ q✉❡
❧❛ ❧♦✐ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❝❡tt❡ ✈❛r✐❛❜❧❡ s♦✐t ✐♥❝❤❛♥❣é❡✳ ❖♥ ♦❜t✐❡♥❞r❛ ✜♥❛❧❡♠❡♥t ❧❡s ❧♦✐s ❞❡
tr❛♥s❢♦r♠❛t✐♦♥
Ψ → Ψ− Lu(a)
a
T
Φ → Φ+ Lu(a)
a
T + Lu(T )
E → E + L
B → B − T + Lu(L)
Bµ → Bµ + Lu(Lµ)
Eµ → Eµ + Lµ
Eµν → Eµν , ✭✽✳✽✮
❡t ❧❛ ❞ér✐✈é❡ Lu s✬✐❞❡♥t✐✜❡ ❛❧♦rs à ❧❛ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s ❝♦♥❢♦r♠❡✳ ◆♦✉s ❛✈♦♥s ♦❜t❡♥✉
❞❡s tr❛♥s❢♦r♠❛t✐♦♥s s✐♠♣❧❡s ❡♥ ♣❛r❛♠étr❛♥t ❞❡ ❢❛ç♦♥ ❝♦♠♣❧✐q✉é❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡✳
▲✬❛✈❛♥t❛❣❡ ❡st q✉❡ ❧❡s ❧♦✐s ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ s♦♥t ♠❛✐♥t❡♥❛♥t ❡①❛❝t❡♠❡♥t s✐♠✐❧❛✐r❡s à ❝❡❧❧❡s
❞ér✐✈é❡s ❞❡ ❢❛ç♦♥ ♣é❞❡str❡ ❞❛♥s ❧❡ ❝❛s ✐s♦tr♦♣❡✳ ■❝✐ ♥♦✉s ♥✬❛✈♦♥s ❢❛✐t ✉s❛❣❡ q✉❡ ❞❡ ❧✬❤②♣♦t❤ès❡
❞✬❤♦♠♦❣é♥é✐té✱ ♣✉✐sq✉❡ ❞❛♥s ❧❡s ❝❛❧❝✉❧s ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé q✉❡ ♣♦✉r t♦✉t s❝❛❧❛✐r❡ X ❞❡ ❧✬❡s♣❛❝❡ ❞❡
❢♦♥❞✱ D¯µX = 0✳ ◆♦✉s ♣♦✉✈♦♥s ❞♦♥❝ ❝❛❧q✉❡r ❧❛ ♣r♦❝é❞✉r❡ ❞❡ ❝♦♥str✉❝t✐♦♥ ❞✬❡♥s❡♠❜❧❡s ❝♦♠♣❧❡ts
❞❡ ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ s✉r ❧❡ ❝❛s ✐s♦tr♦♣❡✱ ❡♥ ✉t✐❧✐s❛♥t ♣❛r ❡①❡♠♣❧❡ ❧❡s ❝♦♥str✉❝✲
t✐♦♥s ✭✺✳✹✮✱ ♦ù ❧❛ ❞ér✐✈é❡ s✐♠♣❧❡ ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s ❝♦♥❢♦r♠❡ ❞♦✐t êtr❡ r❡♠♣❧❛❝é❡ ♣❛r ❧❛ ❞ér✐✈é❡
❞❡ ▲✐❡ Lu✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ❞✐✛ér❡♥t❡s ♣♦ss✐❜✐❧✐tés ❡st r❡✈✉ ❞❛♥s ❬P❡t❡r ✫ ❯③❛♥ ✵✺❪✳ ❖♥ r❡♠❛rq✉❡
q✉❡ ❞❛♥s ❧❡ ❝❛s ✐s♦tr♦♣❡✱ Kµν = 0✱ ❡t ♦♥ r❡tr♦✉✈❡ ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ ✭✺✳✷✮✳
✷✵✶
Chapitre 9
▼♦❞è❧❡ ❞✬✐♥✢❛t✐♦♥ ❛♥✐s♦tr♦♣❡ ❡t s✐❣♥❛t✉r❡s
♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ✭❛rt✐❝❧❡✮
▲♦rsq✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❡s éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❞❡s ❞❡❣rés ❞❡ ❧✐❜❡rté ❝❛♥♦♥✐q✉❡s ❞❡s ♣❡rt✉r✲
❜❛t✐♦♥s✱ ❧❡s t❡r♠❡s ❞❡ ♠❛ss❡ ✈❛r✐❛❜❧❡s s♦♥t ❝❡♣❡♥❞❛♥t très ❞✐✛ér❡♥ts ❞✉ ❝❛s ✐s♦tr♦♣❡ ❧♦rsq✉❡ ❧❡
❝✐s❛✐❧❧❡♠❡♥t ❞♦♠✐♥❡✱ ❝❡ q✉✐ ✈❛ ❛❧tér❡r ❧❛ ♣r♦❝é❞✉r❡ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥✳ ❉❡ ♣❧✉s✱ ❧❡s ❞❡❣rés ❞❡ ❧✐❜❡rté
❝❛♥♦♥✐q✉❡s s♦♥t ❝♦✉♣❧és ❝❡ q✉✐ ♥❡ ♣❡r♠❡t ♣❛s ❞✬❛✈♦✐r tr♦✐s ❝❤❛♠♣s s❝❛❧❛✐r❡s ✐♥❞é♣❡♥❞❛♥ts✳ ❖♥
♣❡✉t ♥é❛♥♠♦✐♥s q✉❛♥t✐✜❡r ❧❡s ❞❡❣rés ❞❡ ❧✐❜❡rté ❧♦rsq✉❡ ❧❡ ❝✐s❛✐❧❧❡♠❡♥t ❡st ✐♥t❡r♠é❞✐❛✐r❡ ❡t ♣♦✉r
❞❡s ♠♦❞❡s ♣❛s tr♦♣ ♣❡t✐ts✱ ❡t ❛✐♥s✐ ♣ré❞✐r❡ ❧❡ s♣❡❝tr❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ♣r✐♠♦r❞✐❛❧❡s à ❧❛ ✜♥ ❞❡
❧✬✐♥✢❛t✐♦♥✳
❉❛♥s ❧✬❛rt✐❝❧❡ q✉✐ s✉✐t✱ ♥♦✉s t✐r♦♥s ❛✐♥s✐ ❧❡s ❝♦♥❝❧✉s✐♦♥s q✉❛♥t à ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡s ♣❡rt✉r✲
❜❛t✐♦♥s ❞❡s ❞❡❣rés ❞❡ ❧✐❜❡rté ❝❛♥♦♥✐q✉❡s ❞❛♥s ✉♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞✬✐♥✢❛t✐♦♥✱ ❧✬✐♥✢❛t✐♦♥ ❝❤❛♦t✐q✉❡✳
▲❡s s♣❡❝tr❡s rés✉❧t❛♥ts✱ ❡♥ ♣❧✉s ❞❡ ❞é✈✐❡r ❞❡ ❧✬✐♥✈❛r✐❛♥❝❡ ❞✬é❝❤❡❧❧❡ ♣rés❡♥t❡♥t ✉♥❡ ❞é♣❡♥❞❛♥❝❡
❞✐r❡❝t✐♦♥♥❡❧❧❡ ❤ér✐té❡ ❞❡ ❧❛ ♣❤❛s❡ ❛♥✐s♦tr♦♣❡✳ ❖♥ ❧❡s ❞é❝♦♠♣♦s❡ ❞♦♥❝ ❡♥ ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s
s❡❧♦♥
P(k) = f(k)
[
1 +
ℓ=∞∑
ℓ=1
m=+ℓ∑
m=−ℓ
rℓm(k)Yℓm(kˆ)
]
. ✭✾✳✶✮
❉✉ ❢❛✐t ❞❡s s②♠étr✐❡s ❞❡s ❡s♣❛❝❡s ❞❡ ❇✐❛♥❝❤✐ I✱ ❧❡s ❝♦❡✣❝✐❡♥ts rℓm s♦♥t ré❡❧s ❡t ♥♦♥ ♥✉❧s ✉♥✐q✉❡✲
♠❡♥t s✐ ℓ ❡t m s♦♥t ♣❛✐rs✳ ❖♥ ♠♦♥tr❡ ❛❧♦rs ❬P✉❧❧❡♥ ✫ ❑❛♠✐♦♥❦♦✇s❦✐ ✵✼❪ q✉❡ ❧❡s ❝♦❡✣❝✐❡♥ts aℓm
❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❞✉ ❈▼❇ ♣rés❡♥t❡♥t ❞❡s ❝♦rré❧❛t✐♦♥s st❛t✐st✐q✉❡s
♥♦♥ ❞✐❛❣♦♥❛❧❡s✱ ❝✬❡st✲à✲❞✐r❡ ❞✉ t②♣❡ 〈aℓma∗ℓ′m′〉✱ s✐ ℓ− ℓ′ ❡st ♣❛✐r✳
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Abstract. This paper investigates the predictions of an inﬂationary phase
starting from a homogeneous and anisotropic universe of the Bianchi I type. After
discussing the evolution of the background spacetime, focusing on the number of
e-folds and the isotropization, we solve the perturbation equations and predict
the power spectra of the curvature perturbations and gravity waves at the end of
inﬂation.
The main features of the early anisotropic phase is (1) a dependence of
the spectra on the direction of the modes, (2) a coupling between curvature
perturbations and gravity waves and (3) the fact that the two gravity wave
polarizations do not share the same spectrum on large scales. All these eﬀects
are signiﬁcant only on large scales and die out on small scales where isotropy is
recovered. They depend on a characteristic scale that can, but a priori must not,
be tuned to some observable scale.
To ﬁx the initial conditions, we propose a procedure that generalizes the one
standardly used in inﬂation but that takes into account the fact that the WKB
regime is violated at early times when the shear dominates. We stress that there
exist modes that do not satisfy the WKB condition during the shear-dominated
regime and for which the amplitude at the end of inﬂation depends on unknown
initial conditions. On such scales, inﬂation loses its predictability.
This study paves the way for the determination of the cosmological signature
of a primordial shear, whatever the Bianchi I spacetime. It thus stresses the
importance of the WKB regime to draw inﬂationary predictions and demonstrates
that, when the number of e-folds is large enough, the predictions converge toward
c©2008 IOP Publishing Ltd and SISSA 1475-7516/08/04004+48$30.00
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those of inﬂation in a Friedmann–Lemaˆıtre spacetime but that they are less robust
in the case of an inﬂationary era with a small number of e-folds.
Keywords: cosmological perturbation theory, inﬂation, quantum ﬁeld theory on
curved space, power spectrum
ArXiv ePrint: 0801.3596
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1. Introduction
Inﬂation [1, 2] (see [3] for a recent review of its status) is now one of the cornerstones
of the standard cosmological model. In its simplest form, inﬂation has very deﬁnite
predictions: the existence of adiabatic initial scalar perturbations and gravitational waves,
both with Gaussian statistics and an almost scale-invariant power spectrum [4, 5]. Various
extensions, which in general involve more ﬁelds, allow, for example, for isocurvature
perturbations [6], non-Gaussianity [7] and modulated ﬂuctuations [8]. All these features
let us hope that future data will shed some light on the details (and physics) of this
primordial phase of the universe.
Almost the entire literature on inﬂation assumes that the universe is homogeneous
and isotropic while homogeneity and isotropy are what inﬂation is supposed to explain.
Indeed, the dynamics of anisotropic inﬂationary universes has been widely discussed [9].
It was demonstrated that, under a large variety of conditions, inﬂation occurs even if the
spacetime is initially anisotropic [10], regardless of whether it is dominated by a pure
cosmological constant or a slow-rolling scalar ﬁeld. The isotropization of the universe was
even recently generalized to Bianchi braneworld models [11]. It should be emphasized,
however, that a deviation from isotropy [10] or ﬂatness [12] may have a strong eﬀect on
the dynamics of inﬂation, and in particular on the number of e-folds.
The study of the perturbations during the isotropization phase has been overlooked,
mainly because in the past decades one was mostly focused on large ﬁeld inﬂationary
models, which generically give very long inﬂationary phases. This was also backed up by
the ideas of chaotic inﬂation and eternal inﬂation [3]. In such cases, it is thus an excellent
approximation to describe the universe by a Friedmann–Lemaˆıtre (FL) spacetime when
focusing on the modes observable today since they exited the Hubble radius approximately
in the last 60 e-folds. In this case, the origin of the density perturbations is understood
as the ampliﬁcation of vacuum quantum ﬂuctuations of the inﬂaton. In particular, the
degrees of freedom that should be quantized deep in the inﬂationary phase, and known as
the Mukhanov–Sasaki variables [13], were identiﬁed [5], which completely ﬁx the initial
conditions and make inﬂation a very predictive theory.
In the context of string theory, constructing a string compactiﬁcation whose low
energy eﬀective Lagrangian is able to produce inﬂation is challenging (see [14]). In
particular, it has proved to be diﬃcult to build large ﬁeld models [15] (in which the
inﬂaton moves over large distances compared to the Planck scale in ﬁeld space). This
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has led to the idea that, in this framework, an inﬂationary phase with a small number of
e-folds is favoured (see, however, [16]). If so, the predictions of inﬂation are expected to be
sensitive to the initial conditions, and in particular the classical inhomogeneities are not
expected to be exponentially suppressed, which makes the search for large scale deviations
from homogeneity and isotropy much more motivated, as well as the possibility that the
inﬂaton has not reached the inﬂationary attractor. More important, it is far from obvious
(as we shall discuss in detail later) that all observable modes can be assumed to be in
their Bunch–Davies vacuum initially, and more puzzling, that for a given mode modulus
the possibility of setting the initial conditions will depend on its direction. If so, then the
initial conditions for these modes would have to be set in the stringy phase, an open issue
at the time.
The theory of cosmological perturbations in a Bianchi universe was roughed out
in [17]–[19] (see also [20] and [21] for the case of higher-dimensional Kaluza–Klein models
and [22] for the quantization of test ﬁelds and particle production in an anisotropic
spacetime). Recently, we performed a full analysis of the cosmological perturbations in
an arbitrary Bianchi I universe [23]. It was soon followed by an analysis [24] that focused
on a Bianchi I universe with a planar symmetry. As we shall see in this work, the case
of a planar symmetric spacetime is not generic (both for the dynamics of the background
and the evolution of the perturbations).
From a more observationally oriented perspective, the primordial anisotropy can
imprint a preferred direction in the primordial power spectra. This could be related to the
possible large scale statistical anomalies [25] of the cosmic microwave background (CMB)
anisotropies. Many possible explanations have been proposed, including foregrounds [26],
non-trivial spatial topology [27] (which implies a violation of global isotropy [28]), the
breakdown of local isotropy due to multiple scalar ﬁelds [29], the presence of spinors [30]
or dynamical vectors [31], the eﬀect of the spatial gradient of the inﬂaton [32] or a late-time
violation of isotropy [33]. In the case of universes with planar symmetry, the signatures on
the CMB were derived by many authors [24, 34, 35]. In this case, a large primordial shear
is indeed necessary, which is not in contradiction with the constraints obtained from the
CMB [36] or from big bang nucleosynthesis [37]. This brings a secondary motivation to
our analysis: can the CMB anisotropy be related to an anisotropic primordial phase or, on
the other hand, can it constrain the primordial shear and what are the exact predictions
of a primordial anisotropic phase?
This is, however, not our primary motivation. In the ﬁrst place, we are interested in
understanding the genericity of the predictions of inﬂation, and in particular with respect
to the symmetries of the background spacetime. As we shall see, the simple extension
considered in this paper drives a lot of questions, concerning both the initial conditions
in inﬂation and, more generally, quantum ﬁeld theory in curved spacetime.
In this paper, we build on our previous work [23] to investigate the dynamics and
predictions of one ﬁeld inﬂation starting from a generic Bianchi I universe. After
discussing the dynamics of the background in section 2, we focus on the evolution of the
perturbations in section 3. In particular, we will need to understand the procedure for the
quantization during inﬂation. As we shall see in section 4, this procedure deviates from the
one standardly used in a Friedmann–Lemaˆıtre spacetime, and even in a planar symmetric
spacetime as discussed in [24]. The main reason for such an extension lies in the fact that
there always exist modes that were not in a WKB regime during the shear-dominated
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inﬂationary era. It follows that, while our procedure leads to similar predictions to the
standard one on small scales, it appears that there is a lack of predictability on large
scales. Indeed, we do not want to push our description beyond the Planck or string scale
where extensions of general relativity have to be considered. This may give a description
of both the early phase of the inﬂationary era and also a procedure to ﬁx the initial
conditions without any ambiguity. In section 5, we explicitly compute the primordial
spectra, for both scalar modes and gravity waves. We will describe in detail the eﬀect of
the anisotropy and show how the isotropic predictions are recovered on small scales.
2. Background dynamics
We ﬁrst set our notation in section 2.1 and describe the dynamics of the background,
focusing on its general solutions in section 2.2. We then turn to the slow-roll regime and
to the case of a massive free ﬁeld, that we shall use as our working example, respectively
in sections 2.3 and 2.4.
2.1. Deﬁnitions and notations
Bianchi spacetimes [38] are spatially homogeneous and those of type I have Euclidean
hypersurfaces of homogeneity. In comoving coordinates, and using cosmic time, their
metric takes the general form
ds2 = −dt2 +
3∑
i=1
X2i (t)
(
dxi
)2
, (2.1)
which includes three a priori diﬀerent scale factors. It includes the Friedmann–Lemaˆıtre
spacetimes as a subcase when the three scale factors are equal, and the extensively studied
planar symmetric universes when only two of the three scale factors are diﬀerent. The
average scale factor, deﬁned by
S(t) ≡ [X1(t)X2(t)X3(t)]1/3 , (2.2)
characterizes the volume expansion of the universe. The metric (2.1) can then be recast
under the equivalent form
ds2 = −dt2 + S2(t)γij(t) dxi dxj , (2.3)
where the ‘spatial metric’, γij, is the metric on constant time hypersurfaces. It can be
decomposed as
γij = exp [2βi(t)] δij , (2.4)
where the functions βi must satisfy the constraint
3∑
i=1
βi = 0. (2.5)
Let us introduce some useful deﬁnitions. First, we consider the scale factors
ai ≡ eβi(t), Xi = Sai. (2.6)
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They are associated with the following Hubble parameters:
H ≡ S˙
S
, hi =
X˙i
Xi
, β˙i =
a˙i
ai
, (2.7)
which are trivially related by
hi = H + β˙i, H =
1
3
3∑
i=1
hi, (2.8)
where the dot refers to a derivative with respect to physical time. We deﬁne the shear as
σˆij ≡ 12 γ˙ij (2.9)
and introduce the scalar shear by
σˆ2 ≡ σˆij σˆij =
∑
i
β˙2i . (2.10)
(See appendix A of [23] to see the relation with the shear usually deﬁned in the 1 + 3
formalism.) To ﬁnish, we deﬁne the conformal time by dt ≡ S dη, in terms of which the
metric (2.3) is recast as
ds2 = S2(η)
[−dη2 + γij(η) dxi dxj] . (2.11)
We deﬁne the comoving Hubble parameter by H ≡ S ′/S, where a prime refers to a
derivative with respect to the conformal time. The shear tensor, now deﬁned as
σij ≡ 12γ′ij, (2.12)
is clearly related to σˆij by σij = Sσˆij so that σ
2 ≡ σijσij is explicitly given by
σ2 =
∑3
i=1(β
′
i)
2 and is related to its cosmic time analogous by σ = Sσˆ.
2.2. Friedmann equations and their general solutions
2.2.1. Friedmann equations. In cosmic time, assuming a general ﬂuid as matter source
with stress-energy tensor
Tµν = ρuµuν + P (gµν + uµuν) + πµν , (2.13)
where ρ is the energy density, P the isotropic pressure and πµν the anisotropic stress
(πµνu
µ = 0 and πµµ = 0), the Einstein equations take the form
3H2 = κρ+ 1
2
σˆ2, (2.14)
S¨
S
= −κ
6
(ρ+ 3P )− 1
3
σˆ2, (2.15)
(σˆij)
. = −3Hσˆij + κπ˜ij , (2.16)
and the conservation equation for the matter is
ρ˙+ 3H(ρ+ P ) + σˆij π˜
ij = 0, (2.17)
where the ij component of πµν has been deﬁned as S
2π˜ij (so that π˜
i
j = γ
ikπ˜kj).
Journal of Cosmology and Astroparticle Physics 04 (2008) 004 (stacks.iop.org/JCAP/2008/i=04/a=004) 6
JCAP04(2008)004
Predictions from an anisotropic inflationary era
In this work, we focus on inﬂation and assume that the matter content of the universe
is described by a single scalar ﬁeld so that
Tµν = ∂µϕ∂νϕ−
(
1
2
∂αϕ∂
αϕ+ V
)
gµν . (2.18)
This implies that
3H2 = κ
[
1
2
ϕ˙2 + V (ϕ)
]
+ 1
2
σˆ2, (2.19)
S¨
S
= −κ
3
[
ϕ˙2 − V (ϕ)]− 1
3
σˆ2, (2.20)
(σˆij)
. = −3Hσˆij . (2.21)
The last of these equations is easily integrated and gives
σˆij =
Kij
S3
, (2.22)
where Kij is a constant tensor, (Kij)· = 0. This implies that
σˆ2 =
K2
S6
, (2.23)
with K2 ≡ KijKji , from which we deduce that
˙ˆσ = −3Hσˆ. (2.24)
The conservation equation reduces to the Klein–Gordon equation, which keeps its
Friedmannian form:
ϕ¨+ 3Hϕ˙+ Vϕ = 0. (2.25)
2.2.2. General solutions. Let us concentrate on the particular case in which πµν = 0
(relevant for scalar ﬁelds) and ﬁrst set
βi = BiW (t), (2.26)
where Bi are constants yet to be determined. Equations (2.10) and (2.23) then imply that(∑
B2i
)
W˙ 2(t) =
K2
S6
,
from which we deduce that
W (t) =
∫
dt
S3
. (2.27)
The constraints (2.5) and (2.10) imply that Bi must satisfy
3∑
i=1
Bi = 0,
3∑
i=1
B2i = K2, (2.28)
which can be trivially satisﬁed by setting
Bi =
√
2
3
K sinαi, with αi = α + 2π
3
i, i ∈ {1, 2, 3}. (2.29)
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Thus, the general solution is of the form
βi(t) =
√
2
3
K sin
(
α +
2π
3
i
)
×W (t), (2.30)
where S is the solution of
3H2 = κρ+
1
2
K2
S6
. (2.31)
Once an equation of state is speciﬁed, the conservation equation gives ρ[S] and we can
solve for S(t).
As we shall see, it is convenient to introduce the reduced shear
x ≡ 1√
6
σˆ
H
=
1√
6
σ
H (2.32)
in terms of which the Friedmann equation takes the form
(1− x2)H2 = κ
3
ρ,
so that the local positivity of the energy density implies that x2 < 1.
2.2.3. Particular case of a cosmological constant. First, let us consider the case of a pure
cosmological constant, V = constant and ϕ˙ = 0. This case is relevant for the initial stage
of the inﬂationary period since we expect ﬁrst the shear to dominate and the ﬁeld energy
density to be dominated by its potential energy. If not, then the ﬁeld is fast rolling and
its energy density behaves as S−6, exactly as the square of the shear.
The Friedmann equation now takes the form
H2 = V0
[
1 +
(
S∗
S
)6]
,
with3 V0 ≡ κV/3 and S∗ ≡ (K2/6V0)1/6. It can be easily integrated to get
S(t) = S∗ [sinh (t/τ∗)]
1/3 , (2.33)
where we have introduced the characteristic time
τ−1∗ = 3
√
V0. (2.34)
Thus, we obtain from equation (2.27)
W (t) =W0 +
τ∗
S3∗
log
[
tanh
(
t
2τ∗
)]
, (2.35)
where the constant W0 can be set to zero (corresponding to the choice of the origin of
time). It follows, using
√
3/2K = S3∗/τ∗, that the directional scale factors behave as
Xi = S∗
[
sinh
(
t
τ∗
)]1/3 [
tanh
(
t
2τ∗
)](2/3) sinαi
. (2.36)
3 Note the dimensions: ρ ∼ M4, G ∼ M−2, H ∼ M , σˆ ∼ M , Bi ∼ M , W ∼ M
−1, V0 ∼ M
2, S∗ ∼ M
0 where M
is a mass scale.
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Figure 1. Evolution of the scale factors according to the value of the parameter
α. We depict the three directional scale factors and the average scale factor S
(dashed line), all in units of S∗. The three directional scale factors are permuted
when α is changed by 2π/3. Note that there exist two particular cases in which
the spacetime has an extra rotational symmetry when α = π/6 or π/2. The latter
case is even more peculiar since this is the only Bianchi I universe for which none
of the direction is bouncing.
From this expression, we deduce that the directional Hubble parameters evolve as
hi =
1
3τ∗
1
sinh(t/τ∗)
[2 sinαi + cosh(t/τ∗) ] (2.37)
and further that the average Hubble parameter and reduced shear are given by
H =
1
3τ∗
1
tanh(t/τ∗)
, x =
1
cosh(t/τ∗)
. (2.38)
The behaviours of the directional scale factors are depicted in ﬁgure 1 for various
values of the parameter α. We restrict to α ∈ [0, 2π/3] and it is clear that for α < π/2
the i = 3 direction is bouncing. At α = π/2 none of the direction is contracting and then
it switches to direction i = 2, when α > π/2. It is thus clear that there is always one
bouncing direction, except in the particular case in which α = π/2.
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Figure 2. Left: time at which the direction i bounces (blue: i = 3), (red: i = 2).
At π/2, none of the direction is contracting and a change of the contracting
direction occurs. Right: value of the Kasner exponents as a function of the
parameter α characterizing the Bianchi I model close to the singularity.
As a ﬁrst conclusion, let us compute the time at which the contracting direction
bounces. Figure 2 (left) depicts the value of the time of the bounce as a function of α and
we conclude that it is always smaller than 1.4τ∗.
2.2.4. Behaviour close to the singularity. Whatever the potential chosen for the inﬂaton,
the Friedmann equation will be dominated by the shear close to the singularity, so that
we can use the solutions obtained in the case of a pure cosmological constant for the sake
of discussion. From the previous analysis, we obtain that
Xi = S∗
(
t
2τ∗
)(2/3) sinαi+(1/3) [
1 +
1
18
(1− sinαi)
(
t
τ∗
)2
+O
((
t
τ∗
)4)]
. (2.39)
The metric can thus be expanded around a Kasner solution of the form
ds2Kasner = −dt2 + S2∗
3∑
i=1
(
t
2τ∗
)2pi
(dxi)2, (2.40)
with the indices
pi(α) =
2
3
sinαi +
1
3
, (2.41)
that clearly satisfy
∑
pi =
∑
p2i = 1 (see ﬁgure 2 (right)). We thus have
ds2 ≃ −dt2 + S2∗
3∑
i=1
(
t
2τ∗
)2pi [
1 +
1
12
(1− pi)
(
t
τ∗
)2]
(dxi)2, (2.42)
up to terms of order (t/τ∗)4.
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The invariants of the metric behave as
R =
4
3τ 2∗
, (2.43)
RµνR
µν =
4
9τ 2∗
, (2.44)
RµνρσR
µνρσ =
1
27τ 2∗
{
8 +
4
cosh4 [t/(2τ∗)]
+
32 cosh (t/τ∗)
sinh4 (t/τ∗)
[
3 cos(α)2 sin(α)− sin(α)3 + 1]} . (2.45)
Clearly, we see that R and RµνR
µν are regular at the singularity, which is expected for
a cosmological-constant-dominated universe since Rµν = −Λgµν . The third invariant
RµνρσR
µνρσ diverges when we are approaching the singularity, the only exception being
the case where α = π/2, which corresponds to the positive branch considered in [24]. In
this particular case, the Kasner metric has exponents (1, 0, 0). We emphasize that the
spacetime α = π/2 is a singular point in the set of Bianchi spacetimes since there is no
uniform convergence of the invariants of the metric evaluated on the singularity when
α→ π/2.
2.3. Slow-roll parameters
In order to discuss our results, we introduce the slow-roll parameters in the usual way by
ǫ ≡ 3 ϕ
′2
ϕ′2 + 2S2V
, δ ≡ 1− ϕ
′′
Hϕ′ = −
ϕ¨
Hϕ˙
. (2.46)
With these deﬁnitions, the Friedmann and Klein–Gordon equations take the form
(1− x2)H2 = κ
3− ǫV S
2, (3− δ)Hϕ′ + VϕS2 = 0, (2.47)
and we deduce that
H′
H2 = (1− ǫ) + (ǫ− 3)x
2, (2.48)
so that
S ′′
S
= H2 [2− ǫ+ (ǫ− 3) x2] (2.49)
and
ǫ′ = 2Hǫ(ǫ− δ). (2.50)
Interestingly, it is easy to check that
x′ = −Hx(1− x2)(3− ε),
from which we deduce that
δ′ = H
[
−9x2 + S
2V,ϕϕ
H2 − (1− x
2)(3ǫ+ 3δ) + δ(δ + ǫ(1− x2))
]
. (2.51)
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From the deﬁnition (2.46) and making use of the second equation of equations (2.47),
we deduce that the slow-roll ǫ parameter takes the form
ǫ =
(1− x2)
2κ
(
V,ϕ
V
)2(
3− ǫ
3− δ
)2
.
Once we use the relation ϕ˙2 = 2ǫV/(3− ǫ), we deduce that
ϕ˙ = − 1√
κ
√
(3− ǫ)(1− x2)
(3− δ)2
V,ϕ√
V
. (2.52)
As long as ϕ˙2 ≪ V (ϕ) and in the limit x→ 1, which corresponds to the shear-dominated
period prior to the inﬂationary phase, we have that
ǫ→ 0, δ → −3, (2.53)
but we still have δ′ → 0. It follows that initially, even if the shear decreases rapidly, ϕ
remains almost constant and δ remains close to −3. This solution converges when t→ 0
to the pure cosmological constant solution of section 2.2.3. Note that this conclusion
diﬀers from the statement of [39].
Before we reach the slow-roll attractor, we may be in a transitory regime in which
ϕ˙2 ≫ V . Then, this implies that
ǫ→ 3, δ → 3, ϕ˙ ≃ ϕ0
t
.
The ﬁeld velocity decreases so that this solution converges rapidly toward the slow-
rolling attractor. These general results on the limiting behaviours will be important
to understand the dynamics of the inﬂaton.
2.4. Numerical integration for a massive scalar ﬁeld
In this paper, we will consider the explicit example of chaotic inﬂation with a potential
V = 1
2
m2ϕ2. (2.54)
The dynamical equations (2.19) and (2.25) can be rescaled as
h2 =
1
6
[
1
2
ψ˙2 + ψ2 +
(
S∗
S
)6]
, (2.55)
ψ¨ + 3hψ˙ + ψ = 0, (2.56)
where we use τ = mt as a time variable (so that h = H/m), ψ = ϕ/Mp (with
M−2p = 8πG = κ) as the ﬁeld variable, and where S∗ = (K/m)1/3. Under this form,
it is clear that the various solutions of the system (2.55) and (2.56) are, in general,
characterized by the three numbers {ψ(t0), ψ˙(t0), S∗}. As we will now see, this extra
dependence on the parameter S∗ causes our dynamical system to behave diﬀerently from
its analogues in Friedmann–Lemaˆıtre spacetimes4. Under this form, we also see clearly
4 There is another way to see this: the term in S−6 in equation (2.55) is equivalent to the contribution of a
massless scalar ﬁeld, χ say, that would satisfy the Klein–Gordon equation χ¨ + 3hχ˙ = 0, implying χ˙ ∝ S−3. One
requires initial conditions for this extra degree of freedom as well.
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Figure 3. Comparison of the phase portraits of a Friedmann–Lemaˆıtre (left) and
a Bianchi I inﬂationary phase. The curves with the same colour correspond to
the same initial conditions for the scalar ﬁeld but starting with diﬀerent initial
shear (see ﬁgure 4 for a three-dimensional representation).
that one cannot continuously go from a Bianchi to an FL spacetime (because either S∗ = 0
or S∗ 	= 0), even though Bianchi spacetime isotropizes.
It is well known that the dynamics of the inﬂationary stage in a Friedmann–Lemaˆıtre
spacetime is characterized by attractor solutions, clearly seen in the phase space. For a
large set of initial conditions, the solutions converge to the slow-roll stage deﬁned by an
almost constant ϕ˙ and ϕ decreasing accordingly. It is thus given by a roughly horizontal
line in the phase portrait which ends with the oscillations of the scalar ﬁeld at the bottom
of its potential. As previously mentioned, the slow-roll inﬂationary stage in Bianchi I
spacetimes possesses the same attractor behaviour, although it is quite diﬀerent during
the initial shear-dominated phase. When the shear dominates, the solutions are rapidly
attracted to the point ϕ˙ ≃ 0 and ϕ nearly constant. This is the attractor whose solution
is given by equations (2.58)–(2.62). It then converges towards the Friedmann–Lemaˆıtre
behaviour when the shear becomes negligible (see ﬁgure 4).
In conclusion, we have a double attraction mechanism, namely of the ﬁeld dynamics
toward the slow-roll attractor and of the Bianchi spacetime toward a Friedmann–Lemaˆıtre
solution.
In ﬁgure 5, we compare the dynamics of the inﬂationary phase of a Bianchi I
and a Friedmann–Lemaˆıtre spacetime. While in both cases the (average) scale factors
grow, the eﬀect of a shear-dominated phase is to initially decrease the velocity of the
expansion of the Bianchi universe. On the other hand, the dynamics of the scalar ﬁeld
is barely aﬀected by the presence of the shear as long as we have reached the slow-
roll attractor. In the following we will assume that we have reached this attractor.
If the number of e-folds is small, it is not clear that this attractor has been reached,
regardless of whether or not we assume a Friedmann–Lemaˆıtre spacetime. In such a
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Figure 4. Phase portrait of a Bianchi I inﬂationary phase in the space {ϕ, ϕ˙, σ}.
The plane σ = 0 corresponds to the FL limit (see ﬁgure 3). This illustrates the
double attraction mechanism of the spacetime toward FL and of the solution
toward the slow-roll attractor.
case, one has to rely on families of trajectories to draw the observational predictions
(see, e.g., [40]).
Let us now consider the behaviour close to the singularity and introduce the
characteristic time τ∗, explicitly given by
τ∗ =
√
2
3
Mp
mϕ0
. (2.57)
By developing all the previous equations in powers of t/τ∗, we obtain that
H(t) =
1
3t
[
1 +
1
3
t2
τ 2∗
+O
(
t4
τ 4∗
)]
, (2.58)
x(t) = 1− 1
2
t2
τ 2∗
+O
(
t4
τ 4∗
)
, (2.59)
ϕ(t) = ϕ0
[
1− 1
6
(
Mp
ϕ0
)2
t2
τ 2∗
+O
(
t4
τ 4∗
)]
, (2.60)
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Figure 5. Evolution of the average scale factor (left) and scalar ﬁeld (right) as a
function of time for both the Bianchi (red, solid line) and FL cases (blue, dashed
line). The Bianchi solution is characterized by ϕ0 = 16Mp. We have normalized
the solutions such that the scale factors have the same value at the end of the
inﬂation when the shear is negligible. The inner-left ﬁgure shows the logarithmic
evolution of the velocity of the expansion in both cases, the minimum of which
indicates the time at which S¨ = 0 for the Bianchi case.
δ(t) = −3
[
1− 1
2
t2
τ 2∗
+O
(
t4
τ 4∗
)]
, (2.61)
ǫ(t) =
1
3
(
Mp
ϕ0
)2
t2
τ 2∗
+O
(
t4
τ 4∗
)
, (2.62)
in complete agreement with the expansions obtained in [24]. In this limit, we understand
why δ → −3 close to the singularity. It simply reﬂects the fact that the ﬁeld decreases as
t2. This is diﬀerent from the case of chaotic inﬂation in a Friedmann–Lemaˆıtre spacetime
where the ﬁeld varies linearly with time during the slow-roll regime since in that case
ϕ = ϕi
[
1−
(
Mp
ϕi
)2
t
τ∗
]
, S = Si exp
{
1
M2p
[ϕ2i − ϕ2(t)]
}
,
and the slow-roll parameters are explicitly given by
ǫ = 2
M2p
ϕ2
, δ = 0.
Let us come back to the slow-roll parameters deﬁned in section 2.3. In the particular
case of a quadratic potential, we have
δ′ = H(3− δ)
[
ǫ2 − 3δ
3− ǫ − x
2(3− ǫ)
]
, (2.63)
since S2V,ϕϕ = ǫH2(3 − δ)2/(3 − ǫ). During the shear-dominated phase, δ ∼ −3 and
the previous equation tells us that δ remains constant. It follows from equation (2.50)
that ǫ′ is of the same order as ǫ (note the diﬀerence between the standard case in which
ǫ′ is second order). It follows that the variation of ǫ cannot be neglected until δ has
converged toward 0. Then ǫ can be considered as constant until the end of inﬂation.
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Figure 6. Evolution of the slow-roll parameters ǫ (left) and δ (right) during the
inﬂationary phase for a Bianchi I model (solid lines) with α = π/4 compared to
the case of a Friedmannian model (dashed lines). We assume a potential of the
form (2.54) and initial values ϕ0 = (16, 26, 36)Mp corresponding respectively to
the red, green and blue lines.
While the universe isotropizes, both δ and ǫ converged toward their Friedmann–Lemaˆıtre
value. Figure 6 illustrates the evolution of the two slow-roll parameters and compares
them to their values in a Friedmann–Lemaˆıtre universe.
For any initial value of the scalar ﬁeld, ϕ0, we deﬁne ϕi as the value of the ﬁeld when
the universe starts to inﬂate, that is at the time when S¨ = 0. Then, the number of e-folds
of the inﬂationary period is deﬁned as
N [ϕi] ≡ ln S(ϕf)
S(ϕi)
=
∫ ϕf
ϕi
H
ϕ˙
dϕ, (2.64)
where ϕf is the value of the ﬁeld at which ǫ = 1. Since at that time the shear is negligible,
ϕf is given by
ϕf =
√
2Mp. (2.65)
It follows that, for any initial value of the ﬁeld, we can characterize the shear-dominated
phase by
∆ϕ[ϕ0] = ϕ0 − ϕi[ϕ0], (2.66)
which indicates by how much the field has moved prior to inflation. Then, the duration
of the inflationary phase is given by
N [ϕ0] =
∫ √2Mp
ϕi(ϕ0)
H
ϕ˙
dϕ. (2.67)
This has to be compared with the number of e-folds in the FL case:
NFL[ϕi] =
1
4
(
ϕi
Mp
)2
− 1
2
.
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Figure 7. Left: relative variation of the scalar ﬁeld during the shear-dominated
era as a function of its initial value. Right: comparison of the number of
e-folds for a Bianchi (solid, red line) and Friedmann–Lemaˆıtre (blue, dashed
line) inﬂationary period as a function of ϕi. The inside plot is the relative
diﬀerence between the number of e-folds of the Bianchi and Friedmann–Lemaˆıtre
inﬂationary period as a function of ϕi.
In ﬁgure 7 (left), we depict the fractional duration of the shear-dominated phase (see
equation (2.66)) as a function of ϕ0. We see that the larger the initial value of the ﬁeld,
the smaller the impact of the shear. Also shown in ﬁgure 7 is the number of e-folds for the
Friedmann–Lemaˆıtre and Bianchi spacetimes. The presence of the shear slightly increases
the number of e-folds (solid red line in ﬁgure 7).
2.5. Discussion
This general study of the background shows that generically there is always one bouncing
direction, except in the particular case α = π/2 considered in [24] (positive branch).
Regarding the dynamics of the universe, the expansions (2.58)–(2.62) at lowest order
exactly reproduce the exact (numerical) solutions.
This analysis actually shows that the shear is eﬀective typically until the characteristic
time τ∗. Going backward in time, the universe goes rapidly to an initial singularity and
is thus past incomplete (in fact as other inﬂationary models [41]). Indeed, as we shall
discuss later, we do not want to extrapolate such a model up to the Planck or string times
and we just assume that they are a good description of the inﬂating universe after this
time.
We have focused on the evolution of the ‘slow-roll’ parameters and concluded that
the variation of ǫ cannot be neglected until the shear has decayed. We have also shown
that the scalar ﬁeld barely moves during the shear-dominated era and that, with the same
initial value for the scalar ﬁeld, the number of e-folds is almost not aﬀected (even though
slightly larger) by a non-vanishing shear.
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3. Summary of the perturbation theory
In our previous work [23], we investigated the theory of cosmological perturbations around
a Bianchi I universe. We shall now brieﬂy summarize the main steps which are necessary
to deduce the dynamical system of equations that we want to solve in this paper.
3.1. Mode decomposition
First, we pick up a comoving coordinates system, {xi}, on the constant time hypersurfaces.
Any scalar function can then be decomposed in Fourier modes as
f
(
xj , η
)
=
∫
d3ki
(2π)3/2
fˆ (ki, η) e
ikixi. (3.1)
In the Fourier space, the comoving wave co-vectors ki are constant, k
′
i = 0. We now
deﬁne ki ≡ γijkj that is obviously a time-dependent quantity. Contrary to the standard
Friedmann–Lemaˆıtre case, we must be careful not to trivially identify ki and k
i, since
this does not commute with the time evolution. Note, however, that xik
i = xiki remains
constant.
Besides, since (ki)′ = −2σipkp, the modulus of the comoving wavevector, k2 = kiki =
γijkikj, is now time-dependent and its rate of change is explicitly given by
k′
k
= −σij kˆikˆj, (3.2)
where we have deﬁned the unit vector
kˆi ≡ ki
k
. (3.3)
Now, we introduce the base {e1, e2} of the subspace perpendicular to ki. By construction,
it satisﬁes the orthonormalization conditions
eai kjγ
ij = 0, eai e
b
jγ
ij = δab.
Such a basis is indeed deﬁned up to a rotation about the axis ki. These two basis vectors
allow us to deﬁne a projection operator onto the subspace perpendicular to ki as
Pij ≡ e1i e1j + e2i e2j = γij − kˆikˆj. (3.4)
It trivially satisﬁes P ijP
j
k = P
i
k, P
i
jk
j = 0 and P ijγij = 2.
Any symmetric tensor V¯ij that is transverse and trace-free has only two independent
components and can be decomposed as
V¯ij(ki, η) =
∑
λ=+,×
Vλ(k
i, η)ελij(kˆi), (3.5)
where the polarization tensors have been deﬁned as
ελij =
e1i e
1
j − e2i e2j√
2
δλ+ +
e1i e
2
j + e
2
i e
1
j√
2
δλ×. (3.6)
It can be checked that they are traceless (ελijγ
ij = 0), transverse (ελijk
i = 0) and that the
two polarizations are perpendicular (ελijε
ij
µ = δ
λ
µ). This deﬁnes the two tensor degrees of
freedom.
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3.2. Decomposition of the shear
It is then fruitful to decompose the shear in a local basis adapted to the mode that we
are considering. The shear being a symmetric trace-free tensor, it can be decomposed on
the basis {kˆi, e1i , e2j} as
σij =
3
2
(
kˆikˆj − 13γij
)
σ‖ + 2
∑
a=1,2
σVa kˆ(ie
a
j) +
∑
λ=+,×
σTλε
λ
ij. (3.7)
This decomposition involves 5 independent components in a basis adapted to the
wavenumber ki. We must, however, stress that (σ‖, σVa , σTλ) do not have to be interpreted
as the Fourier components of the shear, even if they explicitly depend on ki. This
dependence arises from the local anisotropy of space.
Using equation (3.7), it is easily worked out that σijγ
ij = 0, and that
σij kˆ
i = σ‖kˆj +
∑
a
σVae
a
j , σij kˆ
ikˆj = σ‖, (3.8)
and
σijε
ij
λ = σTλ , σij kˆ
ieja = σVa . (3.9)
The scalar shear is explicitly given by
σ2 = σijσ
ij = 3
2
σ2‖ + 2
∑
a
σ2Va +
∑
λ
σ2Tλ , (3.10)
which is, by construction, independent of ki. We emphasize that the local positivity of
the energy density of matter implies (see equation (2.32)) that σ2/6 < H2 and thus
1
2
σ‖ ≤ 1√
6
σ < H. (3.11)
This, in turn, implies that
σ‖ < 2H, (3.12)
a property that shall turn out to be very useful in the following discussion. Analogously,
we have that
σTλ <
√
6H. (3.13)
3.3. Gauge-invariant variables
We start from the most general metric of an almost Bianchi I spacetime:
ds2 = S2
[− (1 + 2A) dη2 + 2Bi dxi dη + (γij + hij) dxi dxj] . (3.14)
Bi and hij are further decomposed as
Bi = ∂iB + B¯i, (3.15)
hij ≡ 2C
(
γij +
σij
H
)
+ 2∂i∂jE + 2∂(iEj) + 2Eij , (3.16)
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with
∂iB¯
i = 0 = ∂iE
i, Eii = 0 = ∂iE
ij. (3.17)
We showed, that one can construct the following gauge-invariant variables:
Φ ≡ A + 1
S
{
S
[
B − (k
2E)
′
k2
]}′
, (3.18)
Ψ ≡ −C −H
[
B − (k
2E)
′
k2
]
, (3.19)
for the scalar modes,
Φi ≡ B¯i − γij
(
Ej
)′
+ 2ikjσljP
l
iE, (3.20)
for the vector modes and that the tensor mode Eij is readily gauge-invariant.
Concerning the matter sector, one can introduce a single gauge-invariant variable
associated with the scalar field perturbation:
Q ≡ δϕ− CHϕ
′. (3.21)
3.4. The Mukhanov–Sasaki variables and their evolution equations
We established that the only degrees of freedom reduce to a scalar mode and two tensor
modes:
v ≡ SQ, √κμλ ≡ SEλ. (3.22)
They evolve according to
v′′ + ω2v(ki, η)v =
∑
λ
ℵλ(ki, η)μλ, (3.23)
μ′′λ + ω
2
λ(ki, η)μλ = ℵλ(ki, η)v + (ki, η)μ(1−λ), (3.24)
where the pulsations are explicitly given by
ω2v(ki, η) ≡ k2 −
z′′s
zs
, ω2λ(ki, η) ≡ k2 −
z′′λ
zλ
. (3.25)
The two functions zs and zλ have been defined by
z′′s
zs
(η, ki) ≡ S
′′
S
− S2V,ϕϕ + 1
S2
(
2S2κϕ′2
2H− σ‖
)′
, (3.26)
z′′λ
zλ
(η, ki) ≡ S
′′
S
+ 2σ2T(1−λ) +
1
S2
(
S2σ‖
)′
+
1
S2
(
2S2σ2Tλ
2H− σ‖
)′
, (3.27)
and we also need the coupling terms
ℵλ(η, ki) ≡ 1
S2
√
κ
(
2S2ϕ′σTλ
2H− σ‖
)′
, (3.28)
(η, ki) ≡ 1
S2
(
22σT×σT+
2H− σ‖
)′
− 2σT×σT+ . (3.29)
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4. Prescription for the initial conditions
The set of equations (3.23)–(3.29) completely determines the evolution of the three degrees
of freedom of our problem. To be predictive, we must determine the initial conditions.
In an FL spacetime, the procedure is well understood [5] and relies on the quantization
of the canonical variables on sub-Hubble scales where it can be shown that they evolve
adiabatically.
We have to understand how far this procedure can be extended to a Bianchi universe
and how robust it is to the existence of a non-vanishing primordial shear. We thus start,
in section 4.1, with a review of the standard FL procedure, to highlight its hypothesis. In
section 4.2, we stress, and also quantify, the diﬀerences that appear in a Bianchi universe.
This will lead us (section 4.3) to propose an extension of the quantization procedure.
We shall ﬁnish in section 4.4 by critically discussing the limits and weaknesses of our
quantization procedure.
4.1. Friedmann–Lemaˆıtre universes
For simplicity, let us consider the case of a pure de Sitter phase. This represents no
limitation to our following arguments and can be generalized to an almost-de Sitter phase.
4.1.1. Quantization procedure. In order to be quantized, the canonical variables are
promoted to the status of quantum operators [5] and are decomposed as
vˆ(x, η) =
∫
d3k
(2π)3/2
[
vk(η) e
ik·xaˆk + v
∗
k(η) e
−ik·xaˆ†k
]
,
≡
∫
d3k
(2π)3/2
[
vˆk(η) e
ik·x + vˆ†k(η) e
−ik·x
]
, (4.1)
where the creation and annihilation operators satisfy the commutation relations [aˆk, aˆ
†
k′ ] =
δ(3)(k−k′). The mode function, vk(η), is a solution of the classical Klein–Gordon equation
v′′k + ω
2
v(k, η)vk = 0 with ω
2
v(k, η) = k
2 − 2
η2
, (4.2)
which is the equation of motion for a harmonic oscillator with time-dependent mass, which
translates the fact that the ﬁeld lives in a time-dependent background spacetime. The
general solution of equation (4.2) is
vk(η) =
[
A(k)H(1)ν (−kη) +B(k)H(2)ν (−kη)
]√−η,
where Hν are the Hankel functions. In the particular case of a de Sitter era considered
here, ν = 3/2 so that
H
(2)
3/2(z) =
[
H
(1)
3/2(z)
]∗
= −
√
2
πz
e−iz
(
1 +
1
iz
)
.
Canonical quantization consists in imposing the commutation rules [vˆ(x, η), vˆ(x′, η)] =
[πˆ(x, η), πˆ(x′, η)] = 0 and [vˆ(x, η), πˆ(x′, η)] = δ(3)(x− x′) on constant time hypersurfaces,
πˆ being the conjugate momentum of vˆ. From equation (4.1) and the commutation rules
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of the annihilation and creation operators, this implies that
vkv
′∗
k − v∗kv′k = i, (4.3)
which determines the normalization of the Wronskian. The choice of a speciﬁc mode
function vk(η) corresponds to the choice of a prescription for the physical vacuum |0〉,
deﬁned by
aˆk|0〉 = 0.
The most natural choice for the vacuum is to pick up the solution that corresponds
adiabatically to the usual Minkowski vacuum so that
vk → 1√
2k
e−ikη,
when kη → −∞. This implies that the mode function is
vk =
1√
2k
(
1 +
1
ikη
)
e−ikη. (4.4)
This choice is referred to as the Bunch–Davies vacuum.
4.1.2. WKB approximation. In more general cases, and for sure in the Bianchi case that
follows, we may not have exact solutions for the mode functions. On can redo the previous
construction by relying on a WKB approach [42] in which one introduces the WKB mode
function
vWKBk (η) =
1√
2ωv
e±i
∫
ωvdη. (4.5)
It is easily checked that it is a solution of
vWKBk
′′
+
(
ω2v −QWKB
)
vWKBk = 0,
with
QWKB =
3
4
(
ω′v
ωv
)2
− 1
2
ω′′v
ωv
. (4.6)
For a function satisfying an equation such as equation (4.2), the WKB solution is thus a
good approximation as long as the WKB condition |QWKB/ω2v| ≪ 1 is satisﬁed. In the
example at hand, this condition reduces to kη → −∞ so that, on sub-Hubble scales, the
mode function is actually close to its WKB approximation. We see that the quantization
procedure thus relies on the fact that there exists an adiabatic (WKB) solution on sub-
Hubble scales.
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4.1.3. Primordial spectra on super-Hubble scales. Once the initial conditions are ﬁxed, vk is
completely determined and it can then be related to the scalar ﬁeld perturbation Q (also
promoted to the status of operator). After the modes become super-Hubble, i.e. kη ≪ 1,
the scalar ﬁeld perturbation in a ﬂat slicing gauge is given by
Qˆ→
∫
d3k
(2π)3/2
Qˆk e
ik·x =
∫
d3k
(2π)3/2
H√
2k3
(
aˆk + aˆ
†
−k
)
eik·x,
where we have used that S(η) = −1/Hη for a pure de Sitter inﬂationary phase, H being
a constant in this case. All the modes are proportional to (aˆk+ aˆ
†
−k) so that the variables
Qˆk commute. We thus deduce that Qˆ has actually the same statistical properties as
a Gaussian classical stochastic ﬁeld. Eﬀectively, we can replace our quantum operators
by stochastic ﬁelds with Gaussian statistics and we introduce a unit Gaussian random
variable, ev(k), which satisﬁes
〈ev(k)〉 = 0, 〈ev(k)e∗v(k′)〉 = δ(3)(k− k′).
In this description the mode operators are replaced by stochastic variables according to
vˆk → vk = vk(η)ev(k) and we identify the (quantum) average in the vacuum, i.e. 〈0| · · · |0〉,
by an ensemble (classical) average, 〈· · ·〉.
The correlation function of v is deﬁned as
ξv ≡ 〈0|vˆ(x, η)vˆ(x′, η)|0〉,
and takes the simple form
ξv =
∫
d3k
(2π)3
|vk|2 eik·(x−x′). (4.7)
Interestingly, in a Friedmann universe, isotropy implies that we can integrate over the
angle to get
ξv =
∫
dk
k
k3
2π2
|vk|2 sin kr
kr
, (4.8)
and it is, because of the symmetries of the background, a function of r = |x − x′| only.
We thus deﬁne the power spectra
Pv(k) = |vk|2, Pv(k) = k
3
2π2
|vk|2. (4.9)
In the stochastic picture, the correlator of vk is simply given by
〈vkv∗k′〉 = Pv(k)δ(3)(k− k′), (4.10)
from which one easily deduces the power spectrum of the curvature perturbation
PR(k) =
2π2
k3
PR(k) = |vk|
2
z2
.
Indeed, we can proceed in the same way for gravity waves. Since they are not coupled
to scalar modes and since the two polarizations are independent, we introduce two sets of
creation and annihilation operators, bˆk,λ, one per polarization. On super-Hubble scales,
the two modes can be described by two independent Gaussian classical stochastic ﬁelds,
μk,λ = μkeλ(k), with
〈eλ(k)e∗λ′(k′)〉 = δλλ′δ(3)(k− k′).
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The power spectra are thus given by
Pλ(k) =
2π2
k3
Pλ(k) = |μk|2.
Spatial isotropy implies that P+ = P× so that the tensor modes power spectrum is
PT (k) = 2
κ
S2
P+(k). (4.11)
4.1.4. Conclusion. To conclude, this short review of the standard procedure highlights (1)
the importance of the WKB regime on sub-Hubble scales which allows us to construct a
Bunch–Davies vacuum adiabatically, (2) the fact that on super-Hubble scales (where one
wants to draw the predictions for the initial power spectra) the quantum operators can
be conveniently replaced by stochastic ﬁelds, (3) the importance of isotropy which implies
that there exist three independent stochastic directions (because modes are decoupled)
and (4) the fact that the two gravity wave polarizations have the same power spectrum.
We shall now see which of these properties generalize to a Bianchi universe.
4.2. Generic Bianchi I universes
4.2.1. Characteristic wavenumber. In order to relate our predictions to observations, we
introduce the characteristic wavenumber kref by
kref ≡ SH|t=τ∗ . (4.12)
We deﬁne N as the number of e-folds with the quantity SH rather than S in the
deﬁnition (2.64). If we denote by Nref the number of e-folds between t = τ∗ and the
end of inﬂation, and N0 the number of e-folds from the end of inﬂation until now, then
we can relate kref to the largest observable scale today, k0 = S0H0, by
kref
k0
= e(N0−Nref). (4.13)
Since during the inﬂationary era after τ∗, H is nearly constant, then Nref ≃ Nref . As for
N0, it depends on the post-inﬂationary evolution and it can be estimated [43] by
N0 ≃ 62− ln
(
1016 GeV
V
1/4
k0
)
+
1
4
ln
Vk0
Vend
− 1
3
ln
(
V
1/4
end
ρ
1/4
reh
)
− lnh, (4.14)
h being the Hubble parameter in units of 100 km s−1 Mpc−1. Typically, Vk0 ∼ Vend as
long as slow-rolling holds. The reheating temperature can be argued to be larger than
ρ
1/4
reh > 10
10 GeV to avoid the gravitino problem [44]. The amplitude of the cosmological
ﬂuctuations (typically of the order of 2 × 10−5 on Hubble scales) roughly implies that
V
1/4
end is smaller than a few times 10
16 GeV and, for the same reason as above, has to be
larger than 1010 GeV in the extreme case. This implies that N0 has to lie approximately
between 50 and 70, which is the order of magnitude also required to solve the horizon and
ﬂatness problem.
Nref can be computed from the background dynamics, and as shown in ﬁgure 7, it is
almost equivalent to its value in the FL case.
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Figure 8. Logarithm of the ratio k/kref where kref is the modulus of the
wavenumber when the shear is zero. We see that, as soon as the shear grows,
k depends on the direction on which it is aligned (each colour corresponds to a
principal axis of the Bianchi universe). We have considered a generic Bianchi
universe with α = π/4.
4.2.2. Anisotropy. The ﬁrst obvious diﬀerence with the FL case arises from the local
spatial anisotropy.
First, it is clear from the set of equations (3.23) and (3.24) that it implies that the
evolution of the mode functions shall depend on ki and not simply on the modulus. This
violation of isotropy will reﬂect itself on the fact that
(1) the power spectra at the end of inﬂation will be functions of k and not k, i.e. Pv(ki),
Pλ(ki);
(2) because of the coupling between scalar and gravity waves, there exists a cross-
correlation between scalar and tensor, i.e. 〈vμλ〉 	= 0;
(3) the two polarizations shall a priori have two diﬀerent power spectra, i.e. P+ 	= P×.
A second related issue arises from the evolution of a comoving wavenumber. Let us
consider the diﬀerent evolutions of a wave mode of modulus k at the end of inﬂation
according to its orientation. As we see in ﬁgure 8, depending on its orientation, this mode
has very diﬀerent time evolutions before it settles to a constant value.
4.2.3. WKB regime. Whatever the Bianchi universe we consider, there is a shear-
dominated phase prior to inﬂation. During this phase S¨ < 0. Besides, in a generic
Bianchi I spacetime (that is, α 	= π/2) two of the scale factors go to zero while the third
is bouncing (in the α = π/2 case, one scale factor goes to zero while the two others remain
constant).
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Figure 9. Left panel: evolution of the quantity |Q/ω2| for an FL universe. Right
panel: evolution of |QWKBv /ω2v | for three diﬀerent modes, each of them aligned
with one of the three orthogonal directions (same colour code as in ﬁgure 8), and
with the same modulus 10kref at the end of inﬂation. The vertical line corresponds
to the instant η(τ∗) and we have considered a generic Bianchi spacetime with
α = π/4.
For analysing the WKB regime we will consider, as usual, the ratio k/SH to discuss
whether a given mode is inside (k/SH ≫ 1) or outside (k/SH ≪ 1) the Hubble radius.
According to the details shown in appendix A, if we specify to only one direction we have
k ∼ 1/ai ∼ S/Xi, then
k
SH
=
1
XiH
∼ t2(1−sinαi)/3
during the shear-dominated regime. This shows that, except when α = π/2, any
given mode becomes super-Hubble when we approach the singularity (t → 0), and that
this approach is faster (going backwards in time) for modes aligned with the bouncing
direction.
In other words, all modes become super-Hubble in the past, and the mode aligned
with the bouncing direction (blue line in ﬁgure 8) becomes super-Hubble earlier (again,
going backwards in time) than the ones with the same k at the end of inﬂation but aligned
with a growing direction (blue line in ﬁgure 9).
For these two reasons, we can doubt the existence of a well-deﬁned adiabatic vacuum
for all modes through their early evolution, as happens in FL universes. However, we can
still ask whether the WKB regime is reached in a short time interval when the shear is
not complete negligible, and how long it lasts given the wavenumber.
Let us thus discuss quantitatively the validity of the WKB approximation. First,
we focus on the pulsation, we neglect the eﬀect of the couplings and consider the WKB
solutions:
vWKBk (η) =
1√
2ωv
e±i
∫
ωvdη, μWKBk,λ (η) =
1√
2ωλ
e±i
∫
ωλdη. (4.15)
They are good approximations of the solutions of equations (3.23) and (3.24) if
|QWKBv,λ /ω2v,λ| ≪ 1, where QWKB has been deﬁned in equation (4.6).
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Figure 10. Comparison of the exact (solid lines) solutions and the WKB (dashed
lines) solutions (4.15) for the scalar modes for three diﬀerent directions with
k = 10kref at the end of inﬂation. We have considered a generic Bianchi spacetime
with α = π/4. The ﬁgures show two genuine WKB modes (left panel) and one
non-WKB mode (right panel). The inner-left ﬁgure shows the ratio |vWKBk /vk|
for the modes which satisfy the WKB approximation.
Figure 11. Evolution of |QWKBλ /ω2λ| for the two tensor polarizations (left: λ = +,
right: λ = ×) and for various modes with the same modulus k = 10kref at the
end of inﬂation. The vertical lines represent the time η(τ∗). We have considered
a generic Bianchi spacetime with α = π/4.
Figure 9 illustrates the validity of the WKB approximation for the scalar modes.
It depicts the evolution of |QWKBv /ω2v| as a function of time for three diﬀerent modes
corresponding to the three principal axis of the Bianchi universe. We see that, for a given
comoving wavenumber k at the end of inﬂation, the WKB condition is always violated in
the past and that it is violated ﬁrst in increasing order of the Kasner coeﬃcients (compare
with ﬁgure 8). It can be checked that the larger the k is, the longer the time during which
the WKB condition is restored. For long wavelength modes (typically of order 1/kref),
the WKB regime is never established.
Figure 10 compares the exact (numerical) solution and the WKB approximation for
a mode k = 10kref . Figure 11 is similar to ﬁgure 9 but for the tensor modes. Indeed, we
reach the same conclusions.
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Figure 12. Evolution of ℵλ/H2 (left: λ = +, middle: λ = ×) and /H2 for three
modes, each of which is aligned with one of three orthogonal arbitrary directions
(represented by three diﬀerent colours). We have considered a generic Bianchi
spacetime with α = π/4. Note that these functions depend only on the direction
of the wavenumber and not on its modulus.
4.2.4. Couplings. The third diﬀerence arises from the coupling between scalar and tensor
modes.
As we demonstrated in our previous analysis [23] (see section 4.4), deep in the sub-
Hubble regime (that is, when k/SH is large enough), the three degrees of freedom decouple
and behave as a collection of three independent harmonic oscillators.
However, on larger scales the couplings are a priori non-negligible. We thus need to
evaluate with care the scales for which this is a good approximation.
Figure 12 shows that, while the functions ℵλ, which couple gravity waves and scalar
modes can be neglected on small scales, this is certainly not the case for the coupling 
between the two gravity wave polarizations. This coupling cannot be neglected, even at
early time, for modes which are not sub-Hubble enough. Typically, the modes for which
this coupling cannot be neglected correspond to modes for which the WKB regime cannot
be reached.
Let us compare this situation with the case of multi-ﬁeld inﬂation. The equations of
evolution for the various scalar ﬁeld perturbations are also usually coupled (see, e.g., [45]
for a recent review). However, generally, it is possible to extract independent ﬁelds,
at least in the sub-Hubble regime [46], so that one can introduce a set of independent
stochastic ﬁelds. To our knowledge, the situation where this is not possible has not been
addressed.
The situation is analogous for us and the long wavelength modes will be particularly
diﬃcult to deal with because they can never be considered as independent.
4.3. Prescription for setting the initial conditions
4.3.1. Prescription for Bianchi I spacetimes. It is part of the nature of quantum ﬂuctuations
that they do not have initial conditions in the sense that they are continuously excited.
As soon as a mode can oscillate, it will be sourced by these quantum ﬂuctuations. Given
the discussion of the preceding section, we will thus set the initial conditions at the time
where a mode is the deepest in the WKB regime. This time, ti(k) say, depends explicitly
on the mode, which is not a problem since all the modes are independent from each other.
In practice, we have ﬁxed ti(k) by minimizing ωv.
As we saw, modes with k < kref never enter a WKB regime. Given the fact that modes
up to approximately k0 have been excited and have, at least as a good approximation, a
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Figure 13. Validity of the WKB approximation at the time we set the initial
conditions. Left: we set the initial conditions at ti(k) and right: at τ∗. The
quantity |QWKBv /ω2v | is shown for three orthogonal modes and we have considered
a generic Bianchi spacetime with α = π/4.
scale-invariant power spectrum, we have to assume that kref  k0. Then, from ﬁgures 13
and 14, we deduce that the WKB is reached for all modes with k > kref . Indeed, this
amounts to a ﬁne tuning on the shear such that only the largest observable modes today
were aﬀected by the Bianchi phase.
To check the robustness of this procedure, we have varied the time ti(k). In particular,
we have also assumed, as a test, that ti(k) = τ∗ for all modes. It can be shown that this
does not aﬀect the predictions for the modes with k  2kref while long wavelength modes
are more aﬀected. This is simply due to the fact that the duration of their WKB phase is
smaller (see ﬁgure 16). Also note that the procedure is more robust for the two directions
which are not bouncing.
For these modes, and as can be seen from ﬁgure 15, it is also a good approximation
to neglect the coupling terms in equations (3.23) and (3.24). We emphasize that this
hypothesis breaks down approximately at the same time when the WKB approximation
also breaks down.
Therefore we will assume that the three modes are independent at the time when
they are excited by the quantum ﬂuctuations.
Technically, we thus start our computation by setting
vk =
e−i
∫
ωvdη√
2ωv(k, τ)
ev(k), and μλ,k =
e−i
∫
ωλdη√
2ωλ(k, τ)
eλ(k), (4.16)
up to an arbitrary relative phase which can be absorbed in the deﬁnition of the unit
random variables and where the three random variables satisfy
〈eX(k)e∗Y (k′)〉 = δXY δ(3)(k− k′).
4.3.2. Freedom in a time redefinition. As mentioned in [24], the dynamical system of
equation for the Mukhanov–Sasaki variables admits time reparametrizations that conserve
the canonicity of the system, in the sense that if v(η) is a canonical variable that satisﬁes
d2v
dη2
+ ω2vv = 0 and v
dv∗
dη
− v∗dv
dη
= i,
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Figure 14. Validity of the WKB approximation for tensor modes. We show the
quantity |QWKBλ /ω2λ| for λ = + (left panel) and λ = × (right panel) for three
orthogonal modes. We compare setting the initial conditions at ti(k) (top) and
at τ∗ (bottom). We have considered a generic Bianchi spacetime with α = π/4.
Figure 15. Statistical independence at τ∗. ℵ/k2 (left) and /k2 (right) as a
function of k at t = τ∗.
then there is a function f and a time τ deﬁned as
f(η)2 dτ = dη, (4.17)
through which we can deﬁne a new variable u = fv that satisﬁes
d2u
dτ 2
+ ω2uu = 0 and u
du∗
dτ
− u∗du
dτ
= i.
If, for example, v is a variable for which the WKB condition does not hold, we might
wonder whether exists a function f that would lead to a diﬀerent conclusion concerning
the validity of the WKB condition for the variable u.
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Figure 16. Evolution of log[fR(k)] (left) and log[fλ(k)] for the two polarizations
(right) as a function of log[k/kref ] for ϕ0 = 16.3Mp. The FL case is given by
a dashed line. We also depict (in the inner-right ﬁgure) the relative diﬀerence
between the two polarizations, which shows that on small scales we recover that
P× = P+, as expected when isotropy is restored. On the upper line the initial
conditions were ﬁxed at ti(k) whereas in the bottom line they were ﬁxed at τ∗. We
see that for log(k/kref)  0.8 the spectra are identical. For smaller wavenumbers,
the WKB regime is too short to unambiguously ﬁx the initial conditions.
In the present case, the transformation equation (4.17) would lead to the same
equations of motion satisﬁed by the new canonical variables
v˜ ≡ fv, μ˜+ ≡ fμ+, μ˜× ≡ fμ×, (4.18)
where the new pulsations are deﬁned according to
ω˜2v ≡
ω2v
f 4
− 1
f
d2f
dτ 2
, ω˜2λ ≡
ω2λ
f 4
− 1
f
d2f
dτ 2
, (4.19)
and the coupling functions become
ℵ˜λ ≡ ℵλ
f 4
, ˜ ≡ 
f 4
. (4.20)
For the sake of simplicity, let us drop ℵλ and  in the following discussion. It has
been shown in [24] that, if ωv and ωλ satisfy the WKB condition, then f is required to
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satisfy the condition
1
f
∣∣∣∣dnfdηn
∣∣∣∣≪ ωnv , ωnλ , with n = 1 . . . 4, (4.21)
in order for the new equations to also satisfy the WKB condition. Under such conditions,
it would lead to the same quantization procedure. Note that the condition for n = 4 is
required when we take |QWKB/ω2| ≪ 1 for the (correct) WKB condition rather than just
ω′/ω2 ≪ 1, as assumed in [24].
In our case the pulsations ωv and ωλ scale like SH when t→ 0, or like 1/η in conformal
time. Let us choose the integration constant W0 of equation (2.35) such that the initial
singularity corresponds to η = 0. Now, if ω ≃ C/η then the associated function QWKB
behaves as
QWKB
ω2
≃ − 1
4C2
.
Let us consider now a time redeﬁnition associated with a function f(η) = ηA. Then the
WKB condition involves
Q˜WKB
ω˜2
≃ −
(
A+ 1
2
)2
C2 + A(A+ 1)
. (4.22)
We conclude that it is possible for the WKB condition to be fulﬁlled with a new time
coordinate by choosing A = −1/2, provided |C| 	= 1/2.
Unfortunately, using the expansion (B.2) and the asymptotic behaviours obtained in
equations (2.53), we deduce that, when the leading term of ω2v is z
′′
s/zs, then ω
2
v → −H2,
which implies that for this pulsation, |C| = 1/2.
Thus, it is never possible to construct a time redeﬁnition which would enable the
WKB condition to be satisﬁed for ω˜v. The only exception arises when the leading term
of ω2v is k
2. This happens for α = π/2 since in this particular case k ∼ t−2/3 ∼ η−1 and
we recover the conclusions reached in [24].
As a conclusion, though we might naively think that redeﬁning time could lead to
equations satisfying the WKB conditions for the new canonical variables, it is impossible
however to build such a change of time coordinates. The choice of canonical variables is
thus unique up to the reparametrization satisfying the conditions (4.21), which would not
change our predictions.
4.4. Discussion
Let us discuss our procedure to set the initial conditions.
First, for modes smaller than kref , the WKB regime was never reached. We have no
natural prescription to determine their amplitude. A solution, that we do not investigate
in this paper, would be to ﬁx them by assuming that they minimize their energy, as
proposed in [47] in the study of some trans-Planckian models in which the WKB regime
is violated.
On the other hand, and probably in a more conservative way, one could just assume
their initial value to be completely random and introduce a free function to describe the
initial conditions on large scales. Such a function would then need to be measured from,
for example, large angular scale properties of the CMB or predicted by some processes
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that arise at the Planck or string scale, and that indeed cannot be accounted for in our
description.
In the former case, we lose the predictive power on large scales, that actually may
just be beyond the actual size of the observable universe. It may seem that we are back to
the (historical) pre-inﬂationary times, where the form of the initial power spectrum of the
Harrison–Zel’dovich type had to be postulated in order to reproduce the observations of
the large scale structures. This is somehow a very standard approach in physics in which
one learns about the initial conditions of a system by observing its evolution.
Inﬂationary theories allowed us to actually predict this spectrum, which makes them
very predictive. We realize with this study that these inﬂationary predictions are very
sensitive to the existence of a (classical) initial shear. To recover such a predictive power,
we have to hope that a theory handling the dynamics of the universe on this scale [48]–[50]
or allowing us to generate the shear [51] will also provide a better understanding of the
initial conditions.
Indeed, one may wonder whether the arbitrary (pre-WKB era) conditions can be
ampliﬁed and compete in amplitude with the ones of quantum origin seeded during the
WKB regime.
To estimate this, note that at early time (apart from the particular case α = π/2),
ω2v behaves as −z′′s /zs and ω2λ behaves as −z′′λ/zλ. The expansion (B.2) then leads to the
conclusion that, at early times,
ω2v ≃ +H2,
whereas at late times, we deduce from our previous analysis that
ω2v ≃ −2H2.
Thus, the solutions of equation (3.23) has an oscillatory behaviour until the time when
ωv = 0 and the arbitrary initial conditions are not ampliﬁed. For the tensor modes the
situation is diﬀerent because, for some conﬁgurations of k, we can have ω2λ ∼ −H2 at early
time, and this leads to an exponential growth. However, since |ωλ|  C/η with C = O(1),
this exponential growth is typically at most of order
exp
(O(1)
η
× η
)
∼ e.
It follows that the arbitrary initial conditions either are not ampliﬁed or do actually grow,
but in the latter case they are ampliﬁed by no more than a factor of the order of unity.
We thus expect the transitional tachyonic behaviour and our ignorance of the initial state
of the perturbations before the WKB regime not to signiﬁcantly alter the validity of our
prescription for the initial conditions of quantum origin set during the WKB regime.
From a practical point of view, we can estimate the eﬀect of the coupling functions ℵ
and  by changing their amplitude by hand. We have checked that they hardly aﬀect the
predictions that are presented in the following section. In particular, that teaches us that
the main directional dependence of the power spectra is induced mainly by the directional
dependence of the comoving wavenumbers (see ﬁgure 8). We have also checked that, when
k/kref increases, our prediction is similar to the one obtained in standard inﬂation.
In conclusion, we can trust our prescription for modes larger than kref and we have
to assume (somehow as an observational input) that kref < k0. This sets a tuning on
the primordial shear that we cannot explain with the model at hand. In this regime,
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we have checked that it is a robust prescription that is not aﬀected by the unknown
preexisting perturbations that are completely arbitrary and that ﬁxes the properties of
the long wavelength modes.
5. Primordial spectra: numerical examples and predictions
5.1. Deﬁnition of the spectra
To set the initial conditions as previously detailed, we need to ﬁrst solve numerically the
system (3.23) and (3.24). Because of the couplings, each of the three variables, v and μλ,
will have components along the three independent stochastic directions, even if they were
initially independent. For instance
vk(η) = vv(k, η)ev(k) + v+(k, η)e+(k) + v×(k, η)e×(k)
and
μkλ(η) = μλv(k, η)ev(k) + μλλ(k, η)eλ(k) + μλ(1−λ)(k, η)e1−λ(k)
and we deduce from the properties of the random variables that
〈vk(η)v∗k′(η)〉 =
(|vv(k, η)|2 + |v+(k, η)|2 + |v×(k, η)|2) δ(3)(k− k′). (5.1)
The power spectrum of the curvature perturbation at the end of inﬂation (once the shear
has decayed away) is thus
PR(k) =
2π2
k3
PR(k) = 1
z2S
(|vv(k, η)|2 + |v+(k, η)|2 + |v×(k, η)|2) . (5.2)
It can be checked, as expected, that for super-Hubble modes, R is conserved once the shear
is negligible. We thus perform our numerical integration in a time interval long enough so
that the universe has been isotropized and all the observable modes have become super-
Hubble.
The power spectra of the gravity waves are deﬁned analogously by
Pλ(k) =
2π2
k3
Pλ(k) = |μλv(k, η)|2 + |μλλ(k, η)|2 + |μλ(1−λ)(k, η)|2. (5.3)
At the beginning of the radiation era, the background spacetime can be described
by a Friedmann–Lemaˆıtre solution and the primordial anisotropy is now encoded on
the statistical properties of the perturbations on large scales. It is thus convenient to
decompose the power spectra on spherical harmonics according to
PR(k) = fR(k)
[
1 +
ℓ=∞∑
ℓ=1
m=+ℓ∑
m=−ℓ
rℓm(k)Yℓm(kˆ)
]
, (5.4)
and
Pλ(k) = fλ(k)
[
1 +
ℓ=∞∑
ℓ=1
m=+ℓ∑
m=−ℓ
rλℓm(k)Yℓm(kˆ)
]
. (5.5)
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The three functions fR(k) and fλ(k) represent the power spectra averaged over the spatial
directions:
fX(k) =
∫
PX(k)d
2kˆ
4π
.
The three series, rℓm(k) and r
λ
ℓm(k), characterize the deviation from statistical isotropy.
Indeed, we expect the anisotropy to be negligible on small scales, that is
rℓm(k)→ 0 when k ≫ kref ,
and that
rℓm(k)→ 0 when ℓ≫ 1,
the same being true for rλℓm(k). Additionally, because of the symmetries of the spectrum,
the only non-vanishing coeﬃcients are obtained for even ℓ and even m. It can also be
checked that these coeﬃcients are real and that their values do not depend on the sign of
m. Thus, we conclude that there are only 1 + ℓ/2 independent real coeﬃcients:
rℓm ∈ R, ℓ = 2ℓ′, m = 2m′, m′ = 0 . . . ℓ′.
The gravity waves and curvature perturbation are also correlated so that
〈vk(η)μ∗λk′(η)〉 =
(|vvμλv|+ |vλμλλ|+ |v(1−λ)μλ(1−λ)|) δ(3)(k− k′). (5.6)
5.2. Predictions
To illustrate the signatures of a Bianchi I inﬂationary era, we consider a Bianchi spacetime
with α = π/4. We ﬁx the initial value ϕ0/Mp = 3.25
√
8π ≃ 16.3 for the inﬂaton ﬁeld.
This implies that the number of e-folds of the accelerating phase is N [ϕi] ≃ 67. We also
set the reference wavenumber to kref ≃ 157m ≃ 157× 10−6MP. This corresponds to the
deﬁnition (4.12) evaluated with the approximate cosmological constant solution (2.33)
and (2.38), with the expression (2.57) for assessing τ∗.
We solve numerically the dynamics of the background and the evolution of the
perturbations, as detailed in appendix A, in order to compute the spectra deﬁned in
section 5.1. In order to understand their behaviour, we present:
• Figure 16: the evolution of the functions fR(k) and fλ(k) as a function of k for modes
ranging from 3kref to 100kref . This shows the evolution of the isotropic part, which
dominates the small scales.
We conclude that the curvature perturbation power spectrum has a spectral index
ns−1 ≃ −0.032. For this model, δ ≪ ǫ and the modes depicted become super-Hubble
when ǫ is almost constant and ǫ ∼ 0.008 (see ﬁgure 6). The expected spectral index
in standard isotropic inﬂation is thus of order ns − 1 = 2δ − 4ǫ ∼ −0.032, in full
agreement with our numerical computation.
For tensor modes, we clearly see that P+ and P× diﬀer on large scales and converge to
the spectrum predicted by standard inﬂation on small scales. In particular, it can be
checked that nT = −2ǫ ∼ −0.016, in full agreement with our numerical computation.
• Figure 17: a Mollweide projection of PR(k) for diﬀerent wavenumbers and for the
scalar modes. This provides a visual intuition of the isotropization on small scales.
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Figure 17. Mollweide projection of the ratio between PR(k) and its value in the
FL case, expressed as a percentage, for log[k/kref ] = 1/2, 1, 3/2, 2 from left to
right and top to bottom.
• Figure 18: rℓm(k) and rλℓm(k) as a function of k for the lowest multipoles (ℓ = 2). It
quantiﬁes the isotropization on small scales, as was observed in the previous ﬁgure.
Such predictions can be generated for any Bianchi I spacetime and up to an arbitrary
multipole. In appendix C, we provide another example, namely of the particular case
α = π/2 considered in [24].
6. Conclusion
In this paper, we have worked out the predictions of an anisotropic inﬂationary era for a
generic Bianchi I spacetime. We have discussed the isotropization both at the background
level and at the linear order in perturbation theory, both for scalar modes and gravity
waves.
Generically these spacetimes always enjoy a bouncing direction, apart from the
particular case α = π/2 considered in [24]. (Note that the predictions for this case
are, in fact, singular among the predictions since they do not converge uniformly when
α→ π/2).
Since at early time, the modes are not in a WKB regime, we had to extend the
standard procedure to ﬁx the initial conditions (see section 4.3). We showed that the
modes larger than kref always enter a WKB regime before they become super-Hubble
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Figure 18. Evolution of rℓm(k) (left) and r
λ
ℓm(k) (right) as a function of log[k/kref ]
for the lowest ℓ = 2. m = 0 and 2 are, respectively, in red and green on the left.
On the right m = 0 and 2 are, respectively, in continuous and dashed line, the
red being the + polarization and the blue the × polarization.
during inﬂation. As we discussed, our procedure reproduces the standard one on small
scales.
In the particular case where we tune the initial shear so that these initial conditions
can be set unambiguously while still having an imprint of the CMB anisotropy, we
presented the imprint of the primordial anisotropy in the power spectra of the gravity
waves and curvature perturbation at the end of inﬂation. Two examples were studied but
we can provide predictions for any Bianchi I universe. Note that these predictions were
drawn by assuming that the slow-roll attractors were reached before the time the modes
of observational relevance had exited the horizon. In the case of inﬂation with a small
number of e-folds before that time, it is not clear that this is a realistic hypothesis. If so,
one would have to make the predictions in terms of trajectories, that is predictions that
will depend on the initial conditions of the scalar ﬁeld. This is not speciﬁc to Bianchi
universes but to all models in which the inﬂationary period is short [40].
Concerning the initial conditions, two problems arise (see the discussion in
section 4.4). First, there exists an early shear-dominated phase where the WKB
approximation is violated. This forbids us to set the initial conditions as in a Friedmann–
Lemaˆıtre universe. As we showed, the sub-Hubble modes at the onset of the accelerating
phase can be quantized because quantum ﬂuctuations act at all times and can always
source oscillatory solutions, when they exist. On the other hand, there always exist non-
oscillating modes. These modes are expected not to be much smaller than the Hubble
radius today (since there is no trivial imprint of the anisotropy on the CMB). This implies
that there exists a cutoﬀ scale above which we cannot predict the spectra from ﬁrst
principles, at least in the theoretical set-up we are considering. Consequently, we conclude
that, above this scale, we can only measure the power spectra or postulate their functional
form, as was actually done to set the initial conditions before the invention of inﬂation.
We have shown that, even if unknown pre-WKB initial conditions can grow, this growth
is at most of the order of unity. Therefore we can safely assume that the perturbations
at the end of inﬂation reﬂect only those modes that have been seeded during the WKB
regime.
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Second, for these modes, one cannot assume that they are independent. It implies
that we have to consider three interacting ﬁelds, which also complicates the quantization
procedure. Such an issue was addressed perturbatively in the interaction picture in the
case of a self-interacting ﬁeld in order to estimate the non-Gaussianity [52] but no general
formalism has been designed when no interaction-free regime can be exhibited.
In our analysis we have assumed the validity of general relativity up to the singularity.
Indeed, we do not take this model for more than what it actually is, e.g. we cannot
extrapolate it beyond the Planck or the string scale. There, more degrees of freedom
have to be included and can change the dynamics. This could introduce an early chaotic
phase [48] since Bianchi I models coupled to p-form ﬁelds have never-ending oscillatory
behaviour exhibited by generic string theory. Examples of an early dynamics have also
been given in terms of Kalb–Ramond axion ﬁelds [49], non-commutative geometry [51]
and recently loop quantum gravity [50]. Any of these developments may give a description
of both the early phase and a procedure to ﬁx the initial conditions.
Coming back to inﬂation, our study demonstrates to what extent its predictions are
sensitive to initial (classical) large scale anisotropies and that, in the presence of a non-
vanishing shear, it is impossible to deﬁne a Bunch–Davies vacuum in the standard way
(see also [53] for a discussion of this issue in the standard picture and the arbitrariness of
the choice of the initial state and its inﬂuence of the prediction of inﬂation). Indeed, if we
tune the initial conditions such that the number of e-folds is large, none of the problems
we address here will aﬀect the observable modes, simply because only modes such that
k/kref ≫ 1 are observable and we have shown that in this limit we recover the standard
inﬂationary predictions. If this is the case, one would have no observational imprint of
the primordial shear. But our analysis and conclusions may be of some relevance for
inﬂationary model building in the framework of string theory if the feeling that no large
ﬁeld model (and thus no large number of e-folds) can be constructed persists, an issue far
beyond the scope of this paper.
Our analysis also shows the importance (and peculiarity) of the Friedmann–Lemaˆıtre
background in our theoretical predictions and on the quantization procedure, and it gives
as well an explicit construction of the diﬃculties encountered when these symmetries do
not exist. We showed that, if the number of e-folds is large, the inﬂationary predictions
converge toward the isotropic predictions, hence demonstrating that they are robust in
that regime. In the case of a small number of e-folds, they are very sensitive to the initial
shear but also the theoretical construction is less under control.
If the indication of the breakdown of statistical isotropy from the CMB were to
be conﬁrmed and related to such an early anisotropic phase, then a new coincidence
will appear in the cosmological models since one would need to understand why the
characteristic scale is of the order of the Hubble radius today, kref ∼ k0.
From a more pragmatic attitude, the present work allows us to draw the CMB
signatures of such an anisotropic early phase, for any Bianchi I universe. We stress that
the general form of the initial power spectra are more general than those heuristically
considered in the analysis performed in [35, 54] and go beyond the one derived for
the singular case α = π/2 studied in [24]. The existence of a correlation between
gravity waves and curvature perturbation, as well as the fact that the two gravity wave
polarizations do not share the same spectrum, may also lead to speciﬁc signatures to be
investigated.
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Appendix A. Integrating the perturbations
We are interested in both the evolution of a cosmological mode and the decomposition
of the shear according to this mode until it reaches the Friedmann stage. The co-vector
of components ki is constant by deﬁnition (see the discussion below equation (3.1)), but
in the Bianchi regime the vector ki = γijkj is not constant since γij (and thus γ
ij) is
time-dependent. This is why we used these co-vectors to label a mode.
Once the background equations are solved for the functions βi(t) and thus ai(t), γij
is completely determined so that
k2 =
∑
i
k2i
a2i (t)
(A.1)
and the associated normal vector is
kˆi =
ki
k(t)
, kˆi =
ki
a2i (t)k(t)
. (A.2)
A.1. Evolution of the shear components
The decomposition of the shear with respect to kˆ also requires the construction of an
orthonormal base {e1(t), e2(t), kˆ(t)} that shall satisfy [23]
e′1(t) · e2(t) = e1(t) · e
′
2(t), (A.3)
where the scalar product is meant in terms of the spatial metric γij.
In principle, it is only necessary to determine this basis at a given initial time, tinit
say, in order to extract the initial value of the shear components through equations (3.8)
and (3.9):
Σ(tinit) = (σ‖, σV1 , σV2 , σT×, σT+). (A.4)
Then, to determine the value ofΣ at any time, we use that equation (2.21) implies (see [23]
for details)
σ′‖ + 2Hσ‖ = −2
∑
a
σ2Va , (A.5)
σ′Va + 2HσVa = 32σVaσ‖ −
∑
b,λ
σVbσTλMλab, (A.6)
σ′Tλ + 2HσTλ = 2
∑
a,b
MλabσVaσVb , (A.7)
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where the matrix Mλab is deﬁned by
Mλab ≡ ελijeiaejb, (A.8)
which is manifestly symmetric in ab. It is explicitly given by
Mλab =
1√
2
(
1 0
0 −1
)
δλ+ +
1√
2
(
0 1
1 0
)
δλ×. (A.9)
One interesting aspect of the system (A.5)–(A.7) is that it does not depend explicitly on
ki. Once this system has been solved, we can deduce easily the functions (ωv, ωλ,ℵ,)
that enter the equations of evolution of the perturbative modes.
In practice, however, in the regime where σ ≪ H, small numerical oscillations
in the components of the shear are converted into huge numerical instabilities in the
system (A.5)–(A.7). In order to avoid these numerical instabilities we turn to another
method which we now describe.
A.2. Systematic construction
This method relies on the fact that the solutions of the system (A.5)–(A.7) are, in a
general sense, given by
σ‖ = σij kˆ
ikˆj , σVa = σij kˆ
ieja, σTλ = σijε
ij
λ , (A.10)
as a function of time.
Instead of solving (A.5)–(A.7) after having extracted the components of the shear at
a ﬁxed initial time, we can determine the dynamics of the shear components through the
dynamics of the basis vectors, the polarization tensor and the shear. Once the β ′i(t) are
determined numerically, the shear is known.
In order to determine the base vectors {e1(t), e2(t)}, we ﬁrst start from a triad
{ex(t), ey(t), ez(t)} aligned with the xyz-proper axis. Then we introduce three Euler
angles to rotate this triad to any given direction.
Let us recall how to deal with rotations in spaces endowed with a general (non-
orthonormal) metric. Any rotation matrix about a unit vector nˆ can be constructed by
means of inﬁnitesimal rotations of the form
R (θ/N) = 1 + J · nˆ
θ
N
= 1 + γijJjnˆi
θ
N
,
where θ/N is some inﬁnitesimal angle. The Jj are the generators of the group of rotations.
In particular, if we want to specify a rotation about the z axis, then the unit vector aligned
with this axis has components
nˆi =
(
0, 0, eβ3
)
and we have
Rz(θ) = lim
N→∞
(
1 + e−β3Jz
θ
N
)N
= exp
[
θ e−β3Jz
]
.
It can be shown that, in order to conserve the scalar product, the generators must satisfy
(Jk)ij = −ǫkij , where ǫijk is totally antisymmetric normalized such that ǫ123 =
√
det(γij) =
1. A rotation matrix around the z axis then requires us to use (Jz)
i
j = (γ)
ik(Jz)kj, which
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is explicitly given by
(Jz)
i
j =
⎛
⎝ 0 −e−2β1 0e−2β2 0 0
0 0 0
⎞
⎠ . (A.11)
Consequently, taking into account the constraint (2.5), i.e.
∑
i βi = 0, any rotation about
the z axis can be written as
[Rz(θ)]
i
j =
⎛
⎝ cos(θ) −e(β2−β1) sin(θ) 0e(β1−β2) sin(θ) cos(θ) 0
0 0 1
⎞
⎠ . (A.12)
Similarly, for a rotation about the y axis, we use the generator
(Jy)
i
j =
⎛
⎝ 0 0 e−2β10 0 0
−e−2β3 0 0
⎞
⎠ (A.13)
to get
[Ry(θ)]
i
j =
⎛
⎝ cos(θ) 0 e(β3−β1) sin(θ)0 1 0
−e(β1−β3) sin(θ) 0 cos(θ)
⎞
⎠ . (A.14)
Explicitly, the components of the triad from which we start are
(ex)
i ≡
⎛
⎝ e−β10
0
⎞
⎠ , (ey)i ≡
⎛
⎝ 0e−β2
0
⎞
⎠ , (ez)i ≡
⎛
⎝ 00
e−β3
⎞
⎠ . (A.15)
The three Euler angles (α, β, γ) are then used to rotate this triad according to,
respectively, the x, y and z axis. Explicitly, the triad after rotation is given by
(e1)
i ≡ Rz(γ)ijRy(β)jlRz(α)lp(ex)p,
(e2)
i ≡ Rz(γ)ijRy(β)jlRz(α)lp(ey)p,
(uk)
i ≡ Rz(γ)ijRy(β)jlRz(α)lp(ez)p,
(A.16)
which determines the orthonormal basis {e1, e2,uk}. This prescription is still incomplete
since our problem also requires the co-vector uk to be equal to the co-vector kˆ during the
whole evolution of the system, i.e.
(uk)i(t) = kˆi(t), ∀t.
Since ki should not depend on time, we need to determine the Euler angles as a
function of time such that, for any two times t and t′, we have [uk(t)]i = f(t, t
′)[uk(t
′)]i.
This condition is satisﬁed provided
tan(γ) = tan(γf) exp [(β1 − β2)] , (A.17)
tan(β) = exp
[
(β3 − β1)cos(γf)
cos(γ)
tan(βf )
]
, (A.18)
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where γf and βf are the angles which give the ﬁnal direction that we consider when the
shear has vanished.
Additionally, our problem also requires the condition[
(e2)
i
]′
[(e1)i] =
[
(e1)
i
]′
[(e2)i] ,
as a prescription for the choice polarization basis to be continuous. It is fulﬁlled if
α′ = − cos(β)γ′. (A.19)
This equation can be integrated with the help of equations (A.17) and (A.18).
Consequently, provided we know (βf , γf) describing the ﬁnal orientation of a mode, we
can determine (α(t), γ(t), β(t)) which will select the triad adapted to the mode at any
time.
In conclusion, the set of equations (A.16)–(A.19) gives a complete description of
the time-evolving triad necessary to extract the components of the shear according to
equation (A.10) at any time. This is the procedure we have implemented in our numerical
calculations, and is robust to numerical errors.
Appendix B. Slow-roll expressions
We give here, for the sake of completeness, the explicit expressions for z′′S/zS, z
′′
λ/zλ, ℵλ
and  in terms of the slow-roll parameters. Setting
w ≡ σ‖
2H , yλ ≡
σTλ√
6H , (B.1)
we have
z′′S
zS
= H2
{
2 + ǫ
[
5− 4δ + 2ǫ− (3− δ)
2
3− ǫ
]
+ x2 [−3− 6δ + ǫ (7 + 4δ − 4ǫ)] + 2x4 (3− ǫ)2
− 6x2 {ǫ− δ + x2(3− ǫ)} + 2 ǫH (1− x2)
(
w
1− w
)′
+
(
w
1− w
)[
6ǫ+ 2ǫ2 − 4ǫδ + x2 (−4ǫ2 + 4ǫδ)+ 2x4 (ǫ2 − 6ǫ)]
}
, (B.2)
z′′λ
zλ
= H2
{
2− ǫ+ 6w − 2ǫ
[
w + 3
(
y2λ
1− w
)]
+ 12y2(1−λ) + 18
(
y2λ
1− w
)
+ (ǫ− 3)x2
[
1 + 2w + 6
(
y2λ
1− w
)]
+ 2
w′
H +
6
H
(
y2λ
1− w
)′}
, (B.3)
ℵλ =
√
6H2
√
2ǫ (1− x2)
[
1
H
(
yλ
1− w
)′
+
1
2
(6− ǫ− δ)
(
yλ
1− w
)]
, (B.4)
 = 6H2
[
1
H
(
y+y×
1− w
)′
+ 6
(
3− ǫ+ (3− ǫ) x2)( y+y×
1− w
)]
. (B.5)
Journal of Cosmology and Astroparticle Physics 04 (2008) 004 (stacks.iop.org/JCAP/2008/i=04/a=004) 42
JCAP04(2008)004
Predictions from an anisotropic inflationary era
Appendix C. Particular case α = pi/2
As we stressed, the case α = π/2 is particular in the sense that this is the only Bianchi I
model which does not have any bouncing direction.
Since this model enjoys a planar symmetry (conveniently chosen here to be in the
xy plane), the component σT× of the shear vanishes for any choice of the Euler angles
provided that α = 0, which corresponds to the symmetry around the z axis. This implies
that ℵ× ∝ σ× also vanishes at all times. The function  behaves as σ+σ× and for the
Figure C.1. Evolution of ℵ+/H2 for the three orthogonal modes aligned with the
x, y and z axis (represented by three diﬀerent colours). We have considered here
a generic Bianchi spacetime with α = π/2.
Figure C.2. Evolution of |QWKBv /ω2v | for three diﬀerent modes, each of them
aligned with one of the three orthogonal directions and with the same modulus
10kref at the end of inﬂation. We have considered a generic Bianchi spacetime
with α = π/2.
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Figure C.3. Evolution of |QWKBλ /ω2λ| for λ = + (left) and λ = × (right) for
various modes with the same modulus 10kref at the end of inﬂation. We have
considered a generic Bianchi spacetime with α = π/2.
Figure C.4. Evolution of fR(k) (left) and fλ(k) (right) as a function of log[k/kref ].
The FL case is shown as a dashed line.
same reason also vanishes. In conclusion, when (and only when) α = π/2, we have
ℵ× = 0,  = 0.
This is the reason why it was possible to construct a ‘simpliﬁed’ perturbation theory
in [24] in splitting into 2+1 degrees of freedom from the start of the analysis. As we saw,
this is not generic.
Figure C.1 now shows that
ℵ+
H2 → 0
at early time which implies that the modes were in fact decoupled. Figures C.2 and C.3
consider the validity of the WKB condition. In particular, one can show that on sub-
Hubble scales
z′′s
zs
→ k
2
z
a2z
,
z′′λ
zλ
→ k
2
z
a2z
.
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Figure C.5. Mollweide projection of the ration between PR(k) and its value in
the FL case, expressed in percentages, for log[k/kref ] = 1/2, 3/4, 1, 3/2 from left
to right, top to bottom. The x axis has been chosen as the vertical axis.
Figure C.6. Evolution of rℓm(k) (left) and r
λ
ℓm(k) (right) as a function of
log[k/kref ] for the lowest multipoles (ℓ = 2). The x axis has been used to perform
the spherical harmonics decomposition. As a result of symmetries, only the
coeﬃcients with m = 0 do not vanish. On the right the red is the + polarization
and the blue is the × polarization.
We have checked that there exists only one time redeﬁnition which leads to adiabatic
canonical variables and that agree with all the conclusions in [24].
Following our quantization procedure, we compute the predictions for the power
spectra (ﬁgures C.4–C.6). Note that the planar symmetry is obvious on the Mollweide
projection, which shall be compared to the generic case presented in ﬁgure 17. This
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illustrates how a detection of anisotropy may permit us to reconstruct the particular
Bianchi I structure (if any!) during inﬂation.
In this particular case, there always exists a WKB regime. We can thus deﬁne our
initial conditions in the standard way. Following the procedure described in this paper,
we can compute the power spectra of this solution. We present here the same ﬁgures as
in section 5.2.
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✷✺✵ ▼♦❞è❧❡ ❞✬✐♥✢❛t✐♦♥ ❛♥✐s♦tr♦♣❡ ❡t s✐❣♥❛t✉r❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ✭❛rt✐❝❧❡✮
❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s ❞❡ r❡❝❤❡r❝❤❡
❈❡tt❡ t❤ès❡ ❛ ❡ss❡♥t✐❡❧❧❡♠❡♥t ♣♦rté s✉r ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s✱ ❞❛♥s ❧❡ ❜✉t ❞✬ét❡♥❞r❡ ❧❛
❝♦♠♣ré❤❡♥s✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ❞✉ ♠♦❞è❧❡ ❝♦s♠♦❧♦❣✐q✉❡ st❛♥❞❛r❞✳
▼♦♥ ♣r❡♠✐❡r ❛①❡ ❞❡ r❡❝❤❡r❝❤❡ ❛ été ❧✬ét✉❞❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛✉ ❞❡❧à ❞❡ ❧✬♦r❞r❡ ❧✐♥é❛✐r❡✱
❡♥ ❛❧❧❛♥t ❞❡s ❛s♣❡❝ts ❧❡s ♣❧✉s t❤é♦r✐q✉❡s ❥✉sq✉✬à ❧❛ rés♦❧✉t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞②♥❛♠✐q✉❡s✳
❏❡ ♠❡ s✉✐s ✐♥tér❡ssé à ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ ❥❛✉❣❡ ✐♥❤ér❡♥t❡ à ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛✜♥
❞✬♦❜t❡♥✐r ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ✐♥✈❛r✐❛♥t❡ ❞❡ ❥❛✉❣❡✱ ❡t ❥✬❛✐ t❡♥té ❞❡ ♠❡ttr❡ ❡♥ r❡❧❛t✐♦♥ ❧❡s ❞✐✛ér❡♥ts
❢♦r♠❛❧✐s♠❡s ✉t✐❧✐sés ♣♦✉r tr❛✐t❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s✱ ❞❛♥s ❧❡ ❜✉t ❞✬♦❜t❡♥✐r ✉♥❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❧❛
♣❧✉s ❝♦♠♣❧èt❡ ♣♦ss✐❜❧❡✳ ▲❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ ❥❛✉❣❡ ❡t ❧❡s éq✉❛t✐♦♥s ❞②♥❛♠✐q✉❡s ❞❡s ♣❡rt✉r❜❛t✐♦♥s
♦♥t été ❝♦♥s✐❞éré❡s ❥✉sq✉❡ ❞❛♥s ❧❡ ❝❛❞r❡ très ❧❛r❣❡ ❞❡ ❧❛ t❤é♦r✐❡ ❝✐♥ét✐q✉❡✱ ❡♥ ✐♥s✐st❛♥t s✉r ❧❡✉r
r❡❧❛t✐♦♥ ❛✈❡❝ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✢✉✐❞❡ q✉✐ ♣❡r♠❡t ✉♥❡ rés♦❧✉t✐♦♥ ❛♣♣r♦❝❤é❡ ❛✐sé❡✳ ▲❛ ♣❤②s✐q✉❡
❞❡s ❝♦❧❧✐s✐♦♥s r❡st❡ ❝❡♣❡♥❞❛♥t à ❡①♣❧♦r❡r ❡♥ ❞ét❛✐❧s ❛✉ ❞❡❧à ❞❡ ❧❛ t❤é♦r✐❡ ❧✐♥é❛✐r❡ ❡t ❝❡❧❛ ❢❡r❛
❧✬♦❜❥❡t ❞❡ r❡❝❤❡r❝❤❡s ❢✉t✉r❡s✳ ▲❛ ♣ré❝✐s✐♦♥ ❞❡s ♠❡s✉r❡s ❛tt❡♥❞✉❡s ❞❡ ❧❛ ♠✐ss✐♦♥ P❧❛♥❝❦ r❡♥❞
❡♥ ❡✛❡t ♥é❝❡ss❛✐r❡ ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ t♦✉t❡ ❧❛ ♣❤②s✐q✉❡ ♥♦♥✲❧✐♥é❛✐r❡✱ ❞❡ ❧✬✐♥✢❛t✐♦♥ ❥✉sq✉✬❛✉①
♦❜s❡r✈❛t✐♦♥s✳ ◗✉❛♥t à ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ❢♦r♠❛❧✐s♠❡s ♣❡rt✉r❜❛t✐❢s✱ ❝❡❝✐ s❡♠❜❧❡ étr♦✐t❡♠❡♥t ❧✐é
❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❡♥ ❝♦s♠♦❧♦❣✐❡✱ ♥é❝❡ss❛✐r❡ ♣♦✉r ❞é❝r✐r❡ ❧✬✉♥✐✈❡rs ❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s✳
❏✬❡s♣èr❡ q✉❡ ❧❡s ❝♦♠♣ét❡♥❝❡s t❡❝❤♥✐q✉❡s ❛❝q✉✐s❡s ♣❡♥❞❛♥t ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ ♠❡ ♣❡r♠❡ttr♦♥t
❞✬❡♥❣❛❣❡r ✉♥❡ ré✢❡①✐♦♥ ❞❡ ❧♦♥❣ t❡r♠❡ s✉r ❝❡ ♣r♦❜❧è♠❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❥✬❛✐ ♦✉✈❡rt ❧❛
✈♦✐❡ ❛✉ ❝❛❧❝✉❧ ✐♥❢♦r♠❛t✐q✉❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❛♥s ❧❡ ❝❛❞r❡ ❝♦s♠♦❧♦❣✐q✉❡✳ ❙✐ ❝❡
tr❛✈❛✐❧ ❡st ♣♦✉rs✉✐✈✐✱ ✐❧ ♣❡r♠❡ttr❛ ❞❡ r❡❝❡♥tr❡r ❧❡s ❡✛♦rts t❤é♦r✐q✉❡s s✉r ❧❡s ❛s♣❡❝ts ❢♦♥❞❛♠❡♥t❛✉①
❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ♣❧✉tôt q✉❡ s✉r ❧❛ ❧♦✉r❞❡✉r ❞❡s ❝❛❧❝✉❧s ✐♥t❡r♠é❞✐❛✐r❡s✳
▲❛ s❡❝♦♥❞❡ ♣❛rt✐❡ ❞❡ ♠❡s r❡❝❤❡r❝❤❡s ❢✉t ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡s ✉♥✐✈❡rs ❛♥✐s♦tr♦♣❡s✱ ❞❛♥s ❧❡ ❜✉t
❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s ✐♠♣❧✐❝❛t✐♦♥s ❞✉ ♣r✐♥❝✐♣❡ ❝♦s♠♦❧♦❣✐q✉❡✳ ❆✜♥ ❞✬ét✉❞✐❡r ❝♦♠♣❧èt❡♠❡♥t
❞❡ t❡❧s ♠♦❞è❧❡s✱ ✐❧ ❛ ❢❛❧❧✉ à ❧❛ ❢♦✐s tr❛✈❛✐❧❧❡r s✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❡t ❞é✈❡❧♦♣♣❡r ❧❛ t❤é♦r✐❡ ❞❡s
♣❡rt✉r❜❛t✐♦♥s✳ ❏❡ ♠❡ s✉✐s r❡str❡✐♥t ❛✉ ❝❛s ❧❡ ♣❧✉s s✐♠♣❧❡ q✉✐ ❡st ❝❡❧✉✐ ❞✬✉♥ ❡s♣❛❝❡ ❞❡ t②♣❡ ❇✐❛♥❝❤✐
I✱ ♣♦✉r ❡♥s✉✐t❡ ❡♥ t✐r❡r ❧❡s ❝♦♥séq✉❡♥❝❡s s✉r ❧❡ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ♣r✐♠♦r❞✐❛❧❡s✳
■❧ ❡st t❡❝❤♥✐q✉❡♠❡♥t ❛✐sé ❞❡ ❣é♥ér❛❧✐s❡r ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ à t♦✉s ❧❡s
t②♣❡s ❞✬❡s♣❛❝❡s ❛♥✐s♦tr♦♣❡s✱ ♠❛✐s ❧❛ rés♦❧✉t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞②♥❛♠✐q✉❡s ♥é❝❡ss✐t❡ ❞❡ ❝♦♥♥❛îtr❡
❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ♠♦❞❡s ♣♦✉r ❞❡ t❡❧s ❡s♣❛❝❡s✱ ❡t ❝❡❝✐ ❝♦♥st✐t✉❡ ❧❛ ❞✐✣❝✉❧té ♣r✐♥❝✐♣❛❧❡✳ ❙✐
❧❡s ❛♥✐s♦tr♦♣✐❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞✉ ❢♦♥❞ ❞✐✛✉s ❝♦s♠♦❧♦❣✐q✉❡ s♦♥t ❝♦♥✜r♠é❡s ♣❛r ❧❡s ♥♦✉✈❡❧❧❡s
❞ét❡❝t✐♦♥s✱ ❥❡ ♣❡♥s❡ q✉✬✐❧ s❡r❛ ♥é❝❡ss❛✐r❡ ❞❡ s✉r♠♦♥t❡r ❝❡s ❞✐✣❝✉❧tés ♠❛t❤é♠❛t✐q✉❡s ❛✜♥ ❞❡
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❈✳✶ ❱✐t❡ss❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✻
❈✳✷ ❚❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✼
❉ ➱q✉❛t✐♦♥s ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞❛♥s ❧❡ ❝❛s ♣❧❛t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✽
❉✳✶ ➱q✉❛t✐♦♥s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✽
❉✳✷ ➱q✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t ❛✈❡❝ c2
s
6= w ✳ ✳ ✳ ✳ ✳ ✷✺✽
❊ ❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ❛✉ s❡❝♦♥❞
♦r❞r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✾
❆ ❈♦♠♠✉t❛t✐♦♥ ❞❡s ❞ér✐✈é❡s ❝♦✈❛r✐❛♥t❡s
▲❡ t❡♥s❡✉r ❞❡ ❘✐❡♠❛♥♥ ❡t ❧❡s t❡♥s❡✉rs ❛ss♦❝✐és ❞❡ ❧❛ ♠étr✐q✉❡ ❞❡ ❢♦♥❞ ❞❡s s❡❝t✐♦♥s s♣❛t✐❛❧❡s
γij ❡st ❞♦♥♥é ♣❛r ❧❡s éq✉❛t✐♦♥s ✶✳✷✳ ❉❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥ ❣é♥ér❛❧❡s
[Di, Dj ]Xk =
(3)RqkjiX
q
[Di, Dj ]Xkl =
(3)RqkjiX
ql +(3) RqljiX
kq ✭✷✮
✷✺✸
✷✺✹ ❆♣♣❡♥❞✐❝❡s
♦♥ ❞é❞✉✐t ❧✬❡♥s❡♠❜❧❡ ❞❡s r❡❧❛t✐♦♥s ✉t✐❧❡s s✉✐✈❛♥t❡s✳
[Di, Dj ]Xk = KγikXj −KγjkXi
[Di, Dj ]X
i = 2KXj
[∆, Di]X = 2KDiX
[Di, Dj ]X
i
k = 2KXjk +KXkj + γjkX
i
i
[∆, Dj ]Xk = 2KDjXk + 2KDkXj + 2γjkD
iXi
∆∆X −Di∆DiX = −2K∆X
Di∆
−1X = (∆− 2K)−1DiX
DpXq =
[
∆δlpδ
i
q − 2K
(
δlpδ
i
q + δ
l
qδ
i
p − γpqγil
)]
Dl∆
−1Xi
Di∆
−1Xi = (∆+ 2K)−1DiXi ✭✸✮
❇ ◗✉❛♥t✐tés ❣é♦♠étr✐q✉❡s
❖♥ ✉t✐❧✐s❡ ❧❛ ♠étr✐q✉❡ ♣❡rt✉r❜é❡ ✭✷✳✶✶✮ q✉✐ ❝♦rr❡s♣♦♥❞ à ❧❛ ❥❛✉❣❡ ◆❡✇t♦♥✐❡♥♥❡✳ H(η) ≡ a′/a
❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❍✉❜❜❧❡ ❡♥ t❡♠♣s ❝♦♥❢♦r♠❡✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❡s ✐♥❞✐❝❡s ❧❛t✐♥ s♦♥t ♠♦♥tés
❡t ❜❛✐ssés ❛✈❡❝ ❧❛ ♠étr✐q✉❡ s♣❛t✐❛❧❡ ❞❡ ❢♦♥❞ γij ✳ ❖♥ ❛✉r❛ ♣❛r ❡①❡♠♣❧❡ Xi = γijXj ✳ ❚♦✉t❡s ❧❡s
q✉❛♥t✐tés s♦♥t ♣❡rt✉r❜é❡s s❡❧♦♥ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ✷✳✶✼✳ ❖♥ r❛♣♣❡❧❧❡ é❣❛❧❡♠❡♥t q✉❡ ❧❡s ♣❡rt✉r❜❛✲
t✐♦♥s ✈❡❝t♦r✐❡❧❧❡s ❛✉ ♣r❡♠✐❡r ♦r❞r❡ s♦♥t ♥é❣❧✐❣é❡s✳ ❆✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡s ♥♦t❛t✐♦♥s ♥♦✉s ✉t✐❧✐s❡r♦♥s
é❣❛❧❡♠❡♥t ♣♦✉r ❧❡ s❡❝♦♥❞ ♦r❞r❡ ❧❛ ❞é✜♥✐t✐♦♥
E˜ij = Eij +D(iEj) . ✭✹✮
❇✳✶ ❙②♠❜♦❧❡s ❞❡ ❈❤r✐st♦✛❡❧
▲❡s s②♠❜♦❧❡s ❞❡ ❈❤r✐st♦✛❡❧ ♥♦♥ ♥✉❧s s♦♥t ♣♦✉r ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞
(0)Γ000 = H, (0)Γ0jk = Hγjk, (0)Γi0j = Hγij . ✭✺✮
❆✉ ♣r❡♠✐❡r ♦r❞r❡ ♦♥ ♦❜t✐❡♥t
(1)Γ000 = Φ
′ , ✭✻✮
(1)Γ00j = DjΦ , ✭✼✮
(1)Γi00 = D
iΦ , ✭✽✮
(1)Γ0jk = 2HEjk + E′jk −
(
2HΦ+Ψ′ + 2HΨ) γjk , ✭✾✮
(1)Γi0j = E
′i
j −Ψ′γij , ✭✶✵✮
(1)Γijk = 2D(k[E
i
j) −Ψγij)]−Di(Ejk −Ψγjk) , ✭✶✶✮
◗✉❛♥t✐tés ❣é♦♠étr✐q✉❡s ✷✺✺
♦ù ♦♥ ❛ ✉t✐❧✐sé ❧❛ ♥♦t❛t✐♦♥ ❞❡ s②♠étr✐s❛t✐♦♥ A(ij) ≡ (Aij +Aji)/2✳ ❆✉ s❡❝♦♥❞ ♦r❞r❡ ♦♥ ♦❜t✐❡♥t
(2)Γ000 = Φ
(2)′ − 4ΦΦ′ , ✭✶✷✮
(2)Γ00j = DjΦ
(2) − 4ΦDjΦ , ✭✶✸✮
(2)Γi00 = D
iΦ(2) − 4EijDjΦ+ 4ΨDiΦ , ✭✶✹✮
(2)Γ0jk =
[
−2HΨ(2) −Ψ(2)′ + 4ΦΨ′ − 2HΦ(2) + 8HΦ (Φ +Ψ)
]
γjk
+2HE˜(2)jk − 8HΦEjk + E˜(2)
′
jk − 4ΦE′jk , ✭✶✺✮
(2)Γi0j = E˜
i′(2)
j + 4Ψ
′Eij −Ψ(2)
′
γij − 4ΨΨ′γij − 4EikE′kj + 4ΨEij ′ , ✭✶✻✮
(2)Γijk = 2D(k[E˜
i(2)
j) −Ψ(2)γij)]−Di(E˜
(2)
jk −Ψ(2)γjk) ✭✶✼✮
+4
(
Eil −Ψγil
)
{Dl(Ejk −Ψγjk)−Dk(Elj −Ψγlj)−Dj(Ekl −Ψγkl)} .
❇✳✷ ❈♦♥♥❡❝t✐♦♥s ❛✣♥❡s
❙✐ ❧✬♦♥ ✉t✐❧✐s❡ ✉♥❡ ❜❛s❡ ❞❡ tétr❛❞❡s ♦rt❤♦♥♦r♠é❡s✱ ❛❧♦rs ❧❛ ❞ér✐✈é❡ ❝♦✈❛r✐❛♥t❡ ❡st ❝❛r❛❝tér✐sé❡
♣❛r ❧❡s ❝♦♥♥❡❝t✐♦♥s ❛✣♥❡s ❬❲❛❧❞ ✽✹❪ ❞é✜♥✐❡s ♣❛r
ωabc ≡ ηbdedνe µa ∇µe νc = −ωacb . ✭✶✽✮
❊❧❧❡s s♦♥t r❡❧✐é❡s ❛✉ s②♠❜♦❧❡s ❞❡ ❈❤r✐st♦✛❡❧ s❡❧♦♥
ωadcη
db = Γνµσe
σ
a e
µ
c e
b
ν + e
σ
a e
b
ν∂σe
ν
c . ✭✶✾✮
❉❛♥s t♦✉t❡ ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧❡ ❝❛s ♣❧❛t ❛✈❡❝ ❧❡s tétr❛❞❡s ♥❛t✉r❡❧❧❡♠❡♥t ❛ss♦❝✐é❡s
❛✉ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❝❛rtés✐❡♥✳ ❖♥ ❡✛❡❝t✉❡ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ♣❡rt✉r❜❛t✐❢ ❞❡s ❝♦♥♥❡❝t✐♦♥s
❡♥ ❞é✈❡❧♦♣♣❛♥t ❧❡s s②♠❜♦❧❡s ❞❡ ❈❤r✐st♦✛❡❧ ❛✐♥s✐ q✉❡ ❧❡s tétr❛❞❡s✳ ❚♦✉t ❞✬❛❜♦r❞✱ ❧❛ ♣r♦♣r✐été
❞✬❛♥t✐s②♠étr✐❡ ✐♠♣❧✐q✉❡ ω000 = ωi00 = 0 ❡t ❝❡ ♣♦✉r t♦✉t ♦r❞r❡✳ P♦✉r ❧❛ ♠étr✐q✉❡ ❞❡ ❢♦♥❞✱ ❧❡s
s❡✉❧❡s ❝♦♠♣♦s❛♥t❡s ♥♦♥ ♥✉❧❧❡s s♦♥t
ω¯i0j = −ω¯ij0 = −H
a
δij . ✭✷✵✮
❖♥ ✈ér✐✜❡ ❜✐❡♥ q✉✬à ❝❡t ♦r❞r❡ ❧❡s ✈❡❝t❡✉rs ❞❡ tétr❛❞❡ ❝♦♠♠✉t❡♥t ♣✉✐sq✉❡
0 = ω¯abc − ω¯cba = ηdbe¯dν [e¯a, e¯c]ν . ✭✷✶✮
❆✉ ♣r❡♠✐❡r ♦r❞r❡ ♦♥ ♦❜t✐❡♥t t♦✉❥♦✉rs ❞❛♥s ❧❛ ❥❛✉❣❡ ◆❡✇t♦♥✐❡♥♥❡ ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡s t❡r♠❡s ✈❡❝t♦✲
r✐❡❧s
ω
(1)
00i = −ω(1)0i0 = −
1
a
∂iΦ
ω
(1)
i0j = −ω(1)ij0 =
1
a
[−E′ij + (HΦ+Ψ′)δij]
ω
(1)
jik = −ω(1)jki =
2
a
(
∂[kEi]j − ∂[kΨδi]j
)
ω
(1)
0ij = 0. ✭✷✷✮
✷✺✻ ❆♣♣❡♥❞✐❝❡s
❆✉ s❡❝♦♥❞ ♦r❞r❡✱ ♦♥ ♦❜t✐❡♥t ♣♦✉r ❧❡s ❝♦♠♣♦s❛♥t❡s ✉t✐❧✐sé❡s
ω
(2)
00i = −ω(2)0i0 =
1
a
[
−∂iΦ(2) + 4Φ∂iΦ+ 2Eik∂kΦ− 2Ψ∂iΦ
]
ω
(2)
i0j = −ω(2)ij0 =
1
a
{
− E˜(2)′ij + (HΦ(2) +Ψ(2)
′
)δij − 3HΦ2δij + 2(E′ij −Ψ′δij)Φ
+2[E′ik −Ψ′δik][Ekj −Ψδkj ] + 2[E′jk −Ψ′δjk][Eki −Ψδki]
}
.
✭✷✸✮
❖♥ ♣❡✉t ✈♦✐r q✉❡ ❧❡s tétr❛❞❡s ♥❡ ❝♦♠♠✉t❡♥t ♣❧✉s s✉r ❧✬❡s♣❛❝❡ ♣❡rt✉r❜é ❝❛r ω(2)abc 6= ω(2)cba✳
❇✳✸ ❚❡♥s❡✉r ❞✬❊✐♥st❡✐♥
❆✉ ♥✐✈❡❛✉ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❧❡s ❝♦♠♣♦s❛♥t❡s ♥♦♥ ♥✉❧❧❡s ❞✉ t❡♥s❡✉r ❞✬❊✐♥st❡✐♥ s♦♥t
− a2G0(0)0 = +3H2 + 3K , ✭✷✹✮
a2G
i(0)
j = −γij
(H2 + 2H′ +K) . ✭✷✺✮
❆✉ ♣r❡♠✐❡r ♦r❞r❡ ♦♥ ♦❜t✐❡♥t
− a2G0(1)0 = 2∆Ψ− 6HΨ′ − 6H2Φ+ 6KΨ , ✭✷✻✮
G
(1)
0i = 2HDiΦ+ 2DiΨ′ , ✭✷✼✮
−a2G0(1)i = 2HDiΦ+ 2DiΨ′ , ✭✷✽✮
a2G
i(1)
j =
1
3
γija
2G˜(1) +∆ij(−Φ+Ψ) + (2K −∆)Eij + 2HEij ′ + Eij ′′ , ✭✷✾✮
♦ù
∆ij ≡ DiDj −
1
3
γij∆, ∆ ≡ DkDk , ✭✸✵✮
❡t ♦ù G˜ ≡ Gii ❡st ❧❛ tr❛❝❡ ❞❡ ❧❛ ♣❛rt✐❡ s♣❛t✐❛❧❡ ❞✉ t❡♥s❡✉r ❞✬❊✐♥st❡✐♥ ❞♦♥♥é❡ ♣❛r
G˜(1) = 6Ψ′′(1) +
(
6H2 + 12H′)Φ(1) + 2∆(Φ(1) −Ψ(1))+ 6HΦ′(1) + 12HΨ′(1) − 6KΨ(1) . ✭✸✶✮
❆✉ s❡❝♦♥❞ ♦r❞r❡ ♦♥ ♦❜t✐❡♥t t♦✉t ❞✬❛❜♦r❞
− a2G0(2)0 = 2∆Ψ(2) − 6H2Φ(2) − 6HΨ′(2) + 6KΨ(2) − a2G0(2)0SS − a2G0(2)0ST − a2G0(2)0TT , ✭✸✷✮
♦ù ❧❡s ✐♥❞✐❝❡s T ❡t S s❡ ré❢èr❡♥t ❛✉ t②♣❡ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥s ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ✭r❡s♣❡❝✲
t✐✈❡♠❡♥t s❝❛❧❛✐r❡s ❡t t❡♥s❡✉rs✮ ❡♥tr❛♥t ❞❛♥s ❧❡s t❡r♠❡s q✉❛❞r❛t✐q✉❡s✳
− a2G0(2)0SS = 6DiΨDiΨ+ 16Ψ∆Ψ+ 24H2Φ2 + 24H(Φ−Ψ)Ψ′ + 6Ψ′2 + 24KΨ2 ✭✸✸✮
−a2G0(2)0TT = 3DiEjkDiEjk − 2DiEjkDjEik + 4Eij∆Eij
−8HEijEij ′ − Eij ′Eij ′ − 4KEijEij ✭✸✹✮
−a2G0(2)0ST = −4EijDiDjΨ. ✭✸✺✮
◗✉❛♥t✐tés ❣é♦♠étr✐q✉❡s ✷✺✼
❊♥s✉✐t❡ ♦♥ ♦❜t✐❡♥t
G
(2)
0i = 2HDiΦ(2) + 2DiΨ(2)
′
+
(
K +
1
2
∆
)
E
(2)′
i +G
(2)
0iSS +G
(2)
0iST +G
(2)
0iTT , ✭✸✻✮
−a2G0(2)i = 2HDiΦ(2) + 2DiΨ(2)
′
+
(
K +
1
2
∆
)
E
(2)′
i − a2G0(2)iSS − a2G0(2)iST − a2G0(2)iTT ,✭✸✼✮
❛✈❡❝
G
(2)
0iSS = −8HΦDiΦ+ 8Di
(
ΨΨ′
)− 4Ψ′DiΦ , ✭✸✽✮
G
(2)
0iST = −2E
′j
i Dj(Φ + Ψ) + 4E
j
i DjΨ
′ , ✭✸✾✮
G
(2)
0iTT = 2E
kl′DiEkl + 4E
klDiE
′
kl − 4EklDlE′ik , ✭✹✵✮
❡t
− a2G0(2)iSS = −16HΦDiΦ+ 8Di
(
ΨΨ′
)− 4Ψ′DiΦ− 8ΦDiΨ′ , ✭✹✶✮
−a2G0(2)iST = −2E
′j
i Dj(Φ + Ψ) + 4E
j
i DjΨ
′ , ✭✹✷✮
−a2G0(2)iTT = 2Ekl
′
DiEkl + 4E
klDiE
′
kl − 4EklDlE′ik . ✭✹✸✮
◗✉❛♥t à Gi(2)j ✱ ♦♥ ❧❡ ❞é❝♦♠♣♦s❡ ❡♥ ✉♥❡ tr❛❝❡ ❡t ✉♥❡ ♣❛rt✐❡ s❛♥s tr❛❝❡ s❡❧♦♥
G
i(2)
j =
1
3
γijG˜
(2) + (Gt❢)
i(2)
j . ✭✹✹✮
❖♥ ❞é❝♦♠♣♦s❡ ❡♥s✉✐t❡ ❝❡s t❡r♠❡s s❡❧♦♥
a2 (Gt❢)
i(2)
j = γ
ikD(k
[
E
(2)′′
j) + 2HE
(2)′
j)
]
+ (2K −∆)Ei(2)j + 2HEi(2)j
′
+ E
i(2)
j
′′
+
[
∆ij
(
−Φ(2) +Ψ(2)
)]
+ a2
[
(Gt❢)
i(2)
j SS + (Gt❢)
i(2)
j ST + (Gt❢)
i(2)
j TT
]
, ✭✹✺✮
a2G˜(2) = 6Ψ′′(2) + 6H2Φ(2) + 2∆
(
Φ(2) −Ψ(2)
)
+ 6HΦ′(2) + 12HΨ′(2) + 12H′Φ(2) − 6KΨ(2)
+a2
[
G˜
(2)
SS + G˜
(2)
ST + G˜
(2)
TT
]
. ✭✹✻✮
▲❡s t❡r♠❡s ❞❡ ❝♦✉♣❧❛❣❡ s♦♥t ❞♦♥♥és ♣❛r
✷✺✽ ❆♣♣❡♥❞✐❝❡s
a2 (Gt❢)
i(2)
j SS =
1
3
γij
[
− 2DkΦDk(Φ−Ψ)− 2DkΨDk(3Ψ− Φ)− 8Ψ∆Ψ− 4(Φ−Ψ)∆Φ
]
+2DiΦDj(Φ−Ψ) + 2DiΨDj(3Ψ− Φ) + 8ΨDiDjΨ+ 4(Φ−Ψ)DiDjΦ , ✭✹✼✮
a2 (Gt❢)
i(2)
j ST =
1
3
γij
[
−4EklDkDlΨ− 4EklDkDlΦ
]
+ 4EkjD
kDiΨ+ 4EikDjD
kΦ
−2Dk(Φ + 3Ψ)DkEij − 4∆ΨEij − 8Ψ∆Eij + 8HΨ′Eij + 4∂(iEj)kDk(Ψ + Φ)
+4Ψ′′Eij − 16KΨEij + 4
(
Ei
′′
j + 2HEi
′
j
)
(Ψ− Φ) + 2Ei′j(Ψ′ − Φ′) , ✭✹✽✮
a2 (Gt❢)
i(2)
j TT =
1
3
γij
[
− 6DkElmDkElm − 8Ekl∆Ekl + 8HEkl′Ekl
+4Ekl
′Ekl′ + 4DiEkjDjEki + 4EijEij
′′
+ 8KElkEkl
]
+2DiEklDjE
kl − 4Ekl (DlDiEjk +DlDjEik)+ 4DkEilDkElj − 4DkEilDlEjk
+4EklDiDjEkl + 4E
klDkDlE
i
j + 4E
i
k∆E
k
j − 8HEikEk
′
j
−4Eik ′Ekj
′ − 4EikEkj
′′ − 8KEikEkj , ✭✹✾✮
G˜
(2)
SS = −4DkΦDkΦ− 6DkΨDkΨ− 4DkΨDkΦ+ 8(Ψ− Φ)∆Φ− 16Ψ∆Ψ− 24H2Φ2 ✭✺✵✮
−48HΦΨ′ + 48H(Ψ− Φ)Ψ′ + 6(Ψ′)2 − 12Φ′Ψ′ − 48H′Φ2 + 24Ψ′′(Ψ− Φ)− 8KΨ2 ,
G˜
(2)
TT = +16HEijEij
′
+ 5Eij
′Eij ′ + 8EijEij
′′ − 4Eij∆Eij
−3DiEjkDiEjk + 2DiEjkDjEik − 8KEijEij , ✭✺✶✮
G˜
(2)
ST = E
ijDiDj (−8Φ + 4Ψ) . ✭✺✷✮
❈ P❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ♠❛t✐èr❡
❈✳✶ ❱✐t❡ss❡
▲❛ ✈✐t❡ss❡ ❞❡ ❢♦♥❞ ❡st ❞♦♥♥é❡ ♣❛r
uµ(0) =
1
a
δµ0 , ✭✺✸✮
u(0)µ = −aδ0µ . ✭✺✹✮
▲❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ✈✐t❡ss❡ vµ ❡st ❞é✜♥✐❡ ❞❛♥s ❧❡s r❡❧❛t✐♦♥s ✭✷✳✶✷✮✳ ❊❧❧❡ ♥❡ ♣♦ssè❞❡ q✉❡ tr♦✐s
❞❡❣rés ❞❡ ❧✐❜❡rté ❡t ♥♦✉s ❝❤♦✐s✐ss♦♥s ❧❡s ❝♦♠♣♦s❛♥t❡s s♣❛t✐❛❧❡s✳ ❆✉ ♣r❡♠✐❡r ♦r❞r❡ ♦♥ ❛ ♣❛r ❞é✜✲
♥✐t✐♦♥
ui(1) ≡ 1
a
vi , ✭✺✺✮
u
(1)
i = avi . ✭✺✻✮
▲❛ ❝♦♠♣♦s❛♥t❡ t❡♠♣♦r❡❧❧❡ ❡st ❛❧♦rs r❡❧✐é❡ ❛✉① ❛✉tr❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ♣❛r
u
(1)
0 = −aΦ , ✭✺✼✮
u0(1) = −1
a
Φ . ✭✺✽✮
P❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ♠❛t✐èr❡ ✷✺✾
❆✉ s❡❝♦♥❞ ♦r❞r❡ ♦♥ ♦❜t✐❡♥t
ui(2) ≡ 1
a
vi(2) , ✭✺✾✮
u
(2)
i = a
(
v
(2)
i + 4Eijv
j − 4Ψvi
)
, ✭✻✵✮
❡t ❧❛ ❝♦♠♣♦s❛♥t❡ t❡♠♣♦r❡❧❧❡ ✈ér✐✜❡
u0(2) =
1
a
(
−Φ(2) + 3Φ2 + vivi
)
,
u
(2)
0 = a
(
−Φ(2) +Φ2 − vivi
)
. ✭✻✶✮
❈✳✷ ❚❡♥s❡✉r é♥❡r❣✐❡✲✐♠♣✉❧s✐♦♥
❆✉ ♥✐✈❡❛✉ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❢♦♥❞ ❧❡s s❡✉❧❡s ❝♦♠♣♦s❛♥t❡s ♥♦♥ ♥✉❧❧❡s ❞✉ t❡♥s❡✉r é♥❡r❣✐❡ ✐♠♣✉❧s✐♦♥
s♦♥t
T
(0)
00 = a
2ρ¯ , ✭✻✷✮
T
(0)
ij = a
2P¯ γij , ✭✻✸✮
T
0(0)
0 = −ρ¯ , ✭✻✹✮
T
i(0)
j = P¯ γ
i
j . ✭✻✺✮
❆✉ ♣r❡♠✐❡r ♦r❞r❡ ♦♥ ♦❜t✐❡♥t
T
(1)
00 = a
2(2ρ¯Φ+ δρ) , ✭✻✻✮
T
(1)
0i = −a2
(
ρ¯+ P¯
)
vi , ✭✻✼✮
T
(1)
ij = a
2(2P¯ (Eij −Ψγij) + δPγij) . ✭✻✽✮
T
0(1)
0 = −δρ , ✭✻✾✮
T
0(1)
i =
(
ρ¯+ P¯
)
vi , ✭✼✵✮
T
i(1)
j = δPγ
i
j . ✭✼✶✮
❆✉ s❡❝♦♥❞ ♦r❞r❡ ♦♥ ♦❜t✐❡♥t
T
(2)
00 = a
2
(
δ(2)ρ+ 2ρ¯Φ(2) + 4Φδρ+ 2(ρ¯+ P¯ )viv
i
)
, ✭✼✷✮
T
(2)
0i = a
2
[
−(ρ¯+ P¯ )v(2)i − 2(δP + δρ)vi − 2(ρ¯+ P¯ )(Φvi + 2Eijvj − 2Ψvi)
]
, ✭✼✸✮
T
(2)
ij = a
2
[
δ(2)Pγij + 2P¯ (E˜
(2)
ij −Ψ(2)γij) + 4δP (Eij −Ψγij) + 2(ρ¯+ P¯ )vivj
]
, ✭✼✹✮
T
0(2)
0 = −δ(2)ρ− 2(ρ¯+ P¯ )vivi ,
T
0(2)
i =
(
ρ¯+ P¯
)
v
(2)
i + 2(δP + δρ)vi + 2(ρ¯+ P¯ )(−Φvi + 2Eijvj − 2Ψvi)
T
i(2)
j = δ
(2)Pγij + 2(ρ¯+ P¯ )v
ivj . ✭✼✺✮
✷✻✵ ❆♣♣❡♥❞✐❝❡s
❉ ➱q✉❛t✐♦♥s ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❞❛♥s ❧❡ ❝❛s ♣❧❛t
❉✳✶ ➱q✉❛t✐♦♥s ❞❡ ❝♦♥s❡r✈❛t✐♦♥
◆♦✉s ❝♦♥s✐❞ér♦♥s ✐❝✐ ❧❡ ❝❛s ❣é♥ér❛❧ ❞✬✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t ♠❛✐s ♥✬❛②❛♥t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ✉♥❡
♣❛r❛♠ètr❡ ❞✬ét❛t ❝♦♥st❛♥t✱ ❝✬❡st à ❞✐r❡ t❡❧ q✉❡ c2s 6= w✳ P♦✉r ❧❡s ♠♦❞❡s s❝❛❧❛✐r❡s ❧✬éq✉❛t✐♦♥ ❞❡
❝♦♥s❡r✈❛t✐♦♥ ∇µTµν = 0 ❝♦♥❞✉✐t à ❧✬éq✉❛t✐♦♥
δ′ + 3H(c2s − w)δ + (1 + w)(∆v − 3Ψ′) = Sc ✭✼✻✮
❡t ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r
v′i +H(1− 3c2s)vi + ∂iΦ+
c2s
1 + w
∂iδ = Se,i . ✭✼✼✮
▲❡s t❡r♠❡s ❞❡ s♦✉r❝❡ s♦♥t ❞♦♥♥és ♣❛r
Sc = (1 + w)
[
12ΨΨ′ − 2Φ∆v − 2Hvivi(1− 3c2s)− 4v′ivi − 4vi∂iΦ+ 6vi∂iΨ+ 4EijEij
′
]
+(1 + c2s)
[
6δΨ′ − 2∂i(δvi)
]
− 3(c2s)′
ρ¯H
ρ¯′
δ2 , ✭✼✽✮
Se,i = −21 + c
2
s
1 + w
(δvi)
′ − 2H(1− 3w)1 + c
2
s
1 + w
δvi − 2 (c
2
s)
′
1 + w
(
ρ¯
ρ¯′
δ∂iδ + δvi
)
+2H(1− 3c2s)(Φ + 2Ψ)vi + 10Ψ′vi + 4Ψv′i − 2∂j
(
vjvi
)
+ 2Φv′i
−21 + c
2
s
1 + w
δ∂iΦ+ 4Φ∂iΦ+ 4
(
Eijv
j
)′
+ 4HEijvj(1− 3c2s) . ✭✼✾✮
❉✳✷ ➱q✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t ❛✈❡❝ c2s 6= w
❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ✢✉✐❞❡ ♣❛r❢❛✐t ❛②❛♥t ✉♥ ♣❛r❛♠ètr❡ ❞✬ét❛t ✈❛r✐❛❜❧❡✱ ♦✉ ✉♥ ♠é❧❛♥❣❡ ❞❡ ✢✉✐❞❡
❛❞✐❛❜❛t✐q✉❡ s❡ ❝♦♠♣♦rt❛♥t ❝♦♠♠❡ t❡❧✱ ❧❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥ ✐♠♣❧✐q✉❡♥t
∆Ψ− 3HΨ′ − 3H2Φ− κa2 1
2
ρ¯δ = S1 , ✭✽✵✮
Ψ′′ +H2Φ+ 1
3
∆(Φ−Ψ) +HΦ′ + 2HΨ′ + 2H′Φ− 1
2
c2sa
2κρ¯δ = S2 , ✭✽✶✮
∆∆(Ψ− Φ) = ∆∆S3 . ✭✽✷✮
✭✽✸✮
▲❡s t❡r♠❡s ❞❡ s♦✉r❝❡ ❞❛♥s ❧❡sq✉❡❧s ♦♥ ♥é❣❧✐❣❡ ❧❡s ♦♥❞❡s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s s♦♥t ❞♦♥♥és ♣❛r
S1 = −8Ψ∆Ψ− 3∂iΨ∂iΨ− 3Ψ′2 + 3H2(1 + w)∂iv∂iv − 12H2Ψ2 , ✭✽✹✮
S2 =
−κ(c2s)′
2(1 + w)
(Hδ2) + 4 (H2 + 2H′)Ψ2 + 7
3
∂iΨ∂
iΨ+
8
3
Ψ∆Ψ+ 8HΨΨ′ +Ψ′2
+H2(1 + w)∂iv∂iv , ✭✽✺✮
S3 = −4Ψ2 −∆−1
(
2∂iΨ∂
iΨ+ 3H2(1 + w)∂iv∂iv
)
+3∆−2
[
∂i∂j
(
2∂iΨ∂jΨ+ 3H2(1 + w)∂iv∂jv)] . ✭✽✻✮
❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ✷✻✶
❊ ❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ❛✉ s❡✲
❝♦♥❞ ♦r❞r❡
❖♥ ♣❡✉t ❞é✜♥✐r ❞❡s ✈❛r✐❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ❛ss♦❝✐é❡s à ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ Ψ✳
❖♥ ❞é✜♥✐t s♦✐t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ s✉r ❧❡s ❤②♣❡rs✉r❢❛❝❡s ❞❡ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ ❝♦♥st❛♥t❡
s♦✐t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ s✉r ❞❡s ❤②♣❡rs✉r❢❛❝❡s ❝♦♠♦❜✐❧❡s ❛✈❡❝ ❧❡ ✢✉✐❞❡ ❝♦s♠♦❧♦❣✐q✉❡✳ ❈❡s
q✉❛♥t✐tés ♦♥ été ❞é✜♥✐❡s ❞❛♥s ❬▼❛❧✐❦ ✫ ❲❛♥❞s ✵✹❪ ♠❛✐s ♥é❛♥♠♦✐♥s ❧❡s ❧♦✐s ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡s
✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥s ✉t✐❧✐sé❡s ❞❛♥s ❧❛ ❝♦♥str✉❝t✐♦♥ ♥❡ s♦♥t ♣r✐s❡s ❡♥ ❝♦♠♣t❡ q✉❡ ❞❛♥s ❧❛
❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡ ❝♦♠♠❡ ✐❧ ❡st ♠♦♥tré ❞❛♥s ❧✬❛♣♣❡♥❞✐❝❡ ❞❡ ❬P✐tr♦✉ ✵✼❪ ✭✈♦✐r ❝❤❛♣✐tr❡ ✺✮✳ ❖♥
♣❡✉t ♠♦♥tr❡r q✉❡ ❝❡s ❞❡✉① t②♣❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ❝♦✉r❜✉r❡ s❡ ré❞✉✐s❡♥t à ❧❛ ♠ê♠❡ q✉❛♥t✐té
❞❛♥s ❧❛ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡ ❬❱❡r♥✐③③✐ ✵✺❪✱ ❡t ❥✉sq✉✬❛✉ s❡❝♦♥❞ ♦r❞r❡ ❧❡✉rs ❡①♣r❡ss✐♦♥s s♦♥t ❞♦♥♥é❡s
♣♦✉r ❧❡s é❝❤❡❧❧❡s s✉♣❡r✲❍✉❜❜❧❡ ♣❛r
R(1) ≃ Ψ(1) +Qδ(1)ρ
≃ Ψ(1) − 2QH
(
Ψ′(1) +HΦ(1)
)
✭✽✼✮
R(2) ≃ Ψ(2) +Qδ(2)ρ+ (1 + 3c2s) (Qδ)2 − 4QδΨ
≃ Ψ(2) − 2QH
(
Ψ′(2) +HΦ(2) − 4HΨ2 − Ψ
′2
H
)
+
(
1 + 3c2s
)
(Qδ)2 − 4QδΨ ✭✽✽✮
❛✈❡❝
Q ≡ Hρ¯
ρ¯′
= − 1
3(1 + w)
. ✭✽✾✮
❙✐ ♦♥ ♥❡ ❝♦♥s✐❞èr❡ ♣❛s ❧❛ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡✱ ❝❡s ❞❡✉① q✉❛♥t✐tés ♥❡ s♦♥t ♣❛s é❣❛❧❡s ❡t ❝❡ ♥✬❡st
q✉✬❡♥ ❝♦♥s✐❞ér❛♥t ❝♦rr❡❝t❡♠❡♥t ❧❡s ❧♦✐s ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥
q✉❡ ❧✬♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ❞❡s ✈❛r✐❛❜❧❡s ✈r❛✐♠❡♥t ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✳ ❙✐
❧❡ ❝♦♥t❡♥✉ ♠❛tér✐❡❧ ❡st ❝❡❧✉✐ ❞✬✉♥ ❝❤❛♠♣ s❝❛❧❛✐r❡✱ ❛❧♦rs ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡
❝♦rr❡s♣♦♥❞ à ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ s✉r ❧❡s s✉r❢❛❝❡s ♦ù δϕ = 0✳ ❊♥ ✉t✐❧✐s❛♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥
❞❡ ❧❛ ♠étr✐q✉❡ ♣❡rt✉r❜é❡ ✭✺✳✷✮ ❞❛♥s ❧❡ ❝❛s ♣❧❛t✱ ❝❡s ❡①♣r❡ss✐♦♥s ❛✉ ♣r❡♠✐❡r ❡t s❡❝♦♥❞ ♦r❞r❡ s♦♥t
❞♦♥♥é❡s ♣❛r
R(1) ≡ Ψ(1) + H
ϕ¯′
δ(1)ϕ , ✭✾✵✮
R(2) ≡ Ψ(2) + H
ϕ¯′
δ(2)ϕ+
[
ϕ¯′′
ϕ¯′
H−H′ − 2H2
](
δϕ
ϕ¯′
)2
−2Hδϕδϕ
′
ϕ¯′2
− 2 (Ψ′ + 2HΨ) δϕ
ϕ¯′
− 2H
ϕ¯′
∂iE∂
i (δϕ+Ψ)
+
1
2
(
δij −∆−1∂i∂j){∂j (2B − E′ + δϕ
ϕ¯
)
∂i
δϕ
ϕ¯
+ ∂i∂
kE [2∂k∂jE + 4Ekj − 4Ψδkj ]
+
δϕ
ϕ¯′
(
2E′ij + 4HE′ij + ∂i∂jE′
)
+ ∂kE∂k (∂i∂jE + 2Eij)
}
.
✭✾✶✮
✷✻✷ ❆♣♣❡♥❞✐❝❡s
❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ♠❡ttr❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ s♦✉s ❧❛ ❢♦r♠❡
R(2) = Ψ(2) + H
ϕ¯′
δ(2)ϕ+
[
ϕ¯′′
ϕ¯′
H−H′ − 2H2
](
δϕ
ϕ¯′
)2
− 2Hδϕδϕ
′
ϕ¯′2
−2 (Ψ′ + 2HΨ) δϕ
ϕ¯′
− 2H
ϕ¯′
∂iE∂
iδϕ
+∆−1
{
− ∂i
(
∆Ψ∂iE +∆E∂iΨ
)
+ ∂i∂j
(
B − E′ + δϕ
2ϕ¯′
)
∂i∂j
δϕ
ϕ¯′
−∆
(
B − E′ + δϕ
2ϕ¯′
)
∆
δϕ
ϕ¯′
+
1
2
(
∂i∂j∂kE∂i∂j∂kE − ∂k∆E∂k∆E
)
−∂i∂j δϕ
ϕ¯′
(
E′ij + 2HEij
)
+ 2Eij∂
i∂jE + ∂iEjk∂
i∂j∂kE
}
.
❙✐ ❧✬♦♥ s♦✉❤❛✐t❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ s✉r ❧❡s ❤②♣❡rs✉r❢❛❝❡s ❞❡ ❞❡♥s✐té
❝♦♥st❛♥t❡✱ ✐❧ s✉✣t ❞❡ r❡♠♣❧❛❝❡r ϕ ♣❛r ρ ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦✲
❜✐❧❡ ♣ré❝é❞❡♥t❡✳ ❖♥ ❧❛ ♥♦t❡ ❛❧♦rs s♦✉✈❡♥t ♣❧✉tôt ζ ❛✉ s✐❣♥❡ ♣rès✳ ❉❛♥s ❧❛ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡✱ ❡♥
✉t✐❧✐s❛♥t ❧❡s éq✉❛t✐♦♥s ❞✬❊✐♥st❡✐♥✱ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❢♦♥❞ ✭✶✳✷✷✮ ❡t ❧✬éq✉❛t✐♦♥ ❞✬é✈♦✲
❧✉t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞✬ét❛t ✭✷✳✶✺✮✱ ♦♥ r❡tr♦✉✈❡ ❛❧♦rs ❧❡s ❡①♣r❡ss✐♦♥s ✭✽✼✮✳
▲❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ❡st ❧❛ q✉❛♥t✐té ✉t✐❧✐sé❡ ❞❛♥s ❬▼❛❧❞❛❝❡♥❛ ✵✸❪ ♣♦✉r ♦❜✲
t❡♥✐r ❞❡s ♣ré❞✐❝t✐♦♥s ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬✐♥✢❛t✐♦♥ à ✉♥ ❝❤❛♠♣ s❝❛❧❛✐r❡ ❡♥ r♦✉❧❡♠❡♥t ❧❡♥t✳ P❧✉s
♣ré❝✐sé♠❡♥t ❝❡s ♣ré❞✐❝t✐♦♥s ♦♥t été ét❛❜❧✐❡s ❡♥ ❥❛✉❣❡ ❝♦♠♦❜✐❧❡✱ ♣✉✐sq✉❡ ♣❛r ❞é✜♥✐t✐♦♥ ❞❛♥s ❝❡ ❝❛s
❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ s❡ ré❞✉✐t à Ψ ❡t ♦♥ ♣❡✉t ❞♦♥❝ ✐❞❡♥t✐✜❡r ❝❡s ❞❡✉① q✉❛♥t✐tés✳
❙✐ ❧✬♦♥ s♦✉❤❛✐t❡ ❝♦♥str✉✐r❡ ❧✬❡①♣r❡ss✐♦♥ ❣é♥ér❛❧❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡✱ ✐❧ ❢❛✉t
✈❡✐❧❧❡r à ♥❡ ♣❛s ❝♦♥❢♦♥❞r❡ ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡ ❛✈❡❝ ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❝♦♦r❞♦♥♥é❡s st❛♥❞❛r❞
t❡❧ q✉✬❡①♣❧✐q✉é ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✶✳ ▲❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ♣❡✉t êtr❡ ✉t✐❧✐sé❡ ♣♦✉r r❡❢♦r♠✉✲
❧❡r ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❛♥s ❧❛ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ♣❡rt✉r❜❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s✱
❝♦♠♠❡ ✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
−H
2Q
R(1)′ = 0 ,
−H
2Q
R(2)′ = 0 . ✭✾✷✮
▲❡ ♣ré❢❛❝t❡✉r ❡st ❧à ♣♦✉r s❡ s♦✉✈❡♥✐r q✉❡ ❞❛♥s ✉♥❡ ♣❤❛s❡ ❞❡✲❙✐tt❡r ♣✉r❡✱ w = −1, Q = 0✱ ❡t ❝❡
rés✉❧t❛t ♥✬❡st ♣❧✉s ✈❛❧✐❞❡✳
❖♥ ♠♦♥tr❡ ❝❡ rés✉❧t❛t ❡♥ ❞é❝♦♠♣♦s❛♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ s❡❧♦♥
R(1) = A1 ,
R(2) = A2 +B + C , ✭✾✸✮
❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ✷✻✸
♦ù
A1 = Ψ
(1) − 2QH (Ψ
′(1) +Φ(1)H) ,
A2 = Ψ
(2) − 2QH (Ψ
′(2) +Φ(2)H) ,
B = 2Q
(
4Ψ2 +
Ψ′2
H2
)
,
C = (1 + 3c2s)(Qδ)
2 − 4QδΨ .
❖♥ ✉t✐❧✐s❡ ❧❡s r❡❧❛t✐♦♥s [
2
3H(1 + w)
]′
=
[−2Q
H
]′
=
1− 3w + 6c2s
3(1 + w)
, ✭✾✹✮
Q′ = 3QH(c2s − w) , ✭✾✺✮
H′ = −(1 + 3w)H
2
2
. ✭✾✻✮
❉❡ ♣❧✉s ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ ❛❞✐❛❜❛t✐q✉❡ ❞✉ s♦♥ c2s ≡ dPdρ ♦♥ ♦❜t✐❡♥t ❛✈❡❝ ✉♥
❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r ❬▼❛❧✐❦ ✫ ❲❛♥❞s ✵✹❪
δP (2) = c2sρ¯δ
(2) +
(ρ¯δ)2
ρ¯′
(c2s)
′. ✭✾✼✮
▲❡ t❡r♠❡ A1 ♥❡ ❢❛✐t ✐♥t❡r✈❡♥✐r q✉❡ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❡t s♦♥ é✈♦❧✉t✐♦♥
❡st ❞♦♥♥é❡ ♣❛r
A′1 =
−2Q
H
[
Ψ(1)
′′
+HΦ(1)′ +HΨ(1)′(2 + 3c2s) + 3Φ(1)H2(c2s − w)
]
,
❡t ♦♥ r❡❝♦♥♥❛ît ❧✬éq✉❛t✐♦♥ ✭✷✳✽✷✮✳ ◗✉❛♥t à A2✱ s♦♥ é✈♦❧✉t✐♦♥ ❡st ❧❛ ♠ê♠❡ q✉❡ A1 ♠❛✐s ❛✈❡❝ ❧❡s
✈❛r✐❛❜❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ ❝❛r ✐❧ ♥✬❛ ♣❛s été ❢❛✐t ✉s❛❣❡ ❞❡ ❧❛ ❝♦♥tr❛✐♥t❡ Φ(1) =
Ψ(1)✳ ❖♥ r❡❝♦♥♥❛ît ❛❧♦rs ❧❡ ♠❡♠❜r❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✻✳✶✽✮✳ ❖♥ ❝♦♥s✐❞èr❡ ♠❛✐♥t❡♥❛♥t ❧❛
❝♦♥tr✐❜✉t✐♦♥ ❞❡ B q✉✐ ❡st
B′ =
[
Q
(
8Ψ2 + 2
Ψ′2
H2
)]′
= 3QH(c2s − w)
(
8Ψ2 + 2
Ψ′2
H2
)
+Q
(
16ΨΨ′ +
4
H2Ψ
′Ψ′′ − 4H
′
H3Ψ
′2
)
, ✭✾✽✮
❡t q✉✐ ♣❡✉t êtr❡ ♠✐s❡ s♦✉s ✉♥❡ ❢♦r♠❡ ♣❧✉s s✐♠♣❧❡ ❣râ❝❡ à ❧✬éq✉❛t✐♦♥ ✭✷✳✽✸✮
B′ =
−2Q
H
{
− 3
2
H2(c2s − w)
(
8Ψ2 + 2
Ψ′2
H2
)
−HΨΨ′ [8 + 6(c2s − w)]−Ψ′2 [6(1 + c2s)− (1 + 3w)] }. ✭✾✾✮
❉❡ ♣❧✉s ❧❡ t❡r♠❡ ✐♠♣❧✐q✉❛♥t C é✈♦❧✉❡ s❡❧♦♥
C ′ = Ψ′
(
4Ψ + 2δ
1 + c2s
1 + w
)
+ f
(
R′(1)
)
+ 3
(
c2s
)′
(Qδ)2. ✭✶✵✵✮
✷✻✹ ❆♣♣❡♥❞✐❝❡s
❖♥ ✉t✐❧✐s❡ ❛❧♦rs q✉❡ ♣♦✉r ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s✱ R′(1) = 0✱ ❡t ♦♥ ♦❜t✐❡♥t
C ′ =
−2Q
H
[
6HΨΨ′(1 + w)− 6H(1 + c2s)Ψ′
(
Ψ+
Ψ′
H
)
− 3
2
HQ(c2s)′δ2
]
. ✭✶✵✶✮
❊♥ ❝♦❧❧❡❝t❛♥t t♦✉s ❧❡s t❡r♠❡s ♦♥ ♦❜t✐❡♥t ❞♦♥❝
B′ + C ′ =
−2Q
H
[
−8HΨΨ′ −Ψ′2(1 + 3w)− 3
2
(c2s − w)(8H2Ψ2 + 2Ψ′2)−
3
2
QH(c2s)′δ2
]
. ✭✶✵✷✮
❖♥ r❡♠❛rq✉❡ q✉✬✐❧ s✬❛❣✐t ❡①❛❝t❡♠❡♥t ❞❡ ❧✬♦♣♣♦sé ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✻✳✶✼✮ ❞❛♥s
❧❛ ❧✐♠✐t❡ s✉♣❡r✲❍✉❜❜❧❡
S2 − c2sS1 ≃ 8HΨΨ′ + (1 + 3w)Ψ′2 +
3
2
HQ(c2s)′δ2 + (c2s − w)
(
12H2Ψ2 + 3Ψ′2) . ✭✶✵✸✮
❋✐♥❛❧❡♠❡♥t ❡♥ ré✉♥✐ss❛♥t ❝❡s rés✉❧t❛ts ♦♥ ♦❜t✐❡♥t ❧❡s r❡❧❛t✐♦♥s ✭✾✷✮✳ ■❧ ❡st ❝r✉❝✐❛❧ ❞❡ ♥❡
♣❛s ❝♦♥❢♦♥❞r❡ w ❛✈❡❝ c2s ❝♦♠♠❡ ✐❧ ❛ été ❢❛✐t ❞❛♥s ❬❇❛rt♦❧♦ ❡t ❛❧✳ ✵✹❜❪ ❞❛♥s ❧❛ ❞é♠♦♥str❛✲
t✐♦♥ ❝❛r ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ❝♦✉r❜✉r❡ ❝♦♠♦❜✐❧❡ ♣❡r♠❡t ❥✉st❡♠❡♥t ❞❡ ❢❛✐r❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❞❡s
♣❤❛s❡s ❞❡ ❧✬✉♥✐✈❡rs ♣❡♥❞❛♥t ❧❡sq✉❡❧❧❡s ❧❡ ♣❛r❛♠ètr❡ ❞✬ét❛t ♥✬❡st ♣❛s ❧❡ ♠ê♠❡ ❡t ❡st ❞♦♥❝
♣❛r ❝♦♥séq✉❡♥t ♣❛ssé ♣❛r ✉♥❡ ♣❤❛s❡ ✈❛r✐❛❜❧❡ ♦ù w 6= c2s✳ ❉❡ ♣❧✉s t♦✉t❡ ❝❡tt❡ ❞é♠♦♥str❛✲
t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♣❡✉t êtr❡ ❢❛✐t❡ à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✼✻✮
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